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HYPERBOLIC BOUNDARY VALUE PROBLEM
FOR SEMIBOUNDED PIECEWISE-HOMOGENEOUS
SOLID CYLINDER

By means of the method of integral and hybrid integral trans-
forms, in combination with the method of main solutions (influ-
ence matrices and Green matrices) the integral image of exact ana-
lytical solution of hyperbolic boundary value problem of mathe-
matical physics for semibounded piecewise-homogeneous solid
cylinder is obtained for the first time.
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Introduction. The theory of hyperbolic boundary value problems for
partial differential equations is an important section of the modern theory of
differential equations which is intensively developing in the present time. The
popularity of the problem is the consequence of the significance of its results
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in the development of many mathematical problems, as well as of its numer-
ous applications in mathematical modeling of different processes and pheno-
menon of mechanics, physics, engineering, new technologies.

Significant results from the theory of Cauchy and initial-boundary
value problems (mixed problems) for hyperbolic equations were obtained
in the known works of J. Hadamard [1], L. Gording [2], Yu. Mitropolsky,
G. Khoma, M. Hromyak [3], A. Samoilenko, B. Tkach [4], M. Smirnov
[5], V. Chernyatyn [6] and others domestic and foreign mathematics.

It is well known that the complexity of a boundary-value problem signif-
icantly depends on the coefficients of equations (different types of degeneracy
and features) and the geometry of domain (limited, unlimited, smoothness of
the boundary, the presence of corner points, etc.) in which the problem is con-
sidered. The dependence of the properties of solutions of boundary value prob-
lems for linear, quasi-linear, and certain classes of nonlinear equations (ellip-
tic, parabolic, hyperbolic) in homogeneous domains (homogeneous environ-
ments) on the above-mentioned properties of the coefficients of equations and
geometry of domain are studied in detail, and functional spaces of correctness
of problems in the sense of Hadamard are constructed.

However, many important applied problems of thermomechanics,
thermal physics, diffusion, theory of elasticity, theory of electrical circuits,
theory of vibrations of mechanical systems lead to boundary value prob-
lems and mixed problems not only in homogeneous domains when the
coefficients of the equations are continuous, but also in inhomogeneous
and piecewise homogeneous domains when the coefficients of the equa-
tions are piecewise continuous or piecewise constant [7, 8].

The method of hybrid integral transforms generated by hybrid differen-
tial operators when in each component of connectivity of piecewise homoge-
neous domain are treated different differential operators or differential opera-
tors look the same, but with different sets of coefficients is an effective method
of constructing exact solutions for a fairly broad class of linear boundary value
problems and mixed problems in piecewise homogeneous domains [9-12].

By means of the method of hybrid integral transforms the exact solution
of hyperbolic boundary value problem of mathematical physics for semi-
bounded piecewise homogeneous solid cylinder is obtained in this article.

Formulation of the problem. Let’s consider the problem of struc-
ture of 27 -periodic for angular variable ¢ solution of partial differential

equations of hyperbolic type of 2nd order [13]
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here a,;, a,; a,;, x;, &}, Bj, — some not negative constants;

=g(t,9,2); 3)
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ft,r,p,z)= {fl(t,r,(p,z),fz(t,r,go,z),...,fn+l(t,r,¢),z)};
g'(0.2)= {2 (0.2, 81 (P D). gt (0.2
20,2 = {8 (1.0,2).85 (.0, 7)., G (.0, 2)};
g(t,i",(ﬂ) = {gl(t7r>¢)5g2(tar>¢)a'--ag;ﬁl(t’r’(p)}; g0(19¢9z)
are known bounded continuous functions;
u(t,r,(p,z) = {ul(t,r,go,z),uz(t,r,g),z),...,u,1+1(l,l”,(0,2)}

is the desired function.

The main part. Let’s assume that the solution of the problem (1)—(5)
exists and defined and the unknown functions satisfy the condition of ap-
plicability of direct and inverse integral and hybrid integral transforma-
tions (6)—(8) [14-16].

