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each iteration. The efficiency of the developed method was illustrated by a
computational experiment in a unit square for the case of the exponential
dependence of the power of thermal sources on temperature. The results of
the experiment are presented in the form of graphical (contour lines and the
surface of an approximate solution) and numerical (values of an approxi-
mate solution at some points in the area) information.

Key words: nonlinear heat conductivity, positive solution, Green-
Rvachev’s quasi-function, two-sided iterative method, equation with hete-
rotone operator.
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MATEMATUYHE MOOENIOBAHHA
KOJIMBHUX MPOLIECIB Y CMY3I

Kpaiioi nepioauusi 3axa4i st AudepeHIiaIbHAX PIBHSHB Y Yac-
THHHUX TOXITHUX, 30KpeMa TillepOoJidHUX PiBHSHB, € CKJIaJHUM Ta
HEOTHO3HAYHUM 00’ €KTOM JocCimkeHHs. Kpaiioi 3aqayi 3 JaHUMK Ha
BCiif TpaHuIIi 00J1aCTi, @ TAKOXK 3a/adi 3 HEIOKAJIBHIMH (B TOMY YHCII
IHTErpaJIbHIMM) YMOBaMH TS TilepOOIIYHIX PIBHSAHb B OOMEKEHNX
o0nacTsiX €, B3arajgi KaXydd, yMOBHO KOpeKTHUMH. Jlesiki aBTOpu
TIOB’SA3YIOTh PO3B’S3HICTH TAKUX 33734 13 MPOOJIEMOI0 MAITMX 3HAMEH-
HHKIB Ta BUKOPUCTOBYIOTh NP PO3B’sI3aHHI METO/IM HEJiHIHHOTO (y-
HKLIOHAJILHOTO aHaJi3y, Teopii HessBHUX (YHKIIiH, BapialliiiHi METOau.
[HIi 5k TIpY TOCHTIKEHH] KpalOBHX MEPiOIMIHIX 3a/1a4 JUIs Tirepoo-
JIYHHX PIBHSHB IPYTOro MOPSIKY BUKOPUCTOBYIOTH QHATITHYHI METO-
Il Ta Y CBOIX poOoTax OyIyroTh iHTErpaibHi ONEpaTopH i pO3B’sI30K
LIYKAIOTh Y CIEiaIbHO BU3HAYEHHX MPOCTOPaX HEelepepBHO audepe-
HUiHoBaHKUX (QYHKIIiH 7151 KOHKPETHUX BHIIA/IKIB MEPIOANIHOCTI.

VYV nmaniii poOoti 3HaWmeHO aHamiTHYHY Qopmyiy ¢yHKIIT
v (x, f), K& € PO3B’SI3KOM KpaioBOi 27-MEPiOJMYHOT 32 YaCOBOIO
3MIHHOIO 3af1a4i y KJlaci HenapHUX QYHKIIH, U1 SKUX BUKOHY€ETh-
cst ymoBa f'(f) =— f (m — t). BcTaHOBIIEHI BIIaCTHBOCTI JaHOi (yHK-
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

il Ta HaBe/IeHi OLIHKH PO3B 3Ky KpaioBoi 27-1iepioAndHO] 3a Ya-
COBOIO 3MIHHOIO 3a]1a4i.

PesynbraTté TOCIIPKEHHS BUKOPHCTOBYIOTHCS ULl MAaTEMaTH-
YHOTO MO/IENIOBAHHS KOJMBHHUX MPOIIECIB, 10 ONMUCYIOTHCS Tilep-
OOIYHUMH PiBHSIHHSAMHE IPYTOTO MOPSAKY.

Ha ocHoBi 3HaiineHoi ¢yHKIIT MOXHa POOUTH BUCHOBKH IPO
MOBEIHKY PO3B’sA3Ky He30ypeHoro piBHsHHS (¢ =0, & — Mammit
mapameTp) MpH JOCTIKEHHI 3arajJbHOT0 HEJiHIHHOTO rimepOoid-
HOTO PiBHSHHS IPYTOr0 MOPSKY aCHMITOTHYHUMHU METOIAMH.

KurouoBi cioBa: nesOypene pisHsanns, Kpaioga nepioouyHa
3a0aua, 2inepboniune pIGHAHHS OpPY2020 NOPAOKY, KIACUYHULL
PO36 30K, KNAC QYHKYIU, MATULl napamemp.

Beryn. 1106 mocminutu acumnroTnuHumu Metogamu Kpunosa-Boro-
nro6oBa-MuTpornoascekoro-MoceeHkoBa [ 1, 2] Taky KpaHoBy 2n-IIepioiUYHy
3aja4y:

U, —u,. = fO+eF(x,t,uu,u,); 0<x<r, teR, Q)
u(0,t)=u(x,t)=0, teR, (2)
u(x,t+27)=u(x,t)=0, 0<x<rm, teR. 3)

Je &€ — MaJuil mapaMeTp, MOTPiOHO 3HATH MOBEMIHKY PO3B’sI3KYy TaKoi He-
30ypeHoi 3amadi

u?,—ufc)x:f(t), O<x<m, teR, 4)
u°0,1)=u’(7,1)=0, teR, (5)
u’(x,t+27)=u’(x,1)=0, 0<x<rm,teR. (6)

Hocmimxennto 3anadi (4)—(6) npucBs4eHa qaHa podoTa, Mpu IbOMY BHU-
KOPHCTaHI Taki yMOBHI ITO3HaYEHHSI: CR(? — npocrip yHKIii oaHieT 3MiHHOT
¢, HellepEpPBHUX 1 0OMeXeHNX Ha Beil uncnosiit oci R . C, — npocTip QyH-
KIIi# TBOX 3MIHHHX X 1 £, HETICPEPBHUX 1 OOMEIKCHUX Ha MHOKHHI [0, 7r] xR .
Gg , — npoctip ¢yHKIi oHi€l 3MIHHO] #, HENEPEePBHUX 1 OOMEXKEHUX Ha R
pasoM 13 noxizgHoto no £. G, — npoctip GyHKIiH g(x,f) IBOX 3MIHHMX X 1,
HETIepepBHUX 1 0OMEKEHHX Ha [0, 7Z]><R pa3oM i3 TOXITHOFO TIO . C,I;’l —
npoctip Gyskui g(x,t) € C, Takux, o Dtk Di geC,. L(X,Y) —npoc-
Tip JMHIMHMX 1 0OMEXeHNX BimoOpaxkeHb X B Y. Qg” — npocTip QyHKIiH
f(t), sIKi 3310BOJIBHSIOTE HA R criBBimHOMEHHS f(¢+27) = f(¢).

By ={/: /()= (x=)==f (=0}
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R — MHOXWHA TINCHUX YUCEIL.

OcHoBHi pe3yibTaTh. Po3risiHemo Taky QpyHKIit0

X t+x=¢ T t—x+&
v(x,0)=(S f)(x0)= ——_[d(f | f(r)dr——jdg [ f@de. (@)
t—x+& x  t+x=¢

Hosenemo, mo npu f € GRt N By; ¢dyHKIig v(x,t)z(S f )(x,t) €

KIIACHYHUM PO3B’s13KOM 3a1adi (4)—(6).
Crioyatky JOBEIEMO TaKe TBEPKEHHS:

Jlema 1. Slxkmo f € B,;, 10 f(f) € 2m-nepiogudHoI0 MO £, TOOTO
fe0s,.

Hosenenns. Crpasi,
S+2m)=f+rn+m)=f(r—(-t-7)=-f(-m—1) =
=flz+0)=fz-()=-f(0)=f(),

10 ¥ moTpiOHO OYII0 TOBECTH.
TakuM 4MHOM, MM HOKa3ajld, WO KMo f € By, 10 f(¢) € 27-1ie-

P1OINYHOIO TIO £.
OcuoBna Teopema. SIkio f € Gy, N By; , T0 hyHKis
v(x,t)=(Sf)(x.0),

BH3HaUeHa hopmyroro (7), € KTacHaHUM po3B’s3KoM 3anadi (4)—(6). Kpim
[bOTO

§eL(CR9r\Bz_3, C};lmBz_3);
EGL(GRszis’ C;Zz’szﬁ)’

IPU LEOMY

|(5.7)co, <

v
<>l

‘Fﬁjm)
C.

(Ss), 0 <ZNr@l,.
C/r

JoBenenHst. CoyaTky MoKa)xeMo BUKOHAHHS YMOBH
v(x,t+2m) =v(x,t) (8)
Bpaxoyroun o3naueHHs (7) QyHKIT v(x, £), MAaEMO
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

1 X t+27r+x-& V4 t+21-x+¢&
Voot +2m) == j dé j f(rydr-L j dé j f(oydr. (9)
0 t+27—-x+& x t+2r+x—¢

VY BHYTpIIHIX iHTerpanax MpOBEIEMO 3aMiHy 3MiHHOI 7 =27+0,
dr=d0, t—-x+& <60 <t+x—& s nepmworo BHYTPIIIHBOTO iHTErpaa,
at+x—&<O<t—x+& s npyroro BHyTPINIHBOTO iHTETpaja.

3 opmynu (9) 3HAXOANMO
x  t4+x=¢& T =x+s

w(x, t+2ﬁ)_——jd§ j fr+06) d@—-jdg j fQr+6)deo.
O t—x+& X t+x—¢&
BukopucroByroun ymMoBy TeopemH, mo f € B,; Ha OCHOBI TBep-
JOKEHHS JIeMH 1, MaeEMO 3 OCTaHHBO{ PiIBHOCTI
v(x,t+2m)=v(x,t),
T00TO PO3B 130K V(X,7) 33/I0BONBHSE YMOBY IepionaHoCTi (6).

Tenep noBegeMo BUKOHAHHS KPailOBHX YMOB
v (0, ) =wm, t)=0.
I3 popmymnu (7) 3HalimEMO

V4 t+&¢
v(0,7) = ——_[d(f j f(r)dr,
0 t-¢&

Ta obumciumo moxiany v'(0,), sKa Mae BUTIIS

V(0,0 =— I(f(t+§) f=)dé=
*o (10)

__ 17 1T
= 4£f(t+§)d§+ 4£f(t EME

Y npyroMmy iHTerpaii mpoBeieMo 3aMmiHy 3MiHHOI S=7-6,
dé=-df, 7 <60 <0.Tonui3 popmynu (10) maemo

V’(O,t)=—%If(t%)dé—%if(t—(ﬂ—ﬁ)) do =
:—l]zf(t+§) d§+lj1f(—t+7r—6’) deo =
40 47[
17% 19
=—Z£f(t+§) d§+zlf(ﬁ—(t+9)) do =
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17 17
=_Z_(|;f(t+(§)d§—2£f(t+t9)d0=

17 17 _
:_Z_([f(prg)d§+z_([f(t+€)d€=0, VieR.

3Bincu BurumBae, mo W0, ) = C = const. OCKUIBKH 32 yMOBH HEapHOC-
Ti pynkuii f(¢) maemo v(0, 0) =0, To 11e 03HAYAE, 10 BUKOHYETHCSI YMOBa
v(0,t)=0, VteR. (11)
Posrisinemo Ternep 3HaueHHs QyHKUIi V(7 ). 3 popmymnu (7) BUILIH-
Bae, M0

T t+n—¢&
v(ﬂ,t):—%_.‘dg‘ j f(r)dr . (12)
0 t—-r+&

AHAJIOTIYHO MONEePEIHBOMY AOBEACHHIO T (BYHKIIIT V(O,t) 3 ¢op-
mymn (12) omepxxyemo, 1o
w(r,t)=0,VteR. (13)
Orxe, QyHKIiA V(X 1) = (§ f )(x,t) 3aJI0BOJIbHAE KpaiioBi ymoBH (5)
3amaui (4)—(6).
Tenep mokaxemo, mo GyHKIST v(x,f) = (§ f )(x, ) € KIacCHYHHM
PO3B’sI3KOM DiBHSHHS (4).

OO0uncIMMOo neplIi Ta APYri YacTHHHI MOoXiaHi Bix GyHKUIl v (X, £) o
X Ta t, sika Bu3Ha4eHa Qopmynoro (7). OnepkuMo piBHOCTI
ov(x,t) 17
— = t+x=E)+ ft—x+&))dE -
S = [ x=0+ f-x £)de

0

L raxr - ferx-0) e

X

Fvien) __13(of (@) | oS (Betd) ) 1,
o _4£( Tt SRS iz -2 1)
1T o (Bxtg) df(att )| 1,
4;( o b lag-1 ()=
E_%T[af(aa(x,t,é))_8f(ﬁ(x,t,§))Jd§_

0 @ aﬂ
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MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

(b)) oS (et )Y, o
41( o o |de=f )
ne a(x,t,&)=t+x-¢&, p(x,t,E)=t-x+¢.

Gv(x,t)z 17

— =[x - fa-xr ) ds -

0

L (fa-xe )= perx-g)as

Pv(et) _ _lj{é’f(a(x,t, §) @ f(ﬁ(x,r,@)J de-

ot 44 oa op
my of(Btet.) 2 f(atxtd)),
47 op oa ’
ge a(nt,§)=t+x=&, flut.§)=t-x+¢.

Otxe,

*v(x,t)  0*v(x,t)
or> PERACE

mo ¥ moTpibHOo Oyyo moBecTH. A Iie O3Hayae, mo (GyHKINS v(x,f) =
= (§ f )(x,t) € KJIACHYHUM PO3B’SI3KOM PIBHAHHS (4).

OcHoBHa TeopeMma Oyjie JOBeACHA MOBHICTIO, SKIO MU OJCPKHMO
OIIHKH PO3B’sA3KY Ta HOTO MOXiTHUX.

3anumemo Qopmyiy (7) Tak:

V4 t+x-&
e =(5/)@n=[o@ds [ f@ar, (14)
0 t—x+&
ac
1
-——, 0<&<x
0&)=1 | (15)
Z, x < 5 <.

BBenemo HOpMy QyHKITIH (§ f )(x, t) Ta f{f) TAKMM YUHOM:

57}l = s [(S)ol. lro], =swlr).
Ha ocnogi 3ammuciB (14) ta (15) 3Haxo0aumo, o
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(57) o] < S1r@le [l as -
0

(16)
1 X n | 2 ( ~ )2
=5l @l; l(x—f) dé- j (x=¢) d«:J =Sl (’“T%].
X (r-x)
Hocmimmo dpynkuito p(x) = 7+ Ha max Ha [0, 7]. Maemo

p'(x)=x—m+x abo p'(x) =2x— 7 . lIpupiBHABLIH Ti O HYIISI, ONEPIKYEMO
pP'(x)=0 < 2x—-7=0.

OTxe, KOpEHEeM LbOIO PIBHSHHS € TOYKa EKCTPEMYMY X, = % Te-

nep 3HalaeMo 3Ha4deHHs QyHKUii p(x) y Toukax Bimpizka [0, m], ToOTO

p(0), p(x), a Takox p (%) . Maemo

2 2 2 2 2

T T T T T T

0 =—; —)=—t+—=— T)=—.

p(0) 5 p(z) PR p(7) 5

3HauUTh,
2
T
max p(x)=p(0)=p(7)= 5 (17)

Bpaxosyroun (16) ta (17), onepyemMo OLIHKY PO3B’SI3KY
2
= V4
55|, <7 lrol,- (18)

3anmumeMo YacTHHHI MOXiAHI Bifx po3B’sizKy v(x,f) = (§ f )(x,t) Ta-

KM YHHOM:

(5r) =[O (f+x-&)+ ft-x+8))dE s (19)
0

(5r) n=[0@&) (fu+x-&)- flt-x+8))dé. (20)
0
Bpaxoyroun (19) ta (20), 3HaxoauMO

H(E f) | < §||f(z>|R; 1)

CI!

H(E f), @ < %" SO - (22)

Cr!
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TakuM 9MHOM, HAMH JTOBEJEHO BCi TBEPIDKECHHS 1 OIIHKH OCHOBHOI
TeopeMu. OCHOBHY TEOpEMY JTOBEICHO.

3ayBa:xennsi 1. Ternep, BUKOPHCTOBYIOUN OCHOBHY TEOpEMY, MOJKHA
JOCTIKYBaTH KpaloBy 2z-mepiogmyHy 3amady (4)—(6) 3a IOIOMOroro
aHAIITHYHOTO po3B’ 3Ky (7).

3a3HaYUMO OCHOBHI BJIACTUBOCTI (PyHKINT Vv(x,f)= (§ f )(x,t) , BH-
3Ha4YeHO1 Popmyoro (7).
1°.(S f)(r=x.0)=(S f) (x.0)

-X t+r—x—-& t—w+x+&

(57)x- xt)_——jdg [ f(r)dr——jdg [ f@odr=

t—w+x+¢& T—Xx t+r—x—&
1. Bamina {=7-1, d§ =—dn, 7 <0< x, Ui NepIIOTO iHTerpaa.
2. Bamina £ =nx—-1n, d&E=—dn, x <0 <0, g gpyroro iHTErpana.

X t—x+n t+x-n

- j dn j f(r)ydr+— j dn j f(n)dr =
71' t+x-n x t—x+n
:_—fdn jﬂf(f)dr——Tdn ]”f(r)dr—(Sf)(x 0,
t—x+n X t+x-n

1o r[i;:[TBemeye CIIpaBeIHBICTE BIacTUBOCTI 1°,

2 (Sf)z-t)==(Sf)(x0).
BpaxoByrouu popmyiy (7), onepxyeMo

m—t+x—¢& m—t—x+¢&
(5/)x, n—t)———jdg j f(r)dr——jdg’ j f(r)dr =
T—t—x+& X T—t+x-¢&
1. Bamina 7=7-6, a’z’-—d&, t+x—&5<0<t—x+&, mna mepmoro

iHTerpaa.
2. 3amina 7=7-0, dr=-df, t-x+&<0<t+x-&, s npyroro
iHTETpana.

x t—x+& V4 t+x—¢&
:—jdg j f(r—0)do+— jdg j f(r—0)do =

O t+x—¢& x t—x+&
x t—x+& Ve t+x-&

=-= j a | f(&)de——_[daf [ r@ao-=
0 t+x—& x t—x+&
x  t+x=¢& 7 t=x+¢&

- j dé j £(0)do+— j dé j £(0)d6 =
t—x+¢& X t+x-&

168



Cepis: ®isuko-maTtemaTnyHi Hayku. Bunyck 18

x  ttx=¢ 7 tmx+l
- __Idg [ f(a)de-—jdg [ 7@ao|=-(5f)cx0-
t-x+& x o t+x—g

30 (Sf) .= ==(5f)(x.0).

Ha ocuoBi ¢popmynu (7) ouepxcyeMo

—t+x— —t—x+¢&
(5/)en-0=- j ds | st j & | f(o)dr=
—t—x+& —t+x-¢&

1. Bamina 7=-60, dr=-df, t+x-&E<O<t—x+&, mua mepuioro

iHTeTpana.
2. 3amina 7=—-0, dt=-df, t—-x+&<0<t+x—-&, nus apyroro iH-

Terpaia.
x  t—x+& o t+x=§
:_jdg j F(-0)dO+~ jdg j f(=0)do =
t+x—& x —=x+&
X t—x+¢& T t+x—¢&
:_—jde; j f(e)de——jdg j £(60)d6 =
t+x-¢& X t—=x+&
x  t+x=& T t-x+é
:_jdg [ r@yde+— jdg [ r@dr=
t—x+¢& x t+x=¢
x t+x-¢& V4 t—x+¢&
- __jdg [ f(r)dr——jdé [ r@adr|==(57)@0-
t—x+¢& x t+x=&

Bnacrusicts 3° nosenena.

Beenmemo HOBuit mpocTip mis dyHKmin g(x,f) — QyHKIiEH qBOX
3MIHHHX X 1 { TAKAM YHHOM:

By ={g:g(x,0)=g(m —x,0) = —g(x, 7 —1) = =g (x,~1)}.

3 BmactuBocteil 1°-3° omepxkyeMo, IO omepatop S BizoOpaxae
npoctip B, camoro B cebe: B, ‘L’Bz_z'

3ayBasenns 2. Bepydn 10 yBaru Te, 0 Omepatop S MEPEeBOHUTH
HenapHy ¢yHKOiPO f(f), ToOTO f(—f)=—f(f), — HemapHy QYHKIIIO
v(x,t) :(§ f )(x, t) (Bmactmsicts 3°), i BpaxXOBYIOYH BJIACTHBICTH TPHUIO-
HOMETpUYHHX psiniB Dyp’e, moBemeMo, 0 PO3B’SI30K V(x,t) = (§ f )(x,t)
KpaiioBoi 2n-niepioanuHoi 3amavi (4)—(6) po3KIagaeThCs JIUIIC IO CUHY-

cax, TOOTO IIpH NMEBHUX YMOBAX BiH 300pakye€ThCS PAIOM
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v(x,0) = (5 f)(x.0) = i b, (¢) sin kx .
k=1

OxpiM 1OTO, BpaxoBYIOUH (OpMyTy OOYHMCIEHHS KoedilieHTiB
dyp’e, T0OTO hopmyITy

T
bk(z)zif(if)(x,z)sinkx dx,keN, (23)
)
MEPEKOHYEMOCS Y CIIPABEIIMBOCTI TAKOTO TBEPHKCHHS:

Jema 2. Sixmo f € G By, 10 by, (1)=0,ne N .

JoBenennsi. CripaBlii, Ha TBEpKEHHI OCHOBHOI TeopeMH Ta (opmy-
m (23) pu f € G0 (1 B;; Maemo, 1110 <§f)(x, t)e Cﬁ’z N By i

71/2

bk(t)—— j S1)x, t)smkxdx+— j (51)x.0)sinkr dx =
71'/2
27[/2
j(Sf)(x t)smlocdx——j Sf)(x-n.t)sink(z -n) dy =

7 0 T 2

0, k=2n, n=12,...,

— 471/2

= j (Sf)x.0sinkr, k=2n-1, n=12,....

5o

Orxe, (S f)(x.t) = ibm (t) sin(2s —1)x .

s=1

BucHoskmn.
1. Y poboTi 3HalaeHo aHAMITHIHY GOPMYITY QYHKIIT
X t+x-& Ve t—x+&
v(x,t) = (S f)(x, t)_——jdg j f(r)dr——jdg j f(r)dr,
t—x+& x t+x—¢

SIKa € PO3B’SI3KOM Y KIlaci (’pyHKum
By ={f:f()=—f(x-t)=—f(-0)}
Takoi KpaioBoi 27r-nepioz[1/mHo'1' 3a1a4i
u) —u’ = f(t), 0<x<z, teR,

Uy
u (O,t):u (7,t)=0, teR,
uo(x,t+27z) = uo(x,t) =0, 0<x<rm teR.
2. Ha ocHoBi 3HaineHol QyHKIIT v(x,f) = <§ f )(x, ) MOKHa poOUTH BHU-
CHOBKH IIPO MOBE/IHKY PO3B’sI3Ky He30ypeHoro piBHsIHHSA (¢ = 0)
170
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ul —ul =f(t), 0<x<r, teR,

TIPY JOCITIKEHHI 3araIbHOTO HETiHIHHOTO PiBHSIHHS
utt _uxx = f(t) + SF(x,t,u,ut,ux) s

A€ & — MaJi napamMeTp, aCUHMITOTUIHUMU METOAaMU.
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MATHEMATICAL MODELLING
OF OSCILLATING PROCESSES IN STRIP

The boundary-value periodic problem for differential equations in
partial derivatives, including hyperbolic equations, are complicated and
controversial subject to study. Boundary-value problems with data
throughout the border region as well as the problem of non-local (includ-
ing integrated) conditions for hyperbolic equations in limited areas are,
generally speaking, relatively correct. Many authors link the solvability
of such problems with the problem of small denominators and use the
methods of nonlinear functional analysis, the theory of implicit func-
tions, variation methods. Another authors use the analytical methods in
the research of periodic boundary-value problems for the second order
hyperbolic equations. They construct integral operators and search the
solutions in specially defined spaces of continuously differentiated func-
tions for specific cases of periodicity.

In this paper we find an analytic formula of the function v(x, 7), which
is a solution of the boundary-value 2z-periodic time-varying problem in
the class of odd functions for which f'(¢) = — fiz — ?).

171



MatematuyHe Ta KOMI'I'POTepHe MozentoBaHHA

The properties of this function are established and the estimates of the
solution of the boundary-value 2z-periodic problem are given.

The results of the study are used for mathematical modeling of oscillat-
ing processes described by the second order hyperbolic equations.

On the basis of the found function v(x, ) we can draw conclusions
about the behavior of the solution of the undisturbed equation (¢ =0, ¢ is a
small parameter) in the study of the general nonlinear the second order hy-
perbolic equation by the asymptotic methods.
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second order hyperbolic equation, classical solution, class of functions,
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