MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

While studying certain physical processes and phenomena in media with
variable characteristics and small dispersion the Korteweg-de Vries equation
with singular perturbation is appeared as a mathematical model. Methods of
asymptotic analysis are effective instruments for studying the Korteweg-de
Vries equation with variable coefficients and a small parameter because they
allow us to construct approximate solutions to the equation as well as to ana-
lyze its different properties. Consideration of singular perturbed equations of in-
tegrable type is current problem of modern applied mathematics that includes a
problem of constructing asymptotic soliton like solutions.

The paper deals with constructing the asymptotic soliton like solutions to
the singular perturbed Korteweg-de Vries equation with variable coefficients of
special form. There is constructed a main term of the asymptotic solution. The
solution is shown to belong to the space of quickly decreasing functions and the
solution is demonstrated to define for any values of independent variables in
contradistinction to the general case. The theorem on accuracy with which the
asymptotic solution satisfies the equation is proved.

Key words: the Korteweg-de Vries equation, soliton solution, singular
perturbation, asymptotic solution.
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HABNWXEHHA I:IECKIHHEHHO-JJVIV(DEPEHLI,II7IOBHI/IX
®YHKUIN B IHTEFPAJNIbHIN METPULI

Ockinbku Oy/b-sika CyMOBHa 27-niepiomudHa (yHKIs pO3BHBa-
etbea B piang Pyp’e, To HAUOUTBII 3pyYHNM arapaToM HaOMKEHHS Ta-
KuX (YHKLIH € TTOCITIIOBHOCTI YACTHHHUX CyM IIBOTO PSIY 1 HOCTiI0-
BHOCTI JIiHIMHHAX OMEpaTopiB, 0 BH3HAYAIOTHCS JICIKOI TPUKYTHOIO
Marpurero A. Ll Matpuiis 3a1ae MeTo moOy/I0BH IMOTiHOMIB 1 BU3HA-
Yae KOHKPETHUI MeTO[ iIcyMoByBaHHs psifiB Oyp’e. OnHNUM 3 HUX €
PEryJsApHUI METOJI, IKUH Ha3UBAEThCSA CyMaMH 3irMyHIa.

Cymu 3irmynza Oynu BBeaeHi A. 3irmyHaoMm B 1945 poui. Bin
)Ke JIOBIB JesIKi TBEPAKEHHS, SIKi BCTAHOBJIIOBAIN TOYHI MOPSIIKOBI
OIIIHKY BEPXHIX TPaHel BIIXWICHBb IUX CYM Ha Kiacax r-audepeH-
LiHOBHUX (QYHKIIH A pOoOOBHX 7.

JHocnimkenns 3irmynaa Oy nponosxkeni b. Hamem, C. A. Tens-
koBchkmM, A. B. €pumosnm, O. 1. Cremantiem, /1. M. BymesuM Ta iH.

VY crarTi OTpUMaHO TOYHI IOPS/IKOBI OLIHKKM BEPXHIX TpaHei
BIIXWJIEHb CyM 3irMyHza Bijl HECKiHUCHHO-TU(epeHIiHOBHIX (DYHK-
it B iHTerpanbHiil METPULII.
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Hexaii N — nesikuii Kiac CyMOBHHX 27-TIEpiOIUYHUX (YHKIIIH.
Toni, sixmo st f{x) icuye (w; f)-noxigHa (B po3yminHi CtenaHis)
i 111 moxizHa HaEeKUTH Kinacy N, To Taki GpyHKii fx) 06’ €aHyIOTh
B okpemuii knmac L(y; f)N, mo xapakrepusyerbes (y; f) nudepeH-
[iaIbHIMHK BJIACTHBOCTSAMH caMoi (yHKIIi i ymMoBamH, Hakiaje-
HUMH Ha ii (y; ) ToXimHy.

VY crarti knacu L(y; )N cknagarotees 3 GyHKuii, paau Oyp’e
SIKUX 30IraloThesl 0 HECKIHYCHHO-AU(epeHiHoBHUX (GyHKIIH, a iX
(w; B)-noxinHi B iHTErpasIbHiil METPHLI HATIEKATh OJUHUYHIN KyITi.

OCHOBHHM Pe3yJIbTaTOM POOOTH € HACTYIIHE TBEPUKCHHS.

Teopema. SIkuio mana ¢yHkuis f{¢, n, r) — piBHOMIpHO 0OMe-
skeHa, a QyHKii f{x) HanexaTh 3raganomy kiacy L(y; f)N, To mis
NOBUTBHUX 1 € N, Ui BepXHIX TpaHel BiAXWiIeHb cyM 3irMyHza
Bix (yHKIIH 3 kmacy L(y; f)N ciipaBeUTHBI TOUHI ITOPSIIKOBI OIIH-
KH, Jie HOPSIJOK BU3HAYAETHCS CTEIEHEM — 1 MeTOAy 3irMyH/a.

I3 JOMOMDKHHX TBEpIKEHb NOBOMHTBHCSA 2 JIEMH 1 JUIS TOTO,
mo0 TOKa3aTH HEeNOKPAllyBaHICTh ITOPSIKOBOI OLIHKH OymyeThes
eKcTpeMalbHa QyHKIIA g(x) € L(y; f)N.

KawuoBi cinoBa: nopsaokosi oyinxu, cymu 3iemMyHoa, HecKiH-
YeHHO-0ughepenyitiosri ¢ynxyii, npocmip Lp.

Beryn. Teopis HaOmmkeHHS QyHKIIIH BUHUKIIA SIK B PE3YJIbTaTi BHY-
TPILIHBOTO PO3BUTKY MaTEMaTHUKH TaK 1 3 MOTped MpakTuku. B Hiii Bimo-
OpakeHa onHa 3 (DyHIAMECHTANBHUX i7ieii MaTEeMaTHKH — MOJICIIOBAHHS
CKJIaZIHUX 00’ €KTIB 1 SIBUII 3 JOTIOMOTOO OUIBII MPOCTUX 1 3PyYHHUX.

Ockibkn Oyzb-siKa CyMOBHA 27-TIepiofAudHa (YHKILSI pO3BUBAETHCS
B psin @yp’e, TO HAMOLIBII 3pYYHUM arapaTtoM HaOJNMKEHHS TakuX (QyHK-
il € TOCTITOBHOCTI YAaCTHHHHX CYM IBOTO pPsAy 1 ITOCIiZOBHOCTI

U,(f,A) oniniilaux omeparopis, I10 BH3HAYAIOTHCS MATPHICIO

A:“A,E”) L n=0,1,2,.., k=0,1,2,..:

U, (f.x.A)= “70/13'” +3 A" (a cos kx + by sinkx),
k=1

ne  ay L J. f(t)coskt dt, b, 1 I f(t)sinkt dt — xoedinientn
7 T

Oyp’e dyukuii fx). TpUroHOMETPUYHHIA TTOJITHOM
ﬂ(”) n
U, (f,A) = OT+ 2/115") cos kt
k=1
HA3UBAIOTH spoM omeparopa (merony) U, (f,A). V Bumaaky, kouu

-
M = 1_(£j , r>0, k=0,1,2,...,n—1 BUXOOHUTH IOJIHOM, LIO BIAIO-
n

Bimae metony 3irmyHaa. [Tominomu
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Z0 (f.x) = +Z£ ( jr] a coskx + by, sin kx)

HA3WBAIOTh CyMaMu 3irMyH/Ia.

Cymu 3irmyHna mis Vr >0 Oynu BBeneHi A. 3irmyHnom B [3]. Tam
ke OyJIM JOBEICHI JesIKi TBEPPKEHHSI, SIKi BCTAHOBIIOBAIM TOYHI MTOPSITKA
BiIXWIIEHb IMX CyM Ha kinacax W, W'H .

Hocmimkernns A. 3irmyraa 6y npoposxkeni b. Hanem [6] 1 C. A. Te-
nsakoBcekuUM [5], a Takox A.B. €pumoum [4], O. I Cremanmem i
. M. bymesum [2].

IMocranoBka 3amaui. Hexait f (x) — CYMOBHa, 27 -TIepioJUYHa
dyHKI, 1

S[f]= +Z(ak )coskx+b; (f)sinkx) = ZAk (f.x)
— T1i psang Dyp’e.

Hexait mani (k) — moBinbHA (QYHKIIS HATYPAIBHOTO apryMEHTY i
fp — ¢ikcoBane niliche umcmo, fe€R. I[lpunycrumo, mo psx

i%(ak(f)cos(lowﬁz j+bk(f)sin(loc+%)j e pagom ®Dyp’e
k=1

nesikoi Gpynkuii 3 L(0;27).

Lo ¢yaKmiro mo3HAUMMO dYepe3 f, /';’ () 1 Ha3BeMmo, 3rimHO [1],
(w; B)-noxinuoto Gynkuii f(-), a MHoxuny dyHkuiit f(-), wo 3az0Bo-
JLHAIOTH TAKY YMOBY, To3HaUMO L .

Hexait N — nesxuii Kiac CyMOBHHUX 277 -TIEPiOAWIHUX (YHKIIH.

Tomi, sxmio f € L'Z, i kpim TOTO f ;’ € N, 10 6yneMo BBaXaTH, 110 PyHK-

mis f (x) HAJICXKHUTD 0 KJIacy L'%N .

PosrasHemo BenmuunHU Bi)IXI/IJ'IeHI) CyMm 3irMsz[a

20 (f g[ (jr]Ak(fx)

nopsiaky n—1 Bimg QyHKIiH 3 KIaciB L%N ,komu N — aesika migMHOKH-
Ha B poctopi L,: N=S§, = {gz): ||¢)||p < 1} 1 BepXHi IpaHi InX BiAXIICHb
Ha KJ1acax L”,;N :
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&N, = sup [|5,(/:0)], = sup [£(0)-20 (1) -
felyN fel4,N s

Ve _ v .
Ipu upomy noknagemo LS, =LY . p e (1;+o).
Hexait MHOXWHI L"/; CKIIaatoThCs 3 PyHKIIH, psaan Dyp’e sKxux 30i-

TaroThCs A0 HECKIHYCHHO-TU(PEePEHIIHOBHIX (PYHKIIIH

oo )

3rigno 3 [1] mosnaummo uepes M, MHOKUHY DYHKIIH € M,

JUIsL SIKUX BennuuHa 77 () —¢ oGMeskeHa 3BepXy
M, ={wemMm,: n(t)-t<K, Vizl}.

Y po0oTi OTpUMAEMO TOYHI MOPSIKOBI OIIHKH BEIAYMHU @,(L'/é p)
s

2z ! %

mis f(x)e Ly, B merpuni npoctopy L, me ||f||s :[Hf(t)r dt} ,
0

SKIIO HAOJIHMKEHHsI 3A1HCHIOEThCS PETYIISIPHUM JTIHIHHUM METOJIOM MiJICY-
MoByBaHHS psiniB Pyp’e — meronom 3irmyHna.
OCHOBHHM Pe3yJIbTATOM POOOTH € HACTYITHE TBEPKCHHS:
o0
N . . T
Teopema. Hexaili w e M, i Qpynkuis @, = Zr,({") cos[kt +%),
k=1
k r
vik)—|, 1<k<n-];
() _ v (k)

) Taka, wo f, (1)=®,(t)n" € piBHOMI-

w(k), k=n;

pHO obmesxeHa. Tomi, axmo 1< p, s<© i f € L‘” ,To Vne N

—C< (L, <cf)—.

0 5 @ i i
pe C, 1 C, ¢ — craii, 10 3aJeXaTh JIUIE Big p 1 5.

JonoMi:kHi TBepIKeHHS.
Jema 1. Skmo dynkuis y (k) Taxa, mwo psin Z!//(k)«kr, r>0 36i-
=1
KU, TO QyHkuis f, (1)=®, (¢)n", xe
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D,(1)= g( J y/(k)cos(kt+%j+il//(k)cos(kt—i-%j, r>0, feR

k=n
€ piBHOMiIpHO 0OMexeHOoIo pu Bcix n€ N 1 teR .

Josenenns. [Tokaxemo, mo Vine N ¢dyHkuisa f, (t) oOMesKeHa.

g(k]r ‘//(k) cOS(kt—i-&j + i !//(k) cog(kt+ﬁj
=1\ 2 k=n 2
cos(kt+%j + i (k) cos(kt+%j

sniZ:,u(k) K Zw«)

Bizomo, mo Vi (n)e M, i Vne N (111/13. Hanpuknaz, [1])

<

|©, ()| <

n—1

<> wk)k

! <
n =1

2w <Ky 27 =Kp(n).

k=n j=0

Ockinbku psig 2w(k)-k” 36ikHHi, TO S, :Zw(k)-k” obMexeHa
k=1 k=1

n
i Y w(k)-k"<S VneN.
k=1
[3 KX CIIBBIJHOIICHH OTPUMAEMO:

Suwst)| =|@, (6)n

"<

n—1
<n' [1 w(k)- k’+Zl//(k)j<S+K2y/(n) n" <S(1+K,)=K.
n g= k=n

Jlema noBeaena.

Jdema 2. Hexaii y(k)edM,', 1<p, s<o. Tom VfelLys, i
1
. v s _ ;
VneN: &,(Lﬁ’p )S < CP’S o ne CP’S cTana, 1o 3aJIe)KUTh JIUIIE B1JT
pis.
Hosenenns. Ockinbku e M ' <M, To s Takux (yHKIIA

BUKOHYETHCS HEPIBHICTH Zl//l({ ) <o 1 psn Zt//(k) cos(kt+ﬂ7j € ps-
k=1

oM Dyp’e nesaxoi cyMOBHOI (DyHKIIIT.
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Tomy Vf e L‘; p Maibke CKpi3b Ha Nepiofi Mae Micle piBHICTH

o (f,X)zf(x)_Z’gf)(f’x):le X+t sz cos(kﬁ%]dt,
m “
k r
e T]((n): ’//(k)(;) , 1<k<n-1;

l//(k), k> n.

BuxopucroBytoun HepiBHicTh KOHra ajisi 3ropTok HepiofiuyHUX (QyHK-

i [27z||y*z|| <||y|| ||z|| . —1—;+l ISpSSSOOJ,SHaXOZ[I/IMOI

5,(f.x)| =27

1% pr
— +1) E kt +— |dt|| <
ﬂf'[rf x rk cos( 5 )

2 f;j(x+t)p. :Z_I%jrw(k)cos[kt+—j Zy/ cos(kt+%j“ =
zzﬂfﬁw (x+t)Hp-|d> ()], =2|/* (x+t)Hp.nLr 7 (¢)||qsn% £ 0,

3rinno nemu 1 GpyHkuisa f, ( ) obmexxeHa. Tomy

1 C
fx" <—K§:n—r.

3 wepiBHocti I'embpepa s fel,, 1<p, s<oo cainye, wmwo

T p %7 p-s
”f"s = [ J' |f(t)| dt] <(27) ps '"f"p' Topni omiHKy MOXHa 3amucaTH

s 1< p, s<oo y BuUrmAmi é::(ﬁ’[’,’p) = sup [|5,(f:0)], £C, Lr e
S f’EL"/;.I, ’ n

C, s — cTana, o 3aIeKATh JIMIIE Bil p i 5.
Jlema noBeaeHa.

[[Mo6 moka3aTH HEMOKpPAaITyBaHICTh IO MOPSAKY OTPUMAHOI OLIHKH,
. _ T
posrisHemo GyHkuio g(x) =y (1)a” cos(x —%) ,Ie a= ||cos x”p .

Jlerko 6a4yuTH, 110

ey =av i)~
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TOOTO

g(x) eL”/’,,p i

(th,), = o (-2 (9] 2[e-24" (a2 -

| T ey o[ 2l <Lty
e n" 2 R v (1)
xcos(x—&-i-&-i-tj-icos(t+ﬁjdt =
2 2 ) 2 )Y
a 'l b a! Br C(r)
— I cos(x+t)-cos[t+—)dt =— ﬂcos(x——J =22
zn" || 2 .o’ 2 ), A"

ne C, ; — cTana, WO 3aIeKATh JIMIIE Bifl p i 5.

I3 oTprmMaHOTO CHiBBiAHOIIEHHS, a TaKOX JeM | 12 cimigye Teopema.
BucnoBku. B crarTi oTprMaHi TOYHI NMOPSIKOBI OIIHKU BEJIWYNHH

&,(L"/’;, » )S i f (x)eL';’ » B METpulll IIpocTopy L, y BUIAIKY, KOJH

HAOMIDKEHHS! 3iHCHIOETRCS PETYISIPHIM JIIHIHHAM METOIIOM IiICYMOBY-
BaHHA psaaiB Pyp’e-meronom 3irmyHza.
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APPROXIMATION OF THE INFINITELY-DIFFERENTIABLE
FUNCTIONS IN AN INTEGRAL METRIC

Since every summable 2z-periodic function is expanded in the Fourier
series, the most convenient way to approximate it is to use the sequences of
the partial sums of this series and sequences of linear operators, that are de-
fined by some triangular matrix A. This matrix defines the way of con-
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structing polynomials and a particular method of summing the Fourier se-
ries. One of them is a regular method, called the Zygmund sums.

Zygmund’s sums were defined by A. Zigmund in 1945. He proved some
statements, that established exact order estimates of the upper founds of the de-
viations of these sums on classes of r-differentiable functions for fractional .

The research of Zigmund was continued by B. Nagy, S. A. Telyakovskiy,
A. V. Efimov, A. L. Stepanets, D. N. Bushev and other.

In this paper we obtain exact order estimates for the upper bounds of
deviations of Zigmund sums from infinitely-differentiable functions in the
integral metric.

Let N — be a class of summable 2z-functions. If for function f{x) peri-
odic there exists a derivative (in the sense of Stepanets) and it belongs to
the class &, then such functions f{x) are united in a separate class L(y; S)N.
This class is characterized by the (y; f)-differential properties of the func-
tions themselves and the conditions imposed on their derivatives.

In this article the classes L(y; S)N consist of functions for which the
Fourier series are converged to infinitely-differentiable functions and their
(w; B)-derivatives in the integral metric belong to the unit ball.

The main result of the paper is the theorem: if the given function
At, n,r)— uniformly bounded and the functions fix) belong to the class
L(y; PN, then for any n € N and for upper founds of deviations of Zigmund
sums from functions of the class L(y; S)N, the exact order estimates are valid,
where the order is determined by the number — 7 of Zigmund sums.

From auxiliary assertions, 2 lemmas are proved and an extremal func-
tion g(x) € L(y; )N is constructed in order to show that the order esti-
mates are unimprovable.

Key words: order estimates, Zygmund sums, infinitely-differentiable
functions, integral metric.
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