Let’s apply the integral Fourier transform on Cartesian semiaxis (0;+o)
relative to variable z to the initial-boundary problem (1)—(5) [14]:

E /@)= | 1)K (z0)dz= (o), (6)
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The integral operator F, due to the formula (6) as a result of identity (8)

) ®)

z=0

here conversion kernel is K(z,0) =

three-dimensional initial boundary value problem of conjugation (1)—(5) puts
in accordance the task of constructing solution which is limited in the set

{(t re)t>0rel;pe [0;272')} and is 2 -periodical of angular

variable ¢ of differential equations
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r=R

=0; j=12 k=1Ln, (12)
r=R,

Let’s apply finite integral Fourier transform relative to the variable
@ to the problem (9)—(12) [15]:

2
F,[s@)]= [ s(p)exp(-imp)dp=g,,, i=~-1; (13)
0
1 Re & .
F, (8] =2~ 2. & eXPlimp) = g(p), (14)
m=0
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2
F, {d—ﬂ =-m’F,[g(p)]=-m’g,, (15)
do

here Re(---) — the real part of the expression (---) relative to the variable
0 & =1, =2k=123...
The integral operator F,, due to the formula (13) as a result of identi-

ty (15) two-dimensional initial boundary value problem of conjugation
(9)—(12) puts in accordance the task of constructing solution which is li-

mited in the set D”:{(t,r);t>0;rel;} of separate system of one-

dimensional hyperbolic differential equations of 2nd order
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Let’s apply finite hybrid integral Hankel transform of 1st kind rela-

=8,(0); (18)

r=R

=R,

tive to the variable » in piecewise homogeneous segment 7, of n conju-
gation points to the problem (16)—(19) [16]:

R
Hy,[1(M]= j FW (2o (ryrdr = F(A,), (20)
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Spectral function ¥V (r,A,), weight function o(r) and hybrid Bessel

n+l

differential operator B, = Z aZ0(r—R,_ )O(R, — r)B, ., written in [16],
k=1
take part in formulas (20)—(22).
2 106 vp, . . . .
Here B, =—+————" is classical Bessel differential opera-

ot ror
tor, (x) is the Heaviside step function.

Let’s write the separate system of differential equations (16) and the
initial conditions (17) in matrix form

o° - I i
O ) S
o? 2 2 B, (t )
y_arszZm +4q; (O-) Upm = amH1H0 . (23)
62 2 2 ~ +1 (t r O-)
y_ar,nHvam +C],,+1((7) un+l,m n o
u,, (t,r,o) &l (r,0)
iy (t7,0) || &y (r0) |
Uy oy (E,7,0) o g}HLm (r,0)
i, (t,r,0) Gin(r.0)
i ﬁzm(l‘,}’,O’) _ g~22m(}’,0') (24)
at ........................ ’
n+l m(t r U) giﬂ m(}’,U)

20 N_ 2 2 .o
here g (o) =azo +;(j, j=Ln+1
Let’s represente the integral operator H,, which operates due to the

formula (20) as an operator matrix-row:

sn

Hy,[]= _r"'Vl(”a/%s)O'l”d” J‘Z...Vz(r,ls)crzrdr
0

RI
R, R
[ vaayordr [V ()0, rdr (25)
R R

n-1
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Let’s apply the operator matrix-row (25) to the problem (23), (24)
according to the matrix multiplication rule. As a result of the identity (22),
we get a Cauchy problem

n+l d2 5 5 5 ~
Z ?_{—ﬂﬁv +7/j +qj(0') jm(t’/lsﬂo-)z

a (26)
n+1 2 n+l -1 ~
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~ .
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=0 /71
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R

-1
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R

Let’s suppose that max{qlz,qzz,...,q,fﬂ}:ql2 and put everywhere

7/_/2. = %2 - q_?; j=Ln+1. Cauchy problem (26), (27) takes the form

2= -
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dt (28)
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It is directly verify that the only solution of the inhomogeneous
Cauchy problem (28), (29) is a function

1, (1,25,0) = G(t, 25, 0) & (A a>+ - Gl1,2,,0)8,(A,0)
, _ (30)
+J- G(t_r’ ﬂ's ’G) ‘:En(z-’ ﬂS,O') +a +1R n+l (agzﬂ) n+l (R’ ﬂ's )gm (t» O-):|d7:
0
A
here Cauchy function G(¢,4,,0) = w.

as inverse to H

sn

Integral operator H! we represent as the opera-

sn 2

tor matrix-column:

& Vi(r,A,)
= e
> V,(r,A.)
B Z#
H/ 1= 5 el GD

OO_” ,,+1(l” )
2 ol

Let’s apply operator matrix-column (31) to the matrix-element
[z‘l‘m (t,/ls,o')], where the function &, (,4,,c) is defined by formula (30)

due to matrices multiplication rule. As a result we get the only solution of one-
dimensional hyperbolic initial boundary problem of conjugation (16)—(19):

