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IHTEFPANbHUA METO[ PO3B’A3YBAHHA
AN®EPEHLIANBHUX PIBHAHDb NMPU MOOENIOBAHHI
OB’EKTIB 13 PO3NOAINMEHUMM NAPAMETPAMU

VY crarTi po3rSIHYTO METOZ OTPUMAHHS OJHOBHMIPHHX iHTerpa-
JIBHUX TUHAMIYHUX MOJEIICH CHCTEM i3 PO3IMOIUICHUMH [TapaMeTpamMu
B iHTerpasbpHiil GopMi Ha OCHOBI 3acTOCYBaHHS JU(epeHLIaIbHUX Pi-
BHSHB 3 IpOOOBUMH TOXIJHUMH, SIKI OTPUMYIOTBCS IIULSIXOM IIEPETBO-
peHb ippanioHanpHUX nepenaTHuX GyHKUid. Taki nepematHi GyHKIT
3yCTPIYaIOTHCS MPH OMHKCI 33124 TETUIONPOBIIHOCTI, Ti(y3ii, KoIHBa-
JIBHUX TPOIIECIB Ta IHIIHX 3a]a4, SKi OMHICYIOThCS ) epeHIIiaTbHAME
PIBHSHHSMHM 3 YaCTHHHAMY IOXiTHUMU NapaboJIigHOro Ta rinepoosiy-
HOTO THITy. THIIOBUMY IPHKIIaIaMHU MOXYTh OyTH nepenaTHi (QyHKIIL,
SIKI OIMCYIOTh HAMiBiHTErpajibHy ab0 HaIliBIHEpLiiHy JaHKH, B SKHX
3minHa Jlamiaca 3HaxoauThes min kopenem. Otpumana 3anada Komri
JUIS 3BUYAHOTO (epeHIialbHOrO PiBHAHHS 3 APOOOBHMH IOXi-
HUMH HOJa€Thes y $opMi iHTerpabHoro piBHsHHSA Bonsreppu 11 pony
THITy 3rOPTKH. 3aCTOCYBaHHS JAQHOTO MiOXOMy PO3IJISHYTO IPH PO3-
B’s3aHHI pi3HUX Iu(epeHIiaTbHIX PIBHSHb: 3BUYaiHOrO qud)epeHiia-
JIBHOTO PiBHAHHSA mopsaaky 0 < o <1, 3BuyaiiHOro muepeHmiaTbHOro
PIBHSHHS ApoOOBOTO MOPSAKY O > 1, miudepeHIliaTbHOro PiBHIHHS /1-TO
TOPSIIKY 13 IpoOOBUMH TOXiTHUMH. PO3B’s3yBaHHS OCTAHHBOTO PiB-
HSIHHS 3[[IHCHIOETBCSI HA OCHOBI CKJIAJIAHHSI XapaKTEPUCTHIHOTO PiB-
HSHHSI, 1110 TIPU3BOJIUTH JI0 PO3B’SI3yBaHHs 3BUYAHHUX JH(epeHIiab-
HHX PIBHSHB MOPSIKY OL. BaXIMBUM NpPHKIALOM € TaKOX PO3TIITHY-
THIA TAXIA A0 PO3B’SI3yBaHHS CUCTEMH AU(EPEHIIATLHUX PIBHSIHB i3
JIPOOOBUMH MOXITHUMH. 3aBISIKM MIEPEXOY 10 CKBIBACHTHUX IHTET-
pajbHUX PIBHSHD PO3IJIIHYTA 3a7ada MOKE PO3B’S3YBATHCH PI3HUMHU
HaOMDKEHUMH METOJaMH, SIKi OyIyIOThCS Ha OCHOBI KBaJpaTypHHX
METOZIB 13 3aCTOCYBAaHHAM alPOKCHUMAIIHHAX MOJIENEH MOTiHOMialb-
HOI (opMH, 30KpeMa, MoniHoMiB UeOuieBa. 3anporoHOBaHUN TTiIXiz
JI03BOJISIE Oy TyBaTH OJHOBHUMIpHI iHTETpaTbHi JUHAMIYHI MOJIENI CHC-
TEM B3a€EMOIIOB SI3aHUX 00 €KTIB 13 POIOJUICHIMH IapaMeTpaMy, SIKi
MOJXYTb 3a0€3IIeUNTH BUCOKY TOUHICTh Ta CTIHKICTh PO3B’SI3KY.

KuwouoBi cnoBa: 06 ’exkmu i3 posnodirenumu napamempamu,
ougpepenyianvhi pigHsaHHA i3 OpoOOSUMU NOXIOHUMU, THMeSpalbHe
pisHsanns Bonemeppu 11 pooy.
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Beryn. OgHuM 3 MOMIMpPEHNX METOMIB OTPUMAHHS OJHOBHMIiPHIX
MaTeMaTUYHUX MOJENeH y BUIIIAAl NepeJaTHUX (YHKIIH, 110 ONHCYIOTh
JiHIMHI 00'€KTH 3 PO3MOIIIEHIMH TTapaMeTpaMH, € 3aCTOCYBaHHS IepeT-
BopeHHs Jlamaca 0 BUXigHUX qudepeHIiaIbHuX PiBHSIHb 3 YACTHHHHUMUA
noxiganmu [4]. [Ina meskux kiaciB 00'exTiB mepenatHi GyHKIII MICTATH
Jpo0OoBi Mmoka3HUKH 3MiHHOI p [5]. [Ipukinagom € nepenarHa yHkuis Bid-

pi3ka mosroi miHil BUIY W (p) ¢ (a, b — crami). [Ipu mMozemro-
\/; +b

BaHHI CKaJISIPHUX O0’€KTIB B 4acOBil 00JIACTi OCTATHHO 3HAWTH 1 peai-
3yBaTH BiJIOBITHUHA JNaHii MepeaTHiid (yHKIIi IHTeTpadbHUNA OIepaTop.
OnHak TakMd MiIXiJ 3HAYHO YCKJIAJHIOETHCS MPU AOCIIIKEHHI CHCTEMHU
B32€MOTIOB’SI3aHUX 00 €KTIB 3 PO3MOAUICHAMH IMapaMeTpaMu. Y MHOMY
BUIAJKY JOLITHHO KOKHOMY €JIEMEHTY CHCTEMH MOCTABUTH Yy BiAMOBII-
HICTh 3BHUAiiHe AudepeHIlianbHe PiBHIHHS 3 APOOOBUMH TTOXiTHAMH, IO
OTpUMYEThCH 3 Horo nepeaatHol GyHkuii [1]. Hanpuknan, mis 3a3HaueHol
BHIIE MepenaTHoi QyHKINT BiMOBIIHE PIBHIHHS Ma€ BUTIL!

)
w2 () +bu(t) = af (1),
ne u(t) — BuximHuii curHan, f(¢f) — BXiOHHUN BIUTUB 00’ €KTa.

TakuM YHHOM, PO3MNIANY MiUIATaTUMYTH OJHOBHMIPHI JWHAMIYHI
MOJIeNli Y BUTJISAL 3BUYAWHUX TU(epeHIiadbHUX PIBHAHD 3 APOOOBUMH
MOXIIHUMU a00 X CUCTEMU.

OcHoBHa YacTHHA. Po3risiHeMo HeoOXinHI Bu3HAueHHs. OmepaTopom
IHTErpyBaHHS JPOOOBOTO MOPSKY « > () HAa3MBA€ETHCS OMEPATOP BHUILY

, -0
I, f@)=(>,* )= |——f(r)dz, (1)
1) =iy * )0 £ ) f(r)dr

a-1

ne i, (t)= ! , f(t) — noBinbHa HemepepBHa (yHKUiA. [HTErpan, mo

[(a)
CTOITh B mpaBiii wactuHi (1), Ha3mBaeThCcs iHTerpamom Pimana-JliyBimms
nopsinky o [2].

Omnepatop audepeHUioBaHHA IpoOoBoro mopsaky 0<o <1 mis
Oynb-siKOi HenepepBHOI nudepenniiioBanol (yHKIIT /() BU3HAYAETHCS
K ormeparop, odepHeHuit 1o oneparopa (1). 3okpema, BiH Moke OyTH 3a-
ncasuil y opmi 1po6oBoi moxigHoi Mapiio B HaCTyITHOMY BHUIIIAII [2]:

)= 5] {’”(’) o T)}dr. @)
0

T
Omnepatop audepenuitoBaHHsI ApoOOBOTO MOPAAKY m<a <m+1,

me N, g yukuii € C ® ke >m, moxe OyTH BU3HAYCHUH y BUIIISAII
cyrepro3utii [2]:
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_ k
Dy =D, D, .D,y,0<a<l,j=1kY a

ne D, BusHavaeThes 3a popMynowo (2), a npu «; =1 — ue 3BHYANHMN

omeparop B3ATTA Hepiuoi noxixHoi. O4eBHaHO, 0 Take BU3HAYECHHS OIepa-
Topa D, HEOJHO3HAYHE Ta iCTOTHO 3alIeXUTh Bi CIOCO0Yy PO3OUTTA 4ucia

a Ha CKJIamoBi aj,j =1,k .Tomy nozHauumo D, = D(ay,ay,...,0) 1111

o MaeMo Ha yBasl BEKTOp « =(q,Q,...,a; ). CyMy X o +a, +...+q
MO3HAYAEMO | & |.

Posrisnemo 3amauy Komni st 3Bu4aifHoro IudepeHIiaabHoro pis-
HSIHHSA 3 IpOOOBUMH NOXiTHUMH BUAY:

(ZamDa” +a0]u 0=/, a,=1, a, =(,,L1,...1),r€[0,T],(3)
m=1
0<r, <Lm=Ln, |a, Mo, >..>aPla=0 u”0)=u;, j=0,k,

3actocoByroun 10 piBHAHHA (3) omeparop Pimana-JliyBimmst mopsiaky
| @, |, OTpUMy€eMO iHTerpatbHe piBHﬂHHﬂ Bonsteppa Il pogy THIty 3ropTKH:

t pn—-1 _ el e, |-1
u(t)-i-_[ Z a, : T)| | |) (tr(‘i-; |)
o m=0 m n
n—1 k, t] +|a |_|a |_

+Zu —+Z mz j r(]_|_|a| |am|)

3amucasiiy (4) B OIepaTOPHOMY BUIIISAI, OTPUMYEMO
u+y*u=g¢,

m

dr+

(r)dr = j 1@
)

pi(S]
7= Zam’\auaw ¥ l\aﬁZ“ﬂw*Z“ Z“ﬂma\

st po3B’si3aHHs piBHAHHSA (4) MOXKYTh OYTH 3aCTOCOBaHI BiJJOMi Yu-
cenbHI Metoau [3].
PosrisiHemo nesiki Hainpocrinn Bumaaku [ 1, 2].

&,

1. 3amaga Komri mrst piBHSHHS
D, —a)u(t)=f(), 0<a<l, te[0,T], u(0)=u,. (5)
3BiBm (5), sIK 3a3HAYSHO BUILE, A0 IHTETPAILHOTO PIBHSHHS, 3HAM-
JIEMO HOTO pe30JIbBEHTY

R~ E, (@), ©)

a
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ne E 1 (W) — uina ¢ynkmais Mirtrar-Jledduepa, mo BU3HAYAETHCS Psi-
a

oM [2]

m=0 1—‘(’Inw + 1) .

Toni st po3B’si3anHHs 3a1a4i (5) oTpuMaemMo GopmyIry
u=uy+i, * f+R*uy+i, * f1,

E,n=Y 2

a00 JeTanbHilIe:

dr+jR(r) u0+jf(s)r—s)d dr

Us
u(t)—u0+j @)

r( )
2. 3a;[aqa Komi amst piBHAHHS
(Da _a)u(t) = f(t)’ te [O,T],
ne a=(a,l,..,1),0<a<l,
—_—
m paz, m>0
WO =u;, j=0,m.
[IpoBiBmIH aHAIOTIYHI IEPETBOPEHHS, OTPUMAEMO
u=ugR+u R*i +...+u, R*i, + R* f*i, ,,

TOOTO

m—1

u(t) =ugR(t) + uljR(r)dr +..+u J‘%R(r)dr +

|ar|-2
+j R(t-7)| f(s)%dsdr

Je R Bu3HAYaETHCSA 32 (bopMynmo (6).
3. 3agauga Komi qyis piBHIHHS
n-1
{Dn +> a.Dy +a0}u(t) = f(t),t[0,T], (7)
k=1
i
ky =(a,a,..,a),0<a<l, k=Ln, D;u(0)=u;, j=0,n-1
k pas
1106 po3B’si3atu (7), CKIIaAEMO XapaKTepUCTHIHE PIBHSIHHS
A"a, A"+ tay =0
1 3Haiinemo Bci #oro xopeni 4;,4,,...,4, € C. Toxi onepatop B 7iBiif yac-

TuHi (7) IepeTBOPUTHCS 110 BUILY
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D, +Zaka +a, —H(D —An) -
m=1
[Micnst poro po3B’si30K piBHAHHA (7) 3BEAETHCS IO IMOCTITOBHOTO
PO3B’s13yBaHHSA PiBHSHB BULY (5).
Tumu x 3acobamMy MOKHA JOCTIIKYBATH i CHCTEMH 3BHYalHUX AuQe-
pEHLIaIbHUX PIBHSIHB 3 IPOOOBUMH MOXITHUMH. PO3riIstHEMO cucTeMy BUTY

n —_
(Dy w )+ Y apu, (1) = f (1), 0< @y <1, k=1,n, 1€[0,T], (8)
i=l1
a00 KOPOTKO

Dygju—Au=f
ze
D, 0..0
0 D, .0
Bar=| |
0 0..D,
H a ||1 ] 1° u= (ubuz,"'aun)Ts f = (_f]afZa"'afn)T
Bynemo mrykatu po3B’si30k (8), sikuit 3a0BOJIBHSIE TOYATKOBI YMOBH
u(0)=u’ = (uol,uoz,...,uon T
3acTocyBaBuiu 110 (8) oneparop
I, 0.0
01, ..0
o=
0o 0 1,
OTPUMAEMO
u—1I gy du= I f+u’. ©)

Sk 6GauMMO OCTaHHSI PIBHICTh € CHCTEMOIO JIHIHHHMX IHTETPAIbHUX PiB-
HsaHb BonbTeppu Il pony tumy 3roptku

w(6)= [y, (t—r)iak,ui(z')dz' =[i, t=) f(@dr+ul, k=1n,
0 i=1

0

a00 OipII I[eTaJ'IBHO
()~ I(tr( P ;aku(f)dr I(tp( . fk(r)dz'+uk, k=1n

VY BUNaaKy, KO @ =@, =...=, = , MO)KHa [IOOYIyBaTu pe3o0-
nmeBeHTY cuctemu (9)
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R(t):%El(Ata).

a

Po3B’s30k cuctemu (9) npu HbOMY 3aIHIIETHCS y BUTIISI
0 0
=1y f +u +[I[a]f+u ]*R,

abo

o: -1

u(t) = j ]) Ttu +_[R(t Z')I:I( ([a]) f(s)ds+u }d

PosrnsHeMo Temnep y3aranpHioogy (7) 3agaqy Komri:
n-1
D, u(r)+ Z (D au)(t)+ag(Du(t) = 1), 1€[0,T], (10)
k=1
(Dzau)(o) = uj! ] = 03n_13

B NIPUIYILIEHH], Mo @, (?), k=0,n—1, 1 f(#) — NOIIHOMH 3a CTEHEHS-

mu t% . 3Bememo (10) 10 €KBIBANIEHTHOTO iHTErPAIBLHOTO PIBHAHHS LIUIS-
XOM TIOCITiJOBHOTO 3aCTOCYBaHHsI omeparopa [, :

u(t)+j1<(z,s)u(s)ds =F(1), (11)
0

Ie
_S)(nfk)affl

L
K= Z (k)

n-1 4 Ja

F(t) = j(t S)m =" s )
ST(a+))
j“ s)“’ DS D8O
k 00 I'(n-k)a) ;- 0 C'(ma +1)

au)(0) B (12) MoxxyTh OyTH BH3HAUEHI yepe3 MOYaTKOBI

AQR

(12)

3Havenns (D,,,

3HaYeHHS u;, j =0,n—1. JiticHo,

k ) -
a, (=Y. C, k=0,n-1,

j=0
TOMI
min{k,m} T m,, +1
D=y e 2Dy G G
=0 L((m— j)a+1)
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3aB/IsKM NIEpeXOAy 1O CKBIBAJICHTHUX IHTErpajIbHUX PIBHSHb O PO3T-
JISIHYTOI 337a4i MOXKYTh 3aCTOCOBYBATHCh Pi3HI HaOMMKEHI METOAW. 3TiaHO
cxemH [3] anpokcuMariiifHoro Metoy po3B’si30k (11) mrykaemo y BUrIIsIi

N
i
uN(t) = Z 7/1t )
i=0
a piBHstHHA (11) 3aMiHUMO HAOJIMXKEHUM PIBHSIHHIM

t N+M
uy )+ [K(t,swuy(s)ds = F() - Y. 7P, (t“), (13)

0 i=N+1
xe y;, j=0,N — HeBu3HaueHi koediienty; P (t“ ),j =N+LN+M —
nmeski  (ikcoBaHi — anreOpaidHi ~ MHOTOWICHH  CTCIICHS Jjs T,

j=N+1,N+M — neBusHaueHi koedirienTn; M — napamerp, KU > 7 .

3aminuBom B (13) iHTErpan KBagpaTypHOIO CYyMOIO i IPUPIBHIOIOYH B
000X gacTHHAX KO0e(ili€eHTH MPHU OTHAKOBHX CTEIICHIX ! , OTPUMYEMO IS

HeBitomux y;, i=0,N i 7,,j=N+LLN+M cucremy, sika MiCTUTb
N+ M +1 niHIHAX PiBHSIHD.

Slkwo B sikoctTi P (s), j=N+1,N+M , Bubparun 3Miliani MHOTO4-
nenn Yebuwesa T (s) = cos jarccos(2s —1) , ski HaliMeHIIe BIAMIHHI Bil

Hyns Ha Binmpisky [0,1], TO MOXHa po3paxoByBaTH Ha BHCOKY TOYHICTBH
HAOIDKEHHS.

BucHoBKkH. 3anponoHOBaHMH MiXia 103BOJIsIE Oy yBaTH OJHOBHMI-
pHI iHTETpaJIbHI TUHAMIYHI MOJIEIN CHCTEM i3 PO3IOALIICHIMH MapamMeTpa-
MH Ta Ha iX OCHOBi OOYHCIIOBATIBHI alTOPUTMH, SIKi MOXKYTh 3a0€3MICYUTH
BHCOKY TOYHICTB Ta CTIHKICTh PO3B’SI3KiB.
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AN INTEGRAL METHOD FOR SOLVING DIFFERENTIAL
EQUATIONS IN THE MODELING OF OBJECTS WITH
DISTRIBUTED PARAMETERS

The article deals with the method of obtaining one-dimensional inte-
gral dynamic models of systems with distributed parameters in the integral
form on the basis of applying the differential equations with fractional de-
rivatives obtained by transformations of irrational transfer functions. Such
transfer functions occur in the description of the problems of heat conduc-
tivity, diffusion, oscillatory processes and other problems, which are de-
scribed by differential equations with partial derivatives of a parabolic and
hyperbolic type. Transfer functions that describe the semi-integral or semi-
inertial links in which the Laplace variable is under the root may be the
typical examples. The received Cauchy problem for an ordinary differen-
tial equation with fractional derivatives is given in the form of the Volterra
integral equation of the second kind of convolution type. The applying of
this approach is considered in solving various differential equations: the
ordinary differential equation of the order 0 < ¢ <1, the ordinary differen-
tial equation of the fractional order « > 1, the differential equation of the
n-th order with fractional derivatives. Solving of the last equation is based
on the compilation of the characteristic equation, which leads to solving of
ordinary differential equations of order &. An important example is the re-
searched approach to solving a system of differential equations with frac-
tional derivatives. Due to the transition to equivalent integral equations, the
researched problem can be solved by various approximate methods, which
are based on quadrature methods with applying the approximation models
of polynomial form, in particular, Chebyshev polynomials. The suggested
approach makes it possible to construct one-dimensional integral dynamic
models of systems of interconnected objects with distributed parameters
that can provide high accuracy and stability of solving.

Key words: objects with distributed parameters, differential equations
with fractional derivatives, Volterra equation of the I kind.
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