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NEW APPROACHES FOR REDUCING ARTIFICIAL
OSCILLATIONS IN NUMERICAL SOLUTIONS.
ANTI-DIFFUSION, ANTI-DISPERSION AND LONGOLIERS

Abstract. Two most known errors is the artificial smoothing of the so-
lution and oscillations in the solutions near the places with high derivatives
of the solutions (near the sharp fronts of the solution). Some methods of
improving numerical solutions of evolution equations are proposed on the
base of theoretical considerations. The artificial viscosity and artificial dis-
persion for difference schemes of gas dynamics are proposed as the first
examples. A new class of tools for improving numerical solutions is pro-
posed — «Langoliers». «Langoliers» are special difference operators
which should be applied at each time steps after the running of original dif-
ference schemes. The design of «Langoliers» allows reducing the dissipa-
tive and dispersive errors of schemes. The examples are anti-diffusion, an-
ti-dispersion and specially constructed difference schemes.
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NPO OOVWH NIAXIA AOCNIMKEHHA KPANOBOI 3A0AYI
AnA KBA3SIMIHIMHOIO PIBHAHHA NNEPBONIYHOIO TUMY
3 PO3PUBHOIO NMPABOIO YACTUHOIO

BynyeTrbcss KOHCTPYKTHBHHH IIBUIKO30DKHHMH JBOCTOPOHHIN
METO/]] JOCIIIUKEHHS Ta HaOJIM)KEHOTO PO3B'si3aHHs KpaloBoi 3a1aui
JUISL KBa3UIIHIHHOTO XBUJILOBOTO PIBHSHHS Ha IUIOMIMHI 3 PO3PHUB-
HOIO NIPaBOIO YaCTHHOIO B 00JIACTI i3 CKIIaAHOIO CTPYKTYPOIO Kpalo.
BcTaHOBIIOIOTECS AOCTaTHI YMOBH iCHYBaHHS (YHKIIH MOPiBHSH-
HSI, PETyJSIPHOTO abo ipperyiaspHOrO PO3B'S3KY PO3IIISAyBaHOI
KpaioBOi 33/1a4i, HOT0 €IMHOCTI Ta 3HAKOCTAIIOCTI.

Kiio4uoBi cinoBa: «ginbHi» Kpugi, ippeynapnuil po3g'sazox, ¢gy-
HKYIT NOPIGHAHHSL, YMOBU Y3200ICEHHSL.

Beryn. Kpaiiosi 3agadi 171 KBa3uIiHIHHNX PIBHSAHB TinepOONiYHOTO TH-
Iy 3 HENepepBHUMHU NPAaBUMH YaCTUHAMH B PI3HMX OOJACTSX i3 CKIIAHOIO
CTPYKTYPOIO Kparo PO3TIINAINCE B poO0Tax [1-3], B SKMX BCTAHOBIICHO IO-
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CTaTHI yMOBH ICHYBAaHHS Ta €IMHOCTI IX PEryJsIpHUX abo IpperyisipHuX
po3B’si3kiB. JlaHa poboTa € MpoIOBKEHHIM JI0CIIPKEeHb, IPUBEICHHX Y [4].

Posrmsmemo B R? o6macts D = D, U D, U D; [5, ¢. 250], e
Dy={(x¥)Ixe(x.x]. ye(Yo. 1u] }.
D2={(x,y)|XE[x0,xl],ye(yl,gl(x))},
DS:{(x,y)|Xe(x1,x2],ye(gz(x),yl]},

Xg < Xg < Xy, Yo <Y1 <Ys,

ay=9,(x)e x=x(y), r=12 — «sinbhi» kpusi, npuaomy g, (x) >0,
gl(xr—l) =Y gz(xr): Yraa-

[osnaunmo D :=D\E, UE,,
Ie
E, ={(X,y)|X€[XO,X1] . Y=w} E :{(x, y)| ye[Yo Vil x:xl}.
JocnimKkyeTbesl HacTynmHa KpaiioBa 3amada: B HPOCTOPl (YHKINH
C*(D):=C ) (D*) AC (D) 3maiiTi po3B'30K AHDEPEHIIATBEHOTO PiB-
HSIHHSI
Uyy (X y)+a (X y)U, (xy)+ay (x,y)U y (x,y)=
=f(xyU(xy))=f[U(xy)]
SIKWH 33JI0BOJIbHSIE KPaoOBl yMOBH
U (%, Y)=w(Y), ye[Yo 1], U(x¥o)=0(x), xe[xg.x], (2