Uy (1,7,0) = Z{G(I%:G)gm(l ,0) +%G(h 2,0) 20, (/1“0)} X

s=1
Vj(” 5) 2
><—+ G(t—-1,2,,0)| F,(t,A,0)+ (32)
Fosf & g
+an+1Ro-n+l (ag;l) n+1(Rﬂﬂ’s )gm (Tao-):ldTLlS)z .
"V(r A

If to apply consistently inverse operators F, " and F, ! to functions
U, (t,r,0), which are defined by formulas (32) and perform the some

simple transformation, we get functions
n+lt R 2740

w02 =2 [ [ [ [ Entt-7.rp.0-a,28) (7, pa, &) x

k=loR_, 0 0
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n+1 R, 27+

xokpdédadpdw— | H (67, pp -, 2,88, (p.a, ) x
k IR,

n+l R» 27 +oo

wowpdzdadp+y | | [ Eyr.po-az0g(p.a.b)x (3)

k=IR 0 0
n+l t R 27
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Functions (33) define the only solution of hyperbolic initial boundary
problem of conjugation (1)—(5).
In formulas (33) there are components

w0 +0
Ej(tor,prp2:8) =~ Z w2 | Gt 4y, 00K (2,0)K (£,0)do x
= s=1 0
V.(r,A W, (p,A I
X i (A Vip S>cos(m¢);j,k=1,n+1

2
[ .20l

of matrix of influence (function of influence), components

ij(t,r,p,go,z):Ejk(t,r, p,9,2,0) of tangential Green's matrix

(tangential ~ Green's function) and components W, (t,r,¢,z,&) =

1
=a,Ro, (agl) E;,1(r R ¢z ¢E) of radial Green’s matrix (radial

Green's function) of considered problem.
Using a properties of functions of influence E ,(¢,r, p,9,z,&)and

Green’s functions W (¢,r, p,p,2), W, (t,r,¢,z,&) we can verify that func-
tions u(t,r,¢,z) which are defined by formulas (33) satisty the equation (1),

the initial conditions (2), the boundary conditions (3), (4) and conjugate condi-
tions (5) in the sense of theory of generalized functions [17].

The uniqueness of the solution (33) follows from its structure (inte-
grated image) and from uniqueness of the main solutions (functions of
influence and Green’s functions) of problem (1)—(5).

By methods from [17, 18] can be proved that under appropriate con-
ditions on the initial data, formulas (33) define a limited classical solution
of the hyperbolic initial boundary problem of conjugation (1)—(5).

We get the following theorem as the summary of the above results.
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Theorem. If functions f;(t,r,0,2), g;(r.0.2), g (r.e.2),
g, (t,r,p) satisty conditions:

1) are continuously differentiated twice for each variable;

2) have a limited variation for the geometric variables;

3) are absolutely summable with the variable z in (0;+©);

4) conjugate conditions are true and function g(¢,¢,z) is continuously diffe-
rentiated twice for each variable, has a limited variation for the geometric
variables, is absolutely summable with the variable z in (0;+c0), then

hyperbolic initial boundary value problem (1)~(5) has the only limited
classical solution, which is determined by formula (33).

Remark 1. In the case of a,; =a,,; =a, =a; >0 formulas (33) define

?Jj ]
the structure of the solution of hyperbolic initial boundary value problem (1)—
(5) in an isotropic semibounded piecewise homogeneous solid cylinder.

Remark 2. Parameters a5, B35 allow to allocate the solutions of ini-

tial boundary value problems from formulas (33) in the case of boundary con-
dition of the Ist kind (a2 =0, A" =1), 2™ kind (a3 =1, B =0) and
3rdkind (a5, =1, o5 = 8> 0) on the radial surface r=R.

Remark 3. Parameter /# allow to allocate the solutions of initial

boundary value problems from formulas (33) in the case of boundary con-
dition of the 1st kind (4 — o ) and 2" kind (4 — 0) on the surface z=0.

Remark 4. Analysis of the solution (33) is done directly from the
general structure according to the analytical expression of functions

fitr.e.2), gj(re.2). gi(re.2) g(tre), git.2).

Remark 5. In the case of y; =0 equation (1) is a classic three-
dimensional inhomogeneous wave equation (the equation of fluctuations)
for an orthotropic environment in cylindrical coordinates.

