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The criterias of the extremal sequence for the problem of the best at sense
of the convex function of the approximation of a fixed element of a linear
normed space from a convex set of this space are proved in the article.
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THE CONVERGENCE RATE OF THE THIRD
AND THE FOURTH MOMENTS

The perturbation & of the random environment Q is considered.
There is proved that as & — 0 the perturbed third and the perturbed
fourth moments differ from the third and the fourth moments
respectively very little. The convergence rate of the perturbed third and
the perturbed fourth moments to the unperturbed ones is investigated.

Key words: earnings per share, risk, third and fourth moments,
perturbation of an environment, convergence rate.

Introduction. A problem about finding of the expected profit and
risk is sufficiently important. In particular, Sharpe in [1; 2] was calculating
the average expected returns and risks of individual securities and whole
their portfolios. In articles [3; 4] the average expected earnings per share
and risk of share are investigated. There is showed that the convergence
rate of the perturbed profit and the perturbed risk to the unperturbed ones
is linear. The necessary and sufficient conditions at which the convergence
rate of the perturbed profit to unperturbed one has order k€N are
established. The similar problem for the perturbed risk is considered.

For studying such characteristics of statistical distributions as
asymmetric function and excess are used the third and the fourth moments
respectively. It is vital to note that these characteristics are quite important in
the formation of the portfolio. So investigation of the behavior of the third and
the fourth moments in the perturbed environment is actual at this time.

In this paper we will consider the third and the fourth moments of
earnings per share. We will clear up the matter about the change of these
quantities at the perturbation of an environment. We will also investigate
the convergence rate of the perturbed third and the perturbed fourth
moments of earnings per share to the unperturbed ones.
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The convergence rate of the perturbed third and the perturbed
fourth moments to the unperturbed ones. Let us consider a share in a
random environment C . Suppose that there are N methods of receiving
earnings per share in the environment ). Denote by A4, an event which

occurs if and only if earnings per share is received by i-th method,

N

A4; ﬂA = ,if i#j,and ﬂAi =Q. Let p; be a probability of the event
i=1

4, ie. p;=P(4), and let 7 be earnings per share if the event 4

occured, i =1, N . Define a random variable & which expresses earnings

per share by &(w) =r;, if w e 4;. Then the average expected earnings per

share, denoted by 7, is the mean of the random variable £ . Clearly,

_ N
r=Y pini (1
i=1

The risk of share, denoted by o, is the deviation of the random

variable & . Thus
N —
o= 2P0 =) @
i=1

The third and the fourth moments of the random variable &£ are
defined respectively by formulas

N N
P = Zpi”i3§ ‘= Zpi’"i4- 3)
i=1 i=1

Analyse as changing environment influences on change of earnings
per share. Let us describe changing environment by some parameter ¢ .
Such changing is called the perturbation of environment. The probability

p; and the earnings per share 7, i=1,N, will change in result such
perturbation. Changed probability, denoted p;, is called the perturbed

probability. Similarly changed profitability, denoted r°, is called the

perturbed profitability.
Assume that there exist limits

p; =limp{, r=Ilimr’, i=1,N, 4)

>0 £—0

A sum of the perturbed probabilities must be equal to 1, i.e.

N
2=l
i=1

We suppose that at the perturbations of environment a number of
events 4; remains unchanged.
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In the article [3] is proved that at sufficiently small changes in the
environment the average expected earnings per share differs from the
average expected earnings per share in unchanged environment very little.
Thus there exists limit

. &
r=limr",
0

where r® — the perturbed average expected earnings per share is defined as
— N
rf=2pir (5)
i=1

Similarly, there is showed that the perturbed risk of share, denoted by
o ,tendsto o as & —> 0. The perturbed risk of share is defined as

o = [Pt~ ). (©)
i1

Consequently, at sufficiently small changes in the environment the
risk of the security has rather small deviation from the risk of the security
in unchanged environment.

Let us elucidate as the third and the fourth moments will change at the

perturbations of environment. By rf and rg4 denote the perturbed third and
the perturbed fourth moments respectively. These moments are defined as

— N N N
=Yl =Y ) (7
i=1 i=1

The answer to this question is given by the following theorem.

Theorem 1. Let conditions (4) hold. Then the perturbed third and the
perturbed fourth moments, defined by (7), tend to the third and the fourth
moments, defined by (3), respectively as ¢ > 0.

Proof. From (4) it follows that for all i =1, N
limpf ()’ = piry.
0
Since the sum in the equalities (7) is finite, we obtain
— N N —
limry = > limpf (5 =Y pir = 1.
&—0 i:lé'*)o i=1

Likewise we can prove that

. 4_ 4
limr, =7 .
=0
The theorem is proved.

Let p{ and r be expressed as
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pe=p+ e+ + A +o(e), ()
FE = e s +o(sh), ©)

where [ e N, A;,...,4;, 145, 14, i=1,N ,— some constants, &£>0.
Now we will give the following definition.

Definition 1. The rate of convergence f (&) —a hasorder k e N if
&0

lim L&) =4 (g)k “-c

=0 &
where C — some constant. In case k£ =1 the convergence rate is called
linear.

In the article [3] is showed that the convergence rate of the perturbed
profit (5) and the perturbed risk (6) to the unperturbed ones (1), (2) is
linear. There are established the necessary and sufficient conditions at
which the convergence rate of the perturbed profit (5) to unperturbed one
(1) has order k+1(k=1,...,/-1), where / is taken from (8), (9). There are
also established the necessary and sufficient conditions at which the
convergence rate of the perturbed risk (6) to unperturbed one (2) has order
s(s <1), where [ is taken from (8), (9).

Find out the convergence rate of the perturbed third and the perturbed
fourth moments to the unperturbed ones.

Theorem 2.

1. The convergence rate of the perturbed third moment to the unperturbed
one is linear.

2. The convergence rate of the perturbed third moment to unperturbed one
has order t+1(t =1,...,/—1) if and only if the following conditions hold:

N
207 20435 pigy) = 0,

i=1

N
Z(”gﬂm + 3”1‘2171‘#21' +3’§2,U1i/11i +3ripi:ulzi) =0,
i-1

N
D20 Ay 30 poft + 307 gy, 2y + 30 i 2y + 302,005+ (10)
i=1

+67; p; 1y y; + Pifdiy) = 0,

t-1

N
Z(”gﬂn‘ + 3’?2Pi/1n‘ + z Hyi Mo My Agi) = 0.
i=1 m,n,k,q=0

m+n+k+q=t
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Proof. Consider the perturbed third moment r3

— N
. From

(8), (9) it follows that

N
=3 (py + Mg+t e +o(eN+ e+ e o))
i=1

First calculate the value (r°)*:
2 1 IN2 2, 2.2, 2 2,21
(1 + w6+ & + .4 e +0(eN) =17+ pne® + 15,6+ e +
2 I 3 4
21 1, + 28y €7 A A 20 E 2401087 + 214 406 +...+2,u”,u,ig

5 I+2 21-1 I
A2l J3i & H A 2y € A2y pyE” T +0(E).
By 4, denote 7. Then

!
D tite™" +o(e").
m,n=0

m+n<l

Hence, we obtain

/ /
=] 2 tittie™" + 0" [Zukiek +0(51)J=
k=0

m,n=0

m+n<l (1 l)

i

k i
Z i i tyi€™ "+ 0(ED).
m,n,k=0

m+n+k<I

Therefore, denoting by A; the probability p,, we receive

— N / /
3 _ k ! !
2= Z z Lyi ki i€ o) z/lqigq +o(g")
i=1| m,n,k=0 q=0
m+n+k<l
< L k 1 y 3
+n+k+
= z Z ﬂmiﬂniﬂki/lqiem T o(e') = § Hoitoi + (12)
i=1 m,n,k,q=0 i=1
m+n+k+q<l

N !
m+n+k+q /
+Z Z :umnum/uklﬂ’ € +0(‘9 )
=1 m,n,k,q=0

1<m+n+k+q<l
Note that s34, =’ p; . Thus,
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— — N /
3 m+n+k+q !
Z Z /uml/unl/uki/lqie +0(‘9 )
=l m,nk,q=0
I<Sm+n+k+q<I|
Consequently,

— N N
1l =1 =37 Ay 30 e+ Y17 Ay + 307 Pty 317 g Ay 430, 150)E” +
i=1 i=1

N
(05 Ay + 307 Pyt + 315 Aoy + 31 1y Ay +

P (13)
2 3y .3
+37 A 441y + OT; i oy + D)€ -t
1 s /-1 ) 1
+z 1 Ay 317 iy + Z Hoi i i Ay |E +0(E7).
i=1 m,n,k,q=0
m+n+k+q=I

Whence as € — 0 we have

-ri= Z i 317 Do )E + (&),

that is, by the definition 1 the rate of convergence 7, — r® is linear. From
-0

(13) it follows that the rate of convergence r S will have order 2, if
£—0

the following condition holds:

N
7 Ay 435 piy) = 0.
=1

Similarly, the rate of convergence 7, — »* will have order
£—>0

t+1(t=1,...,/-1), if the conditions (10) hold.
Obviously, if the conditions (10) hold, the rate of convergence

r; — r* will have order t+1(t=1,...,1-1).
-0

The theorem is proved.
Theorem 3.

1. The convergence rate of the perturbed fourth moment to the unperturbed
one is linear.

2. The convergence rate of the perturbed fourth moment to unperturbed one
has order ¢#+1(¢ =1,...,/—1) if and only if the following conditions hold:
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N
Z(’/Aﬂ’lt +4V pi lult) 0

( i42’2i + 4”;'3171'/121' + 4ri3ﬂli2’1i + 6”1'2[71'#121') =0

‘Mz i

P A A8 Dot AAT 10 A A A+ (14)
I Az i PiMs; i Mot i Hiitai

'Mz

+55; 211'/1121""12”:‘2171'/11;'#21""4”1'171'/1131') =0,

N t—1
4 3 —
DA A P+ Y MMM Ag) = 0.
i=1 m,n.k,q,f=0
m+n+k+q+f=t

Proof. Consider the perturbed fourth moment r Zp G ) Since

pEGEY =1pf ()1, from (8), (9), (1) it follows that
pr)t =

/ ! ! .
= [Zﬂqﬁ;q +0(51)] z /umi:uni:ukieer’Hk +o(g") [Zﬂﬁg'/ +0(51)J‘
q=0 =0

m,n,k=0
m+n+k<[
Likewise to (12)
4 . k ! L f !
3 +n+k+
pi ()" = Z /lmi,uniﬂki/lqiem " 1 o(e") Zﬂﬁg‘ +to(e)|=
m,n,k,q=0 f=0

m+n+k+q<l
/
Z :umuum/ukuuﬁ/l em+n+k+q+f +0(‘91 )
m,n,k,q, =0
m+n+k+q+f<I

So we obtain

N !
_ m+n+k+q+f !
= Z Z Honi H M M i g€ +o(g')
i=1 m,n,k,q,f=0
m+n+k+q+ f<I

Mz

m+n+k+q+f !
+z Z Honi H i M i A g€ +o(g').
i=1 =1 m,nk,q,f=0
1<Sm+n+k+qg+ f<I
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Hence
- !
4 4 _ m+n+k+q+f I\
ARTAED SEND SR TR IRy P e +o(s') =
=l m,nk,q,f=0
1<m+n+k+q+f<I

N N
=5 Ay AR P e+ Y (1 Ay + A1 Pty + A8 gy + 617 poti )7 +
i=1 i=1

N
4 3 3 3
+Z(”i Aai + 417 Py + A1 Lo Ay A1 Ay + (15)
i=1

517 Dbty 1207 Py o + AT Pi)E -t

N -1
4 3 1 1
+Z 1 Ay AN Py + 2 Hyi B B M i A | €+ 0(E7).
i=1 m,n,k,q,f=0
m+n+k+q+f=I

Thus, as £ — 0 we receive
— — N
4 4 _ 4 3
e —r = Z(”i A +417 iy )€ +o(e),
i=1

that is, by the definition 1 the rate of convergence rj s r* is linear. From
£—0

(15) it follows that the rate of convergence r; —» r* will have order 2, if
-0

the following condition holds:

N
ity + 45 pi;) = 0.
=1

Similarly, the rate of convergence r, — #*  will have order
£—>0

t+1(t=1,...,/-1), if the conditions (14) hold.
Obviously, if the conditions (14) hold, the rate of convergence

7, — r* will have order t+1(t=1,...,1-1).
-0

The theorem is proved.

Conclusions. In this paper the third and the fourth moments of
earnings per share are considered. Here is proved that these quantities are
hardly changing at the perturbation of an environment. The convergence
rate of the perturbed third and the perturbed fourth moments to the
unperturbed ones is investigated.
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PosrisiHyTO 30ypeHHs & BHmaakoBoro cepexosuina € . JloBeneHo, mio
npu & — 0 30ypeHmil TpeTiii i 4eTBepTHil MOMEHTH NpPUOYTKY HA aKIliio
JIOCHTh MaJi0 BI[IPI3HSIOTECS Bifl BIAMOBIIHUX HE30YPEHUX MOMECHTIB.
JlocnipKeHO IBHAKICTE 30DKHOCTI IMX 30ypPEeHIX MOMEHTIB JI0 He30ypeHHX.

KurouoBi cinoBa: npudymox ma axyiro, pusux, mpemii i yemsepmuil
MoMeHmU, 30YpeHHs cepedosuLyd, WUEUOKICMb 30ICHOCMI.

Otpumano: 13.02.2017

YK 517.977.56

C. 1II. Kanblpona 2 JJOKTOPAHT,
K. B. Mauncumos ™", 1-p ¢us.-Mat. Hayk, mpodeccop
" Uucruryr Cucrem Vpasnenns HAH Asep6aiipkana,
r. baky, AzepOaiipkan,
" BakuHCKHi Tl'ocynmapcTBenHsIil YHHUBEpCHTET, T. baky, Azepbaiimkan

OB ONTUMAJIbHOCTU OCOBbIX B CMbICJIE NPUHLUUMNA
MAKCUMYMA NMOHTPAI'MHA YNPABJIEHUX B OOHOU
3AO0AYE YNPABNEHUA CUCTEMAMU TUMA POCCEPA

Paccmotpena onHa 3aaya ONTUMAIIBHOTO YIIPABICHUS JUCKPET-
HBIMH crcTeMaMu Tuma Poccepa, py MOMOIIN TPaHWYHBIX YIIpaBie-
HHI. YCTaHOBIIEHBI HEOOXOIMMBIE YCIOBHSI ONTUMAIBHOCTH OCOOBIX,
B CMBICIIE ITpUHLIMIA MakcuMyMa [loHTpsiruHa, yrpaBieHuit.

KiroueBsle ciioBa: cucmema muna Poccepa, npunyun makcu-
myma Tlonmpsieuna, ocobvie ynpagienus, opmyna npupaujerusl
Kpumepus Kaiecmed.

BBenenue. MHOTHE MPOIECCH U3 TEXHUKH U JIP. OMKUCHIBAIOTCS pas-
JTUYHBIMU cucteMamu Poccepa (cM. Hamp. [1-6]).

[TosToMy B mocliieHHE TO/Ibl MHTEHCUBHO Pa3padaThIBaeTCsl KauecT-
BEHHAsl TEOpHsl ONTHUMAIBHOIO yIpaBlieHusl cucteMamu Tuna Poccepa. B
paborax [7; 8] u 1p. BRIBENICH Psl HEOOXOAUMBIX YCIOBUH ONTUMAIBHOCTH,
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