)

U(x0:(x)) =@ (x), xe[x.%], 3
U(X,gz(x)):wz(x), Xe X, %], 4)
v (¥o)=0(%), w(y1)=o1 (%), ¢(x)=a,(x), ®)

a  QyHkuis f[U (x,y)]: fS[US(x,y)], (x,y)eD_S, s=1,2,3,
fg [US(X,y)]eC<§s), f,:Bs >R, Bs <R, proyES = Ds , IpuuoMy

Uy (X, y1)=Us (X, ¥1), Xe[Xo, %] Us (X, y)=Us(x0,¥), Ye[Yovu]  (6)

3ayBa)xuMo, IO YMOBH (5) € YMOBaMH Y3TO/PKCHOCTI KPallOBUX YMOB
(2)4), a (6) — ymoBu HemepepBHOCTI po3B’si3ky 3anadi (1)—(5), sKiio BiH
icuye. IlpaBa gactuna piusHuSA (1) f [U (x, y)] BCIO/IM HETIepepBHA (YHK-
wis B o61acti B = B1 U B2 U Bs, 32 BUKIIOUEHHsIM XapaKTePUCTHK X = X ,

y =y, piBHsAHHA (1), B3JOBX AKHX BOHA MOKE MaTH CKiHYEH] PO3PUBH.
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OueBuiHo, sKmo icHye poss’szok 3amadi (1)—(5) U(x,y), To
U(x,y)=Us(xy), (x,y)eBs, $s=1,2,3, ne U;(x,y) € po3B’si3kom
sazaui l'ypea (1), (2), (5) mpu (x,y) e D1, U, (x,y) — 3anaui Tap6y (1),
(3), (5) i mepuroi 3 ymoB (6), (X,y)e D2, a Us(x,y) — 3amaui [lapOy
(1), (4), (5) i apyroi 3 ymos (6) mpu (x,y) e Ds.

Hapmani BBaxkaTiMeMo, 110 3a1aHi QyHKITT

a(x,y) eCH? (D), a,(x,y) eC® (D), w(y)eC'[ yo. 1],

() €C'[ %0, %] @ (%, ¥) €C X1, %], r=12,
IpUIOMY
8, (X,Y) =2, (xY). @)

Jlema 1. fxmo f [U (X, y)]e C(gs) 1 BUKOHY€TBCs yMoBa (7), TO Kpa-
ioBa 3aa4a (1)—(5) exBiBaJIeHTHA CUCTEMI IHTETPaIbHUX PIBHSIHb BUTISITY
Us(xy) =75 (% y) + &1 sRIUL (S m]+ TR [U (S m)],
(X,y)eDs, s=123, £=0 &=¢=1
(TyT 1 HagaMl BUKOPUCTOBYBAaTHUMYThCS [TO3HAUYEHHS, IPUBEEH] B [4]).

(8)

Jlema 2. Hexaif BUKOHYIOThCS YMOBH Jiemu | 1 kpaiioBa 3amaga (1)—
(5) mae po3B’s30x U (X, ).

Toxi Bin Hanexarume npoctoposi (ymxuii €Y (D)nC ( D ) (6y-
ne perymsapaum), skmo U (x,y)] e C(E) i pp=p,=0. VY cynpo-
TUBHOMY BHIIQJIKy BiH OyJIe ipperyJIspHUM.