Remark 6. In the case of of =0, gf=1 o =0 pk=1
aé‘l = Elk, ,Bfl =0; aé‘z = Eé‘, ,82]‘2 =0, here E’ﬁ, Eg — Young's mod-
ulus (k = I,_n, ), the conjugate conditions (5) coincide with conditions of ideal

mechanical contact.

Thus, in these cases 5, 6 considered hyperbolic boundary value problem
of mathematical physics (1)<(5) is a mathematical model of forced oscillating
processes in semibounded piecewise homogeneous solid cylinder.
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Conclusions. By means of method of integral and hybrid integral trans-

forms with the method of principal solutions (influence functions and Green’s
functions) integral image of exact analytical solution of hyperbolic boundary-
value problem of mathematical physics in semibounded piecewise
homogeneous solid cylinder is obtained. The obtained solution is of algorith-
mic character, continuously depend on the parameters and data of problem and
can be used in further theoretical research and in practical engineering calcula-
tions of real processes which are modeled by hyperbolic boundary-value prob-
lems of mathematical physics in piecewise homogeneous domains.
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MertonoM iHTerpalbHHX 1 TIOPHIHMX IHTETpATbHAX NEPETBOPEHb Yy MO-
€IHAHHI 3 METOJOM TOJOBHHX PO3B’S3KiB (MAaTpWIp BIUIMBY Ta MAaTpPHUIb
I'pina) Bmepmre moOynoBaHO iHTErpalbHE 300pa)KEHHS E€IMHOTO TOYHOTO
AQHATITHYHOTO PO3B'A3KY TiNepOONiYHOI KpaHoBOi 3a/1adi MaTeMaTU4HOI ¢i-
3WKH ISl HAITIBOOMEKEHOTO KYCKOBO-0THOPI1THOTO CYIIIBHOTO LUTIHApPA.
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B. O. I'nariok, kaua. ¢i3.-mMar. HayK
Kam'ssHenp-IToninbCchKyiA HAIIOHATEHUA YHIBEPCUTET
imeni IBana Orienka, M. Kam'saens-Iloninbcekuii

KPUTEPII EKCTPEMANBHOI NOCNIAOBHOCTI
ONsA 3AAAYI HAUKPALLIOTO Y PO3YMIHHI
OnyKNOI ®YHKUII HABJIMXXEHHSA ®IKCOBAHOIO
ENEMEHTA ONYKNoo MHOXXWHOIO

V cTaTTi BCTAHOBJICHO KPUTEPii eKCTPEeMaIbHOI MOCIITOBHOCTI
JUTS 3371491 HAHKPaIIoro y po3yMiHHI ommykiIoi (GyHKIT HaOImKeH-
Hs (DIKCOBaHOTO €NEeMEHTa IIHIHOTO HOPMOBAHOI'O IPOCTOPY
OITYKJIOI0 MHO>KHHOIO IIEOTO ITPOCTOPY.

Knrouosi cnosa: onykna Qyuxyis, onykia MHOMCUHA, 3a0a4a
HAUKPAWj020 HAOTUNCEHHS, eKCMPEeMATbHA NOCTIO08HICMY, Kpume-
il ekcmpemanbHoi NOCTI008HOCTI.

Beryn. ¥V crarTi s 3a1aui HAaWKpamoro y po3yMiHHI OIyKinoi GpyH-
KIIii HaOMKeHHS (hiKCOBAHOTO CIIEMCHTA JIIHIHHOTO HOPMOBAHOTO IIPOC-
TOPY OIYKJIOI MHOXKHHOIO LILOTO IIPOCTOPY BCTAHOBJIEHO KPHUTEPii eKCT-
pPEeMaNIbHOI MOCIIZOBHOCTI, OKPEMI 3 SIKMX Y3arajbHIOIOTh KpUTEpii eKCT-
peMaNTbHOTO SIIEMEHTA JIJIS i€l 3a/1a9i, BCTAaHOBJICHI y miparii [1].

IMocranoBka 3amaui. Hexait X — nilicHuid JIIHIMHUA HOpMOBaHHHA
npocrip, F — omykiia MHOXKHHA ITPOCTOPY X, p — OIIyKJIa Ta Hemepe-
pBHa Ha X QYHKIisSL, X — €JIeMeHT npocTopy X .

3amavero HAMKPAIIOTO y PO3YMiHHI (QYHKIIi p HaONMKEHHS eleMe-

HTa X MHOXXHHOIO F 6y,I[CMO Ha3nWBaTH 3aavy Bi,I[H.IyKaHHSI BCIIMYMHU
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