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HYPERBOLIC BOUNDARY VALUE PROBLEM FOR
SEMIBOUNDED PIECEWISE-HOMOGENEOUS
HOLLOW CYLINDER

By means of the method of integral and hybrid integral trans-
forms, in combination with the method of main solutions (influ-
ence matrices and Green matrices) the integral image of exact ana-
lytical solution of hyperbolic boundary value problem of mathe-
matical physics for semibounded piecewise-homogeneous hollow
cylinder is obtained for the first time.
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Introduction. The theory of hyperbolic boundary value problems for
partial differential equations and including equations of mathematical physics,
is an important section of the modern theory of differential equations which is
intensively developing in the present time. The achievements of this theory
apply to research of different mathematical models of various processes and
phenomena of mechanics, physics, technology and new technologies.

Significant results from the theory of Cauchy and initial-boundary
value problems (mixed problems) for hyperbolic equations were obtained
in the known works of J. Hadamard [1], L. Gording [2], Yu. Mitropolsky,
G. Khoma, M. Hromyak [3], A. Samoilenko, B. Tkach [4], M. Smirnov
[5], V. Chernyatyn [6] and others domestic and foreign mathematics.

It is well known that the complexity of a boundary-value problem signif-
icantly depends on the coefficients of equations (different types of degeneracy
and features) and the geometry of domain (limited, unlimited, smoothness of
the boundary, the presence of corner points, etc.) in which the problem is con-
sidered. The dependence of the properties of solutions of boundary value prob-
lems for linear, quasi-linear, and certain classes of nonlinear equations (ellip-
tic, parabolic, hyperbolic) in homogeneous domains (homogeneous environ-
ments) on the above-mentioned properties of the coefficients of equations and
geometry of domain are studied in detail, and functional spaces of correctness
of problems in the sense of Hadamard are constructed.
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However, many important applied problems of thermomechanics,
thermal physics, diffusion, theory of elasticity, theory of electrical circuits,
theory of vibrations of mechanical systems lead to boundary value prob-
lems and mixed problems not only in homogeneous domains when the
coefficients of the equations are continuous, but also in inhomogeneous
and piecewise homogeneous domains when the coefficients of the equa-
tions are piecewise continuous or piecewise constant [7, 8].

The method of hybrid integral transforms generated by hybrid differen-
tial operators when in each component of connectivity of piecewise homoge-
neous domain are treated different differential operators or differential opera-
tors look the same, but with different sets of coefficients is an effective method
of constructing exact solutions for a fairly broad class of linear boundary value
problems and mixed problems in piecewise homogeneous domains [9—12].

This article is a logical extension of [13]. By means of the method of
hybrid integral transforms the exact solution of hyperbolic boundary value
problem of mathematical physics for semibounded piecewise homogene-
ous hollow cylinder is obtained in this article.

Formulation of the problem. Let’s consider the problem of struc-
ture of 27 -periodic for angular variable ¢ solution of partial differential

equations of hyperbolic type of 2nd order [14]

o%u, 2 at. A2 2
L_la? o 190 +ﬂ6_+az2/_a_ uj+
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which is bounded in the set
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and conjugate conditions
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here Qs Ay Ay X h, Qs /5’]-S — some constants;

=0; j=1,2k=1n, (5
r=R,

0 . 20 . 0 0 . n+l . pn+l Lon+l n+l .
ol <0; B 2 0;|af) |+ B 2 0; a4 20 B 2 0t 4 B 2 0

k pk k ok ) .
Cp =B~ B #0; ¢ ey >0;
f(ta”aw,z) = {fi(t’rawaz)afZ(tarawﬂz)w-‘7fn+l(t3r>¢7z)};
gl(r3¢7z) = {gll(ra(p’Z)’gé(ra(p’Z)w"7gi1+l(r’¢)3z)} ;
210,29 = {2 (. 0.2).8 (.0,2),.... 80 (1,0, )}
g(t,r,0)={g (6,7, 0), & (,7,0); ., & (1,7, 9) 5
go(t,(O,Z) s g(t,(O,Z)
are known bounded continuous functions;
ut,r,@,z) ={u (t,r,0,2),uy (t,7,0,2),...,u, , (1,7,0,2)}
is limited and twice-continuously differentiable desired function.

The main part. Let’s assume that the solution of the problem (1)—(5) ex-
ists and defined and the unknown functions satisfy the condition of applicabil-
ity of direct and inverse integral and hybrid integral transformations [15-17].

Let’s apply the integral Fourier transform on Cartesian semiaxis
(0;+0) relative to variable z to the initial-boundary problem (1)—(5) [15]:

F.[f(2)]= | f(2)K(z.0)dz = [ (o), (6)
0
F'[70)]= | F(@)K(z.0)do = f(2), (7)
0

) (®)

z=0

F, BZT{} =—c’f(o)+ K(O,o-)(— Zf + hf)

z

here conversion kernel is K (z,0) = \/Z cos(oz) + hsin(oz) )
T \/ o’ +h?
The integral operator £, due to the formula (6) as a result of identity

(8) three-dimensional initial boundary value problem of conjugation (1)—
(5) puts in accordance the task of constructing solution which is limited in

the set D'= {(t,r,(p);t >0rell;p 6[0;271')} and is 2z -periodical of

angular variable ¢ of differential equations
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boundary conditions
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r=R

- 0 -
= gO(ta¢7 O-) (ag;l 5—'— 2712'*'1 junﬂ

=0, j=12 k=1n, (12)

r=R,

Let’s apply finite integral Fourier transform relative to the variable
@ to the problem (9)—(12) [16]:

2

E,[s@)]= [ e@)exp-imp)dp =g, i=N-1; (13)
0
F,'[g,]= > Z En&m EXP(ime) = g(p), (14)
”m 0
d2
F, {—ﬂ =-m’F,[g(p)]=-m’g,, (15)
do

here Re(:--)— the real part of the expression (---) relative to the variable
o, & =1 & =2k=123...
The integral operator F,, due to the formula (13) as a result of identi-

ty (15) two-dimensional initial boundary value problem of conjugation
(9)—(12) puts in accordance the task of constructing solution which is lim-

ited in the set D" = {(t rt>0rel +} of one-dimensional hyperbolic

differential equations of 2nd order

2~ 2 2
Ot —a’ o +— 10 Yim i +<a2 o’ +)(2)ﬁ =
atz 77 arz r a]" 2 Jm Z] J Jm

r (16)

F,,@tro)rel; j=Lntlv, =a,mla,;
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with initial conditions

|y = & (r0); a_ft’” =5, (o) rel; j=Ln+l, (17)
t=0

boundary conditions

(O‘n + ﬁoljulm
r=R,

and conjugate conditions

0 0
|:(afl or +p ljukm (afz or +5; 2juk+lm:|

Let’s apply finite hybrid integral Hankel transform of 2nd kind rela-

=8,(t,0); (18)

r=R

~ . n+l 0 n+1 ~
= gOm (t> O'), (QZZ 67" —+t junﬂ,m

=0, j=1,2; k=1n. (19)

r=R,

tive to the variable 7 in piecewise homogeneous segment 7, of n conju-
gation points to the problem (16)—(19) [17]:

R
H,, [f(”')] = _[ fWV(r, /’LS Yo (r)rdr = J;(ﬂs ), (20)
R()
-1 7 N V(r.4)
Hyy [ (2] = GV o
7] Zl || .4
n+l R,
[ B £ O] = =27 2= 272 [ S0 Ao -
k=1 R

k-1

-1 d
_alzRoo'l(alol) Vl(Ro’/ls)(alOl f"'ﬂllf)

n+l 1 nldf n+l1
1R +1(0‘22+) [az; 2+f

+ (22)

r=R0O

dr
Spectral function ¥V (r,A,), weight function o(r) and hybrid Bessel

r=R

n+l
differential operator B, = Zafk O(r — R, )O(R;, —r)B, , written in [17],
k=1
take part in formulas (20)—(22).
o* 10 Vi, , . .
Here B, =—+————"0" is classical Bessel differential opera-

or* ror r
tor, €(x) is the Heaviside step function.

Let’s write the differential equations (16) and the initial conditions
(17) in matrix form
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PY R ® 7 ( )J 2m _ oy (575 0) ’ 23
N
8_2 a, HHB +q3+1 (0) |ty m "+1 m(tr G)
t 5
iy, (t,7,0) g}m (r,o)
iy, (t,7,0) B g;m (r,o) |
n+1 m(t d O-) g}11+l m (V,G)
ZZlm(l‘arao-) glm(r O-)
0| ty,(t,r,o ,
= 0 || Ba0) | 24)
Ty 10| | g (r,0)

20 N_ 2 2 -
here ¢ (o) =aZo +;(j, j=Ln+l
Let’s represente the integral operator H,, which operates due to the

formula (20) as an operator matrix-row:

R R,
Hg,[+]= J.u-Vl(r,/ls)alrdr I~--I/2(r,ﬂs)02rdr

sn

RU Rl
R X (25)
I eV (r, Ao, rdr I---n+1(r,ls)an+1rdr .
Rnfl Rrr

Let’s apply the operator matrix-row (25) to the problem (23), (24)
according to the matrix multiplication rule. As a result of the identity (22),
we get a Cauchy problem

n+l d2 5 5 5 - ntl
> A tA A1 +4;(0) ,,,,(r,zs,a){lﬁ}m(t,zs,o)—
=

J=1

-1 B B
_alzROO-l (alol ) Vl (RO s ﬂ’s )gOm (ta O-) + an+1R n+l (ag;] ) n+l (R, ﬂ’s )gm (ta O-)z

(26)
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n+l n+l n+1 n+l
Zu,,,,(t, A0) =2 8w Zujm(t, A0) = .&m(A.0), (27)
=0 I =0 I
RI
here i, (t,A,0) = [ it (67,00 (r, A0 rdr; j=1,n+1,
R

j-1

t,A,0)= I (67,0 (r A )0 rdr, j=1n+],
R/
&4, (4,0)= [ &,0,00,(r )0 rdr; j=Ln+1; k=12
) 2 2 2 \_ 2
Let’s suppose that max{q1 2G5 sesqy +1}—q1 and put everywhere

7/124 =g - qu.; j=1n+1. Cauchy problem (26), (27) takes the form
2=

o A2 (4,00, =P, (1,2,,0), (28)
= dﬁm
i, (1,25,0)|_ = &1, (4,00 = &, (4.0), (29)
dt
t=0
n+l n+l ~
here u (t Avao-) Zu/m(t /’l’qso-) F (t /1\"0-) Z (ta/ls’o-);
Jj=l Jj=1

n+l

gn(A,0) = 85 (4.0); k=12 A(A,0)=A] +aio” + 11;
=1

= P -1 ~
B, (t,24,0) = Fry (1,4, 0) =l Roon (@) iRy, 24) 80, (1:0) +

-1
+a,f+1RO',,+1 (0612” ) Vn+1 (R7 )“s )gm (ta O')

It is known [13] that the only solution of the problem (28), (29) is a
function

L, (1, 4,,0) = G(t, A,0) 20 (A a)+ S0(4,,0)8,,(4,0) +
i (30)
+.|.G(t 7,4,,0)P, (1,A,,0)dr,

0

in(A
here Cauchy function G(t,4,,0) = M )
A(4,,0)
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The superposition of operators H,, and H_, -1 is a single operator

(Hsn °H ;,1 =H ;,1 °H, =1 ) Integral operator H!, as inverse to H, , we

sn o2 sn 2

represent as the operator matrix-column:

Z KA
A el
SAGYON
Hy/[+]= Z] el | 3D
OO_”VnH(rsﬂs)
=N ACVN

Let’s apply operator matrix-column (31) to the matrix-clement
[ﬁm (t,/ts,a)] where the function ,,(, A,,0) is defined by formula (30)

due to matrices multiplication rule. As a result we get the only solution of one-
dimensional hyperbolic initial boundary problem of conjugation (16)—-19):

il (t,r,0) = Z{G(txlq,a)gm(iv,a)Jr G(t, A,,0)g) (A, 0)+
s=1 (32)

L Vi) | ——
+j G(t—1,2,,0)P, (7,2 O')dz':|— =Ln+l
0 V.2

If to apply consistently inverse operators F, " and E, ' to functions

i, (t,r,0), which are defined by formulas (32) and perform the some

simple transformation, we get functions
n+lt Ry 27 +o0

uj(t’r’¢7z)ZZI _[ I IEjk(t—z’,r,p,(p—a,z,ﬁ)fk(r,p,a,f)x

k=loR_, 0 0

n+l R, 27 +o

xoypdédad pdr+— Zj j j Ey(tr.p.9 =028 (p.a.£)x

k le 1
n+l R, 27+
xopdédadp+ Y, [ [ [ Ex(t.r.po-a.z0gi(p.a.é)x
k=IR_, 0 0
n+l t R 271 (33)
xoppdédadp+y o[ [ [Wy(t=7.7,p.p—a,2) g, (7, p,a)x
k OR_ 0
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27+
(t-7,r0p-a,z,E) gy (r,2,8) +

E']'O

+Wﬁ. (t-7,r,0-a,z,8) g(r,a,é)ldédadr.
Functions (33) define the only solution of hyperbolic initial boundary
problem of conjugation (1)—(5).
In formulas (33) there are components

xo, pdadpdr +

o —_

o +0
Ey(t,r.p.0,2,8) =~ z W | Gt 4, 00K (2,0)K (£,0)do
T =0 s=1 0
Vi(r, AWV (p, A -
x ;A V(e )cos(m(o); Jk=1n+1

2
e 2]
of matrix of influence (function of influence), components W, (¢,r, p,p,z) =

=E(t,r,p,9,2,0) of tangential Green's matrix (tangential Green's func-

tion), components W;,, (t,r,0,2,&) = ~alRyo, (05101 )_1 E, (t,r,Ry,,2,&) of

left radial Green’s matrix (left radial Green's function) and components

1
Wfr(t,r,@z,g) =a’, Ro,,, (agl) (67, R,@,2,8)  of right radial

Green’s matrix (right radial Green's function) of considered problem.
Using a properties of functions of influence E , (¢,r,p0,9,2,5) and

Green’s functions Wk(t v, 0,0,2), f, (t,r,p,z,%), s=1,2, we can verify
that functions u;(#,r,¢,z) which are defined by formulas (33) satisfy the

equation (1), the initial conditions (2), the boundary conditions (3), (4) and
conjugate conditions (5) in the sense of theory of generalized functions [18].

The uniqueness of the solution (33) follows from its structure (inte-
gral image) and from uniqueness of the main solutions (functions of influ-
ence and Green’s functions) of problem (1)—(5).

By methods from [18, 19] can be proved that under appropriate con-
ditions on the initial data, formulas (33) define a limited classical solution
of the hyperbolic initial boundary problem of conjugation (1)—(5).

We get the following theorem as the summary of the above results.

Theorem. If functions f(t,r,0,2), gi(r.0.2), g;(r.0,2),
g;(t,r,p) satisty conditions:

1) are continuously differentiated twice for each variable;
2) have a limited variation for the geometric variables;
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3) are absolutely summable with the variable z in (0;+o0) ;

4) conjugate conditions are true and functions g, (¢,¢,z), g(¢,9,z) are con-
tinuously differentiated twice for each variable, have a limited variation for
the geometric variables, are absolutely summable with the variable z in
(0;+0) , then hyperbolic initial boundary value problem (1)—~(5) has the

only limited classical solution, which is determined by formula (33).

Remark 1. In the case of a,; =qa,; =a, =a; >0 formulas (33) define

the structure of the solution of hyperbolic initial boundary value problem (1)—
(5) in an isotropic semibounded piecewise homogeneous hollow cylinder.

!
Remark 2. Parameters a)), B; a5y, By allow to allocate the so-

lutions of initial boundary value problems from formulas (33) in the case
of boundary condition of the 1st kind, 2™ kind and 3rd kind on the radial
surfaces r =R,, r=R.

Remark 3. Parameter / allow to allocate the solutions of initial bounda-
ry value problems from formulas (33) in the case of boundary condition of the
Ist kind (# — +o0 ) and 2" kind (& — +0 ) on the surface z =0.

Remark 4. Analysis of the solution (33) is done directly from the
general structure according to the analytical expression of functions

fj(t;r,%z)a g‘ll-(r,(o,z), gjz'(’”s(”,z) s gj(t;r;(p)a gO(taq)»Z)a g(ta¢92)~
Remark 5. In the case of y; =0 equation (1) is a classic three-

dimensional inhomogeneous wave equation (the equation of fluctuations)
for an orthotropic environment in cylindrical coordinates.

Remark 6. In the case of of =0, gl =1af=0 g5=1
ak = Ef, pS =0, af, = E¥, here — Young's modulus (), the conjugate
conditions (5) coincide with conditions of ideal mechanical contact.

Thus, in these cases 5, 6 considered hyperbolic boundary value problem

of mathematical physics (1)~(5) is a mathematical model of forced oscillating
processes in semibounded piecewise homogeneous hollow cylinder.

Conclusions. By means of method of integral and hybrid integral trans-
forms with the method of principal solutions (influence functions and Green’s
functions) integral image of exact analytical solution of hyperbolic boundary-
value problem of mathematical physics in semibounded piecewise homogene-
ous hollow cylinder is obtained. The obtained solution is of algorithmic char-
acter, continuously depend on the parameters and data of problem and can be
used in further theoretical research and in practical engineering calculations of
real processes which are modeled by hyperbolic boundary-value problems of
mathematical physics in piecewise homogeneous domains.
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FMNEPBOJIIYHA KPANOBA 3A0AYA ONA
HAMIBOBMEXEHOIO KYCKOBO-OAQHOPIAHOIO
MOPOXXHUCTOIO LMNIHAPA

Merozom iHTerpanbHUX i TIOPUAHUX IHTErPaTbHUX MEPETBOPEHB Y MO-
€IHAHHI 3 METOZOM TOJIOBHHX PO3B’S3KiB (MAaTPHIh BIUIMBY Ta MaTPHIb
I'pina) Brepire moOyIOBaHO iHTErpajbHE 300paXKCHHS TOYHOIO aHAIITHY-
HOT'O PO3B’sI3Ky TinepOoiivHOl KpaloBoi 3a1a4i MaTeMaTHIHOI (i3HKH ISt
HaIiBOOMEXEHOTO KYCKOBO-0THOP1THOTO TIOPOKHUCTOTO MITiHApA.

Kawouosi cioBa: rinepOomnidHe piBHSHHSI, IIOYATKOBI Ta KpaioBi ymo-
BH, YMOBH CIIPSDKCHHSI, iHTErpaJibHi NEPEeTBOPEHHSI, TOJIOBHI PO3B’I3KH.

Otpumano: 18.05.2018

VJIK 517.5

Y. B. I'ynuma, kaua. ¢is.-mar. Hayk,
B. O. I'nariok, kaua. ¢i3.-mar. HayK

Kam'saenp-Iloninpcbkuii HaiOHATBHIHA YHIBEPCHTET
imeni IBana Orienka, M. Kam'saers-Ilominbcekuii

KPUTEPIi Y3ArANIlbHEHOIO YEBULLIOBCLKOIO
Y PO3YMIHHI 3BAXXEHUX BIACTAHEN LLEHTPA KIJIbKOX
TOYOK NIHINMHOIO HOPMOBAHOI'O NPOCTOPY BIAHOCHO
OMYKNOI MHOXWHU LIbOIro NPOCTOPY

3arajiLHOBIJIOMO, 1[0 BH3HAYAJILHOIO 1J€€I0 B IHUTAHHAX
3B’SI3KIB MAaTEMaTHKH 3 MPAKTUKOIO € i/1esl HAOMIKSHHS.

OpHi€I0 3 IEHTpaNbHUX Tady3el Teopil HaONVDKeHHS € Teopis
HaOMKeHHs:  (QYHKIIH, pOMOHAYAIBHUKOM SIKOi BBA)KA€ThCS
I1. JI. YebOumos. Y 50-x poxax XIX cTOMmTTS BiH BBIB MOHATTS
HaKpamoro HaONWKEHHS HeMepepBHOI Ha BiApi3Ky GyHKii 3a
JIOTIOMOT'OI0 alIreOpaiyHuX MOJIHOMIB 33/IaHOTO CTETCHS. 3roIoM
OyJI0 AOCHIHKEHO BEHKY KUIbKICTh MOAIOHUX 3a1ad.

3 pO3BUTKOM TeOpii JIIHITHIX HOPMOBAaHMX MPOCTOPIB CTajo 3p0-
3yMIIMM, [0 HU3KA 33714 HAMKPAIIOro HAONKCHHS € YaCTHHHUMU
BHUIMAJKaMH 3a[adi HAWKpAIIOro HAOMIKEHHs eleMeHTa JiHiHOro
HOPMOBAHOTO MIPOCTOPY OIMYKJIOK MHOKHHOIO IILOTO IIPOCTOPY.

BaxnuBUM NMUTAHHAM JOCIIIOKEHHS L€l 3a1a4i € BCTAHOBJICH-
HsI KpUTEPIiB ii eKCTPEeMabHOTO eJIEMEHTA.

3araqpHUNA KPHUTEPili €KCTPEMAaJIbHOTO €JIeMEHTa 3ajadi Haii-
KPAIIOro HAOMMKeHHSI eJIEMEeHTA JIIHIHHOr0 HOPMOBAHOT'O TIPOCTO-
Py OIYKJIOK0 MHOXKHHOIO LIOTO MPOCTOPY, OCHOBAHUIA Ha CIiBBi/-
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