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AOCHNIAXEHHA HA CYMICHICTb TA BIOWWYKAHHA
HABJIMWXXEHUX PO3B’A3KIB IHTEMPO-®YHKLIIOHAJIbHUX
PIBHAHb 3 MAJNOIO HENMIHIMHICTIO TA OBMEXXEHHAMM

VY cTaTTi MOCHiIKYEThCS 3a4aya Ha CYMICHICTb OJHOTO THITY
iHTerpo-QyHKI[IOHAIFHOTO PIBHSAHHS 3 MajoOl0 He JiHiIMHICTIO Ta
JOAaTKOBUMH yMOBaMHU (OOMEXESHHSIMH), KOJH OMEepaTop BHYTpi-
LIHBOT CYMEepHO3HLil 3HAXOUThCS B MiAIHTErPaJbHOMY BHpa3i iH-
TerpajbHOro oneparopa. [IpuBeneHa 3aada € BaX/nMBa B 3B 53Ky 3
THUM, 1110 10 Hel 3BOJUThCS KpaiioBa 3aaada Juisl 1udepeHialbHOro
PIBHSIHHS 3 BIAXWJICHHSM apryMEHTY i3 3ami3HEHHsSM Ta J0JaTKO-
BUMH ymoBamH. [loka3zaHo, IO B YacTKOBOMY BHIIAJAKYy, KOJH
h(x) =x — A, OTpUMY€ETBCS BUIIAJIOK CTAJIOTO 3aIli3HEHHSI.

KpiM ocHOBHOI 3amadi, B SIKiif JOCIIKY€ETBCS Y3rOJDKEHICTh
IIYKaHOTO PO3B’SI3KY 3 HOJATKOBUMH YMOBaMH, TAKOX PO3IIISTHYTO
JIONIOMDXKHY 3azady, — 3a1a4y 3 kepyBaHHsM. OCHOBHa inest JOoCi-
JDKEHb Ha CyMICHICTB 3raJlaHoi 3a/iadi Mojsrae B TOMy, IO Il 3a-
Jlada 3BOJUTHCSA JIO AHAIOTIYHOI 3ajavi JUIs IHTErpabHOTO PiB-
HSHHS 3 MQJIOIO HEJIIHIWHICTIO 1 3 CyMiCHOCTI OCTaHHBO{ BHILIUBAE
CYMICHICTh OCHOBHOI 33/1a4i.

Y po0OTi po3rIIIHYTO MUTAHHS IOOYI0BH HAOIMKEHNX PO3B’SI3KIB
SIK OCHOBHOI TaK i JTormoMikHO 3amad. [TokasaHo, o mpy BHKOHAHHI
MIEBHUX YMOB TaKi PO3B’SI3KM MO)KHA OTPUMATH, 3aCTOCYBABIIH JI0 3a-
Jadi OMH BapiaHT iTepariiHoro meroxy. Ilpm 3acTocyBaHHI IHOTO
METOy Ha KOXKHOMY KpOIIi iTepamii BUHIKae HeOOXiTHICTD ¥ PO3B’s-
3aHHI JIHIMHOI chcTeMH anreOpaidHuX piBHAHB. OCKUIBKHM OCHOBHA
MaTpHLI CHCTEMH € HEBUPODKEHOIO 1 OZIHAKOBOIO ISl KOXKHOTO KPOKY
iTeparii, TO JOIUIFHO HA TOYATKy IBOTO MPOIECY 3HAWTH 00CpHEHY
MATpHLIO i B OJANIBIIOMY [OETAITHO BUKOPHCTOBYBATH il HIPU BiuIy-
KaHHI HAOmMDKeHUX po3B’s3KiB. CIif MaTH Ha yBasi, IO y BHUIIAJKY,
KOJIM OCHOBHA 3a/1a4a € CyMiCHOI, BUKOPUCTAaHHsI JIOJATKOBHX YMOB,
SIKMM 33/I0BOJIBHSIE IITyKaHHI1 PO3B’SI30K, 1a€ 3MOTY TIOKPAILUTH YMOBU
30DKHOCTI Ta HIBHIKICTH 301KHOCTI 3raIaHOTO ITEPaLiiiHOr0 METOY.

OnepxaHi pe3ynbTaTH € BKIMBUMH B IOJAJBIINX JOCII-
JUKEHHSIX DI3HUX THUIMIB HAONMKEHWX METOIB Uil BiAIIyKaHHS
PO3B’s3KiB iHTETrpO-(PYHKIIOHATBHUX PIBHSHD 3 OOMEKSHHSIMH.

Kawuosi ciioBa: nabnusicenutl po3g’azox, 000amrosi ymosu,
0bOMedicenHtsl, IHme2po-(pYHKYIOHANbHI PIGHAHHS 3 MAJIOK HENIHIlHI-
cmio, iHmezspanvhe PiGHAHHS 3 MAOI0 HEeNIHIUHICMIO imepamueHuLl
Memoo, obepHeHUll Onepamop.

Beryn. Posrisinemo B npoctopi Lo[a, b] iHTerpo-¢yHKIiOHAbHE Pi-
BHSIHHS
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

y(x) = f(x)+jZK(x,t)y(t)dt+j)‘H(x,t)y(h(t))dt +
e ‘ (1)
+8IG(x;t)F(t;y(t))dt,x e[a,b],

3 YMOBOIO
y(x)=w(x),x¢[a,b], (2)
Ta OOMEKEHHIMU

b
[, (x)y(odx = 3,0 =1,m, 3)

ne f (x), w (x) — 3anani BimoBiTHO Ha [a,b] Ta 3a Horo Mexamu QyHKIi,
a y(x) — wykana ¢ysxuis. JliniiiHo-HesanexHa cucrema (yHKILi
{CDl-(x)} Ta YUCIIOBA MHOXXHHA {yi},i :I,_m — Bigomi. lo piBasHHES (1)

3BOJIMTHCS KpaioBa 3aj1aua sl Tr(epeHiaIbHOro PiBHSHHS 3 BIIXUJICHHIM
apryMEHTY i3 3aIli3HEHHSIM, Y BUITaJIKy CTAJIOro 3ami3HeHHsT A, h(x) =x—A .

3agauy (1)—(3) Oynemo BBaXxaTH CyMiCHOIO, SIKIIO iCHYE Taka (yHK-
mis y(x), sika € po3B’s3koM piBHSHHEA (1), 3am0BOIBHSIE YMOBY (2) Ta 00-
MexeHHs (3).

OcHoBHa yactuHa. Po3riisiHeMo Bunanok, koiu ¢yHkuii K(x,?),

H (x,t),G(x;t) B KBa/Iparti [a,b]2 3aJI0BOJIGHSIOTH YMOBH

bb
J.J.K2 (x,t)dxdtsz <o, 4)
bb
[[H? (x.t)dxdt = H? <o, (5)

aa

bb

[[6 (xst)dxdt = G* < oo;

aa
dynkuis @(1;y) B obnacti D={a<t<b~w<y<ow} BumipHa 3a f
IpH BCiX y 1 HemepepBHa 3a y TipH Beix ¢ (ymoBa Kaparteomopi) i 3amo-
BOJIbHSIE YMOBY Jlimmuus:

@ (:y) - @(1:7)] < L]y~ 7]

ne L — nmesika mojartHsi crana; GyHKIsE /(x) € HEenepepBHOIO pa3oM i3

CBOEIO MOX1/IHOIO Ha [a,b] 1 CIIPaBIKYIOThCSI HEPIBHOCTI
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x—h(x)2A>0, (6)
h'(x)=1>0. 7
[Mokaxxemo, mio piBustHHA (1) 3 ymoBOtO (2) npu BuKoHaHHI yMOB (7)
3BOJIMTHCS 10 IHTETPAIBHOTO PIBHAHHS 3 MaJIOlo HeliHiiHicTIo. [Tepenuiemo
apymﬁ iHTerpa npaBoi yacTHHU piBHAHHA (1) 3 ypaxyBaHHSAM YMOBH (2) Tak
! (a) b
jH x,t) y (h(t))dt = j H (x,1) y (h(r))dt + j H (x,t)y(h(r))dt =
h'(a)
'(a) b
j (x,0) @ (h(t))dr + j H (x,0)y(h(t))dt =
a h'(a)
b
= (p(x)+ I H (x,t)y(h(t))dt
h'(a)
B cuny ymoBu (7) HeniepepBHa ¢yHKLIs s = A(¢) Oyae 3pocTaryoro i

s Hei icHyBatime oGeprena dyHkmis ¢ = A (s),dt :L. Toni
h’(h'](s))
OCTaHHiH iHTeTpan OyIe MaTH BUTJIST
b h(”)H(x,h_](s)) b
j H(x,0)y(h(t))dt = j —————Ly(s)ds = j H(x,s)y(s)ds,
h'(a) a h (h (S)) a
H (x,hil(s))
. _— Jh(b
Ao =1 w(ie) [an(2)] ®)

0,5 € (h(b),b],x € [a,b].

Criz BIAMITHTH 110 onepaTop H , sikuif BU3HAYAETHCS PIBHICTIO
(Fv)(x j H(x,0v(1)d1,vv(x) € L, [a,b], )
3 BUKOHaHHSAM YMOB (5)— (7) 6aunmo, mo omeparop K , SKUH Ma€ BUTIISA
(Kv)(x jK(x OV()dev(x) € L, [a,b],

Oyne ®pearoIbMOBUM.
HiticHo,
2
IIH X,8 dxds—.” <Xh (S)) _ijZH (Xh (S)) ————dxds =
()
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

3 ypaxyBaHHSM IIPUBEJCHUX MipKyBaHb PiBHSHHS (1) 3 ymMoBoIo (2)
3aIHIIETHCS TAKUM YNHOM

y(x)= f(x)+j-K(x,t)y(t)dt+(p(x)+j‘ 7(x,s)y(s)ds+

b
+SIG(x;t)F(t;y(t))dt,x e[a,b],
abo ’
b b
y(x) = f,(x)+ j T(x,0)y(t)dt + ejG(x;z)F(t; y(t))de, (10)

ae
h'(a)
K@) =f@+e(t)=fO)+ [ H(x.t)y(h@®)dr, (11)

T(x,t) = K(x,0)+ H(x,0),(x,0) €[a,b] . (12)

TakuM 9YMHOM, MU TTOKa3aiH, 10 piBHAHHA (1) 3 ymMoBOIO (2) mpu BH-
KOHaHH1 yMOB (4)-(7) 3BOJUTBCS JI0 IHTETPAJIbHOTO PIBHSHHS 3 MaJIOIO He-
niniitHicTio (10) 3 ninkoMm HenepepBHuUM omneparopoM 7 . Lle o3nauae, 1o
3amada (1)-(3), B cBOIO uepry, 3BOAMTLCS 10 aHanoriuHoi 3amadi (10), (3)
JUISl IHTETPaJIbHOTO PIBHSHHS 3 MAJIOIO HEJIHIMHICTIO 1 3 CYMICHOCTI BUILIHU-
Ba€ CyMICHICTh BUXIIHOI 3a/1a4i 1 HaBraky. J{oCniPKEeHHIO yMOB CYyMIiCHOCTI
3amaqi tumy (10), (3) mpucBsYeHa HU3KA HAYKOBHX IpaIlh, 30kpema [2, 3].
Bcranopnennit ¢axT exsiBanenTHOCTI 3ama4 (1)—~(3) ta (10), (3) momo ix
CYMICHOCTI J1a€ MOXITUBICTB TIPOBOJUTH TTONAIIBIII JOCTIHKEHHS CTOCOBHO
(hopMyITIOBaHHST YMOB CyMICHOCTI, Oe3mocepenbo, st 3anadi (10), (3) Ta
PO3IJISoy MUTAHHS 3aCTOCYBAHHS 0 Ii€T 3a1a4i HAOIMKEHUX METO/IIB.

3ayBakeHHsl. YMoBa (6), B IPUBEICHUX BHIIE MIpKyBaHHSX, HE €
CyTTeBOIO. BOHa BIUIMBA€ JvIlle Ha BU3HAYCHHS HOBUX MEX IIPH 3rajaHii
3aMiHi 3MIiHHOI B ApyroMy iHTerpani piBHsSHHA (1) Ta BKasye Ha Te, IO

yMoBa (2) BUKOHYETHCS KOHKPETHO Ha TMPOMIKKY [h(a),a). Mipky-
BaHHS aHAJIOTI4HI IPHUBEICHUM, MO’KHA IIPOBECTH 1 B TOMY BHUIIAIKY, KOJIH
cTocoBHO (yHKIIT A(x) BUKOHYeThcs yumie ymosa (7). Lle roBoputs mnpo

Te, 10 Julst i€l GyHKuii Moxe icHyBaTH Takuii IpoMikoK [x;;x, | < [a,b]

(4M mekiibKa IPOMIXKKIB), o A(x) > x,Vx € [x1 ;xz] .
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3anaua 3 kepyBanusimM. Po3riissHeMo B nipocTopi L, [a,b] 3a1a4y

j(x):f(x)+j7'K(x,t)j/(t)dt+_lfH(x,t)j/(h(t))dt+

, (13)
+6[G (x:t)F (1.3(1))dt.x € [a,b].x €[a.b].
' 7(x)=w(x),x ¢[a,b], (14)
}cpi(x) F(x)dx =y, + }@i(x)u(x)dx,i =1,m, (15)
e H(x) i u(x) . myKani (yHKuii, aanqOMy
u(x) = ilz,f, (). (16)
(&)}, j=1m, — nesxa niHiI":}_lo-HesanemHa crcrema  dymKiiii i

& (x)=0,xomn x ¢[a;h].

[Mokaxemo, mo 3amayda (13)—(15) exBiBajeHTHa NEIKOMY DPiBHSHHIO
6e3 oomexeHb. BBenemo 3aminy

b b
(x) = 2(x)+ [K (xst)u(e)de+ [H (x;t)u (h(e))de +
, a a (17)
+5fG(x;t)F(t;u (h(t)))dt,x e[a,b],x e[a;b],
Ky OyJneMo po3riisiiaTH, SIK JOTMOMIDKHY 3a]a4dy, BBOKAIOUM B Hill QyHK-
wiro z(x) samanoro, a dynkuii y(x) ta u(x) Tpeba snaiitu. Iligcrasms-
toun (16) B (17), a morim (16) ta (17) B piBHicTb (15), oTpumaemo

b m b b
[ @, {z(0) + 2 2, ([ K (e, 0)€ (Odt + [ H (x,0)&, (h(1)di) hdx +
a j=1

a a

+giG(x;t)F(t;§j (t))dt =y, + icp,.(x){i /ljgj(x)]dx,i =1,m,
Mlepenuimeno wo pismicrs Tax a
be,-(x){il A& (0) —TK(x,t)e‘,- (1)t —fH(x,nr:,»(h(z))dt)}dx -
a = a a

—gTG(x;t)F(t;gj (t))dt = Tcpl.(x)z(x)dx— yiori=1m.
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

Hexaii
b b
n,(x) = &) = [ K(x,0&; ()t = [ H(x,0&, (h(t)dt -
a , a (1 8)
¢ [G(xst)F (1:¢, (1)) dr
HOBHa‘II/IBH.II/I

jq> (O, (x)dx = a,;, by = jqn (xX)z(xX)dx—y,,i,j =1, m. (19)

OCTaHHIO plBHlCTB 3alIMIIEMO TaK

m

Zat/ j=bisi i=Lm. (20)

OtpumMaeMo cucteMy JiHIHHHMX anreOpaidyHux piBHAHB. PosrisiHemo
BUIIAJI0OK, KOJM MaTpPUI L€l CUCTEMH, SIKY MO3HaYMMO 4yepe3 A, He BH-

pomkena i Hexait A~ = (¢j)sisj= Lm — obepHena Matpuist. Tofi
Ay =D cybyj=1Lm, 2D
j=1

1 po3B’s13ku HonoMixkHO1 3axadi (17), (15) 3anumryTecs Tak

m

w0 =33 450 =3 Y ehg =33 [jcb (0)=(0d1 - 7,J§j<x)=

j=li=1 j=li=1 j=1

m m

ZZcﬁb,«f:, @)D, (D2()d =0 ¢85 (x).
Jj=li=l

j=li=l

t'—.ﬁ"

Tob6T0
b
u(x) = [ R(x,0)z(t)dt = w(x), (22)
R =3 Y ey, (0, (), (23)
j=li=1
w(x) = Z 0;5(0)0; z CiiYisd = 24)
j=1

3

y<x>=u(x>+z<x>fziini<x)=u(x)+z(x ZZ ¢ b (x) =

m m

=u()+z(0) - ¢y [ [ERGEGEE y,jn, (x) =

j=li=1

18
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blﬂ m m

= u(x)+2(x) = [ 2. X e @ (O, (e =Y Y ¢y, () =

w j=1i=l j=1i=1

b
= u(x)+b(x)+ j P(x,0)z(t)dt,

Pet)=6(s=0)= 3 3 e, (10,0, (25)
=i
b(x) = chﬂ?’iﬂj (x)= Zzaﬁj (), (26)

j=li=1 j=li=1
Takum 9rHOM, €IUHHUN PO3B’ 30K AomOMiXHOI 3amadi (17), (15) mae
BHIJISLL

b b
u(x) = .[R(x,t)z(t)dt —w(x), p(x) = u(x) +b(x) + j P(x,0)z(¢)dt.

3rigHo 3 Teopemoro 3 [3] 3amaua (1)—(3) cymicHa suie TOMIi, KOJIU

PO3B’SA30K z (X) PiBHAHHS

2(x) = g(x) + TM(x,t)z(t)dt, 27)
3aJI0BOJILHSE YMOBY '
jiP(x, 02" (t)dt = w(x), (28)
ae '

b b b
g(x) = f(x)+IK(x,t)z(t)dt+IH(x,t)z(h(t))dt+5 jG(x;t)F(t;z(z))dz, (29)

b b b
M(x,t) = [ K(o P& DdE+ [ Hx HPE) )t +&[G(x:t) F(5:2(¢)) . (30)

MoskHa TakoX MoKa3aty, 1o ymMoBa (28) Oyze piBHOCHIBHOI YMO-
BOIO

b
[T,z wdt=0;,j=1,m, (31)
e
@)= zcji(bi(t)' (32)
i=1

19
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ITepaniiinuii Meton. Inest iTeparmiifHOr0O MeTOmy CTOCOBHO 3ajadi
(1)—(3) momsrac B TOMy, IO TIOCHIIJOBHI HAOMIKEHHS IO IIYKAHOTO
PO3B’SI3Ky 3HAXOIMMO Ha Mi/ICTaBi (GOpMyIT

0 (9)= £ () K (60 vy () s [H (1) vy (o))t e ab], G3)

Vi (x) =w(x),x ¢ [a:b], (34)
b b
Vi (x)=2, (x)+IK (xst)uy (1)dt+ IH (x;t)uy (h(2))dt, x e[a;b],  (35)

a

u, (x) = i/lffl (x),x €la,b],u; (x)=0,x ¢[a,b], (306)
=1
. J
[ @,y (¥)dx = 7,0 = 1m, y, (x) = 5 (x) =1, (x), (37)

JIJis BU3HAYCHHS HEBIIOMHUX MapaMeTpiB /1;? ,j=1,m, orpumaemo

CUCTEeMY JIHIHHUX anreOpaiyHuX piBHSIHb. J[iHCHO, Ha MiZCTaBl HABEICHHX
BuIe GOpMyIT MATUMEMO

Y () =z ()= D Ak (x). (38)
Jj=1

Sxuro mifcraButH 1o GyHKio B nepiy 3 popmyi (37) 1 ckopucra-
TUCH To3HaueHHsM (19), To oTpuMaemo

> ayAi =bi=1m, (39)
j=1
Jc
b —_—
bf = [®,(0)z, (x)dx—y;i = Lm. (40)

BucnoBku. Metox (33)—(37) Oyne 301KHUM, SKIIO MATpUIsT A He-
BUpOKeHa, 3anada (1)—(3) cymicaa i p(M) <1, npuyoMy MOCHIIOBHICTh

{y;(x)} sbiratnmersest f0 exuHoro pose’ssky y*(x) samaui (1)-(3), a

noCHioBHICTE {1 (X)} 30iraTHMEThCS 10 HyJIsL.
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RESEARCH ON COMPATIBILITY AND REVIEW
OF APPROPRIATE SOLUTIONS OF INTEGRO-FUNCTIONAL
EQUATIONS WITH SMALL NONLINEARITY
AND RESTRICTIONS

The article deals with the problem of compatibility of one type of in-
tegro-functional equation with additional conditions (restrictions) and with
a small nonlinearity, when the operator of the internal superposition is in
the integral operator integral expression. The given problem is important
because it reduces the boundary value problem for a differential equation
with delay deviation and additional conditions. It is shown that in the par-
tial case, when 4(x) = x — A, a case of steady delay is obtained.

In addition to the main task, which investigates the coherence of the
desired solution with the additional conditions, also considered the auxilia-
ry problem — the task of management. The basic idea of research on the
compatibility of this problem is that this problem is reduced to a similar
problem for an integral equation with a small nonlinearity, and the compat-
ibility of the latter implies compatibility of the main problem.

The paper deals with the problem of construction of approximate solu-
tions of both basic and auxiliary problems. It is shown that under certain
conditions, such solutions can be obtained by applying one variant of the
iterative method to the problem. When applying this method, at every step
of the iteration, there is a need to solve the linear system of algebraic equa-
tions. Since the main matrix of the system is not degenerate and is the
same for each iteration step, it is expedient at the beginning of this process
to find an inverse matrix and then use it step by step in the search for ap-
proximate solutions. It should be borne in mind that in the case where the
primary task is compatible, the use of additional conditions that satisfies
the desired solution will improve the convergence conditions and the con-
vergence rate of the said iterative method.

The obtained results are important in the further research of various
types of approximate methods for finding solutions to integro-functional
equations with constraints.

Key words: approximate solution, additional conditions, restrictions,
integro-functional equations with small nonlinearity, integral equation
with small nonlinearity, iterative method, inverse operator.
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