Hapani Oynemo BBaxkarn, mo ¢pynkuii F[U (X, y)] e Cz(gs), TOOTO,
1110 BOHHM 3aJI0BOJILHSIOTH HACTYIIHI yMOBH [6, c. 79]:

1) FU(xy)]eC(Bs);
2) B mpoctopi QpyHKIIiH C(Es,l), Es,l <« R, prOyESJ =Ds, s=12,3,
icHy€e Taka (QyHKIIis
H[X, ¥, U (% Y)iVs (%, y)] = H[U (%, ¥) Vs (%, )], o
(@) Hg[Ug (X y):Vs(x, y)1= F[U (X, )],
(b) mnst poinmeHOI  mapu  HemepepBHuX  GyHkuiit U (X,Y),

V. (X,y) € 55,1, AKi 3a10BONIBHAIOTE yMOBU U (X, y) 2V (X, Y),
(x,y) € Ds, BoOmacti Bs1 BUKOHYETBCS HEPiBHICTH

H U (X, ¥);Vs (X )1 = H Vo (X, ¥); UG (X, V)] < 0; (9)
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3) dynkuin H [U (X, y);V (X, y)] B obmacti Es,l 3a[IOBOJIbHSIE YMOBI
Jlinmwmng, To0TO, U1 AOBUIBHMX JBOX Iap HEMEPEepPBHUX B Ds ¢byHKk-
uiii Ug (X, y), V(X Y) € Es,l , BAKOHY€TBCSl YMOBa

s,r

[HIU 3 06 1)U 5 (% )= HIV, 3 06 V)3V 5 06 Y < L ( W 06 9)]+ W5 5 ()] ).
ne W (X, y)=Ug (X, ¥) =V, (x,y), r=L2, a L, — crana Jlinmmuus,
s=12,3.

Hepaskko nepexonaTucs, mo axkmo ¢yukuia F[U (x,y)]e € C(Es)

i Mae oOMeXeHy 4aCTHHHY MOXifHy mepmoro nopsaky nmo U, (X,y), To

BOHA 3aBXKIU HAJICKUTH IPOCTOPOBL Cz(ES), s=1,2,3. 3BOpPOTHE TBEp-
JOKEHHS HE CTIPaBeIJIHBeE.
Hexait zg (X, y),Vg ,(X y) € C(Ds) Hanexars obmacti Bsi st

Bcix $=1,2,3 ta pe Ny =N U{0}.
BBenemo no3naueHHs:
£ (%, y) = Helzg p (%, ¥)iVg o (%, V)1,
fop (X ¥) = H[vg o (%, ¥)i 24 5 (%, Y)],
R (%) =75 (%, y) + T 17 (&) + T 1P (&),
Rep (% ¥) =7, (6 V) + 2Ty s o o (&) + T £ (E77),
o p (X, Y) = 24, (X, Y) —RP (X, Y),
Bep (X, ¥) = Vg (%, Y) =R p (X, Y).
Z5,p(X,Y) = 2o p (X, ) =0 p (X, YW, (X, Y),
Ve, (% ¥) = Ve (0 Y) + € p (X YW (X, ),
FP (X y) = Hlzs,p (X, ¥); Vs, p (%, V)],
Fop (X Y) = HVs,p (%, ¥): Zs,p (%, Y)I,

RE(%,Y) = 7, (% V) + 8Ty R (Em) + T,RP (£,7),
ﬁs,p (X, y) = 75 (Xv y) + ‘95T1,S Fl, p (5, 77) +Ts Fs,p (év 77):

ne Gs (X Y), €5 p(X,Y) € NOBUIBHUMH 3 IPOCTOPY C(Bs) GyHKIISIMHA,

e N,

K1 3aJ0BOJIBHAOTE YMOBU
0<q,,(x,y)<0,5, 0<c,,(x,y)<0,5, (10)

misBeix pe N T1a (X,y) e Ds,s=1,2,3 (As0(X, ¥) =C50(%,¥) =0).
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IToOynyemo mocnifoBHOCTI (yHKIi { z, 5 (X, y)} Ta { Vs p (X, y)}
srimao hopmyi [7, c. 132]
Zg 5 (%, Y) = RE(K, ), Ve paa (6 Y) = Rsp (X, Y), (11)
Jie 3a HyJIbOBE HAOJKEHHs Zg o (X, Y), Vgo(X Y) € Es,l BHOUPAEMO JTOBLIBHI
3 IIPOCTOPY C(Bs) dyHKiii, sxi mpu (X, y) € Ds 3a10BONBHSIOTH YMOBH
Weo(x) 20, a50(x,Y) