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DISCREPANCY PRINCIPLE FOR SOLVING PERIODIC
INTEGRAL EQUATIONS OF THE FIRST KIND

Fully discrete projection method with discrepancy principle is con-
sidered for solving periodic integral equations of the first kind with un-
known smoothness of solution. For proposed approach it is proved the
optimality and effectiveness in the sense of computational resource.

Key words: fully discrete projection method, discrepancy
principle, periodic integral equation.

Introduction. The object of our investigation is periodic integral equa-
tion of the first kind with operator of pseudodifferential structure. As it is
known pseudodifferential equation of elliptic type are frequently found in
various problems of natural sciences that can be described by a boundary
value problems such as Laplace, Neumann or Helmholz equations. Such
equations are well-known and were investigated, for example, in [1]. The
most widely-used approaches for numerical solving periodic integral equa-
tions of the first kind are fully discrete collocation and projection methods
that applied together with selfregularization principle. In the framework of
the paper it will be considered a modification of fully discrete projection
method (FDPM). Note that standard variant of FDPM was firstly proposed
for solving the integral Symm equation (the particular case of problem under
consideration) in [2] and extended on the class of pseudodifferentional equa-
tions in [3]. Moreover we introduce some additional discretization in the
method to reduce amount of arithmetical operations.

Statement of the problem. In the space L, (0,1) we consider the fol-
lowing integral equation

Au(t) = f(t),t€[0,1], (1

where f(¢) is 1-periodic function and operator 4 has the form

A:D+Zq:Ap,
p=0

1 1
where 4 u(r) = jkp (t-s)a,, (t,5)u(s)ds, Du = jko (t - s)u(s)ds.
0 0
Let's denote by C” =C*([0,11*) the space of infinity smooth

1-biperiodic ~ functions of two  variables.  Suppose  that
a,e C”,p=0,.,q9, ay(t,t)#0,¢<[0,1], such that
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lay = 3 kD 0 <o 21y, 0. @)
Moreover assuI;ie that k,(t—s) is 1-periodic function with known
Fourier coefficients /;p (n) by trigonometric basis. Additionally we sup-
pose that for some @ € R and £ > 0 the following inequalities
coo |1 "< ky(n)|< ¢y |n|*, neZl0,
| ko)~ ky(n=D)[<c|n[*”, neZ, (3)
lk,(m)[<c|n|*F, neZ p=l,..q,
|n|, neZ/0
1, n=0 '

Denote by H*, —o < A <o, Hilbert spaces of 1-periodic functions

hold true, where c,¢;, ¢y, >0 and n = {

and by H 4k , =0 < 4,4, <o 1-biperiodic functions with the norms
lelly= (@ (@) P+ 4 a(n) )" < oo,
lally = oLk P11 P2 atk,D) )2 <o,
respectively. Here u(n), a(k,l) are Fourier coefficients of functions u(¢) and
a(t,s) by trigonometric basis {e, }Zom , where ¢, (1) = ™ 1 €[0,1].

We suppose that f € H**! for some unknown x> a +1/2 . Let in-
1
stead of f(¢) only some its perturbation is given such that for N =5 +-«
we have

N H\1/2
N [Z| JsGN™H=FGNT| ] <SS Ny
J=1

Note that similar class of problems was considered before in [1], [3]
and other. In particular, in [3] the optimal order fully discrete projection
method for solving (1) with (2)—(3) was proposed. In the paper we con-
sider the same class of problems as in [3] and state the aim to reduce the
amount of arithmetical operations with saving optimality of the method.

Auxiliary statements. For further presentation of our results we will
use the following notations.
Let's introduce N -dimensional subspace of trigonometric polynomials

Ty :{uN tuy(t) = Z ckek(t)},
kel
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where Z ={k:—%<k£%, k =O,J_r1,4_rZ,..}.

Denote by Py, and F, orthoganal projectors

Pyu(t)= Y u(k)e, (t) e Ty,
keZ,

Fo u(n) = D ak,l)e (e (s) e Ty x Ty,
LkeQ,

where Q, is some domain on the coordinate plane restricted by square
(=N/2,N/2]x(-=N/2,N/2]. Also denote by Qy and Qy y interpola-

tion projectors, such that Qyu() € Ty, Qy yu(t) € Ty x Ty and on the uni-

form grid it holds true (QNu)(ijl) = u(ijl),j =12,..,N,

Oy @GN LN =a(NTLINTY, =12, N
Modified fully discrete projection method. As Q, we take the

following domain on the coordinate plane

1
D, =4k, 0y k| +|1|”'7'<(%j”‘ k1 =0,+1,42,..¢.

Assume that the discrete information about kernels a,(7,s) and right
hand side f are given in the knots of uniform grids (A,J—ZJ and (i]
N N N
respectively, where j, ji, j, =1,...,N .
The right-hand side of equation (1) we approximate as [y =0y f5-
Thus, instead of the kernels a,,(¢,s) we take the following finite dimen-
sional elements

apm :PDg;QM,Mapa “)

where M is discretization parameter such that N>M .
Then the operators 4, ), can be approximated by

1
Ay pu(t) = jkp (t=5)a, y (t,5)u(s)ds,
0

177



MaTtematuyHe Ta KOMI'I’I'OTepHe MO EentoBaHHA

where function a,, ,, has the form (4).
Additional discretization of operators 4, ,, consists in replacing

4,y on the operator F 4, ,, B . Thus we approximate A4 in terms of
q
Ay =D+B Y A4, P, 5)
p=0
where /= N7 for some 0<7<1 and N,M are discretization parameters
that should be chosen in appropriate way. Note that approximation (5) is
distinguished from respective approximation from [3] by using additional
projectors £ and P, , . Such approach help to reduce the amount of ar-

ithmetical operations.
We propose the following modification of the fully discrete projec-
tion method (FDPM) for numerical solving (1):

q
Ayuy =Dug +B Y A, Puy =05 f5 6)
p=0
where A4, ,, has the view (5) and uy €T} is taken as approximate solu-

tion of (1).
Note that by virtue of (3) it holds true
A,y € LAH* HF), p=0,..4.
Following [1] for fast solving (6) we propose to use GMRES. The

procedure is following: for n=1,2,..... we construct the sequence u -
n,N

that satisfies the condition
HSN””’N_fN”"‘zuekir(l;?,m”Sﬁu_fﬁ Il > @)
q
where Sg=D+FH Z A, yB and Ky(Sg,fy) is well-known Krylov
p=0
space. As the stopping rule we consider the discrepancy principle
Il Sxyttun = Fy o< ol 5 Ml »

where u, o is n-th iteration of GMRES that we consider as approximate

solution to u T

Theorem 1. Let n be the first number that fulfils (7). Then the accu-
racy of GMRES is
](7 A-2a
i,y —uy ;< C(?j s,
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where ¢ is some positive constant. Moreover the amount of arithmetical
operations for solving (6) by (7) is O(NlogN) .

Main results. In view of self regularization on the pair of spaces H 4

and H*™% the problem under consideration doesn’t need any additional regu-
larization but it is necessary to chose appropriate discretization parameters. For

this aim we propose to use discrepancy principle that is describe below.
1

Let Dy ={L2, 22,20 = 5ﬁ} be a set of possible discretization
parameter. We take the discretization parameters N and M by the rule:
N =min{N e Dy :|| Ayuy, ~ Oy f |< 0,6}, ®)
M =0O(logN) .
Theorem 2. Let M and N be chosen according (8). Then the error
bound of FDPM for (1) is
u—A
lu—ug [l;<e(647%),

where ¢ is some positive constant that doesn’t depend on N, & . Moreover
to find numerical solution by FDPM (6) with (7) and (8) it is necessary to
execute O(N log® N) arithmetical operations.

Remark. Taking into account Theorems 1 and 2 the general accuracy
of the method (6) in combination with (7) and (8) is the following
H-A
lu—u, 5l<cor™™.
Besides the total amount of arithmetical operations for solving (1) by
(6) in combination with (7) and (8) is O(N log® N).

Conclusion. In the paper for solving periodic integral equations of the
first kind a problem of reduction amount of arithmetical operations is consid-
ered. For this we propose some modification of fully discrete projection
method in combination with discrepancy principle for choosing appropriate
discretization parameter and GMRES for fast solving of system of linear equa-
tions. It was proved that such approach guarantees the best possible accuracy
of recovering the solution in the metric of Sobolev spaces with minimal com-
putational costs in comparison with the methods investigated earlier.
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Po3ristHyTO MOBHICTIO JUCKPETHUH MPOEKUIHHUN MeTo ] y KoMOiHamii
3 NPUHIOUIIOM PIBHOBArd ISl PO3B’SI3yBaHHS IEPIOJUIHUX IHTETrpPaTbHUX
PIBHSIHB y arocTepiopHOMy BHIaAKy. JloBeaeHa ONTHMAIBHICTD Ta €KOHO-
MIYHICTh TAKOTO MiIXOIY.

KiwouoBi ciioBa: nogricmio ouckpemuuii npoexkyiiHuil Memoo, npuH-
Yun Hee 'sA3KU, NePioOUYHi IHMe2panbHi PiGHAHHSL.
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OMNTUMAIBHICTb TA KOPEKTHICTb Y BEKTOPHUX
SAOAYAX OUCKPETHOI ONTUMI3ALII

CdopMyap0BaHO YMOBH ONITUMAIBHOCTI PO3B’s3KiB BEKTOPHOT
3aJadi AUCKPETHOI ONTHMI3alii Ha OITyCTUMIi MHOXKHHI, IO OTIH-
CYETBCSI TICEBIOOMYKINMH (YHKIIIMH 0OMEXEHb, OTPHMAHO JI0C-
TaTHI YMOBH ONTHUMAJBHOCTI Pi3HHUX BUIIB PO3B'SI3KIB 3agayi Ta
AT THHIB i cTifikocTi. BCTaHOBIEHO TOMOJNOTIUHI BIaCTHBOCTI
iAMHOXWH TIPOCTOPY BXITHUX JAHHX 337adi, Ha IKUX 30epiraers-
Cs1 ONITUMAJTBHICTB 11 PO3B'SI3KIB.

KuouoBi ciioBa: duckpemua onmumizayis, eekmopha 3aoaua,
CMIlKICMb, KOPEKMHICMb.

Beryn. BeraHoBieHHS HEOOXiHUX 1 IOCTaTHIX YMOB ONTHMAJIbHOC-
Ti Ta CTIKKOCTiI PO3B'SI3KIB BEKTOPHUX IWCKPETHHUX 3a/a4 II¢ aKTyalbHa
mpobiemMa, OCKUIBKH 1X 3HAHHS JJa€ OCHOBY JJISL PO3POOKH CHOCOOIB mepe-
BipKH ONTHUMAJIBHOCTI Ta SKOCTi TOTO UM iHIIOTO OOPaHOTO PO3B'SI3KY, Ta
noOy0BH €(PEeKTUBHUX METOJIB 3HAXO/KCHHS MHOXHH ONTHUMAaJbHUX
PO3B'SA3KIB, SIKI MaOTh JICSKI Harepes 3ajaHi BIACTUBOCTI iHBapiaHTHOCTI
MIPY MOXKJIMBUX 30YPEHHSX BXIJHUX AaHUX 3aaui [1].

VY nonosiai chopMysIbOBAHO YMOBH ONTUMAIBLHOCTI PO3B’SI3KiB BEK-
TOpPHOT 3a/a4i JMCKPETHOI ONTHMI3alii Ha JOMYyCTUMIH MHOXHWHI, sKa
OIUCYETHCS TICEBJIOONYKIUMHU (YHKIISIMA 0OMexeHb [2], oTpuMaHo aoc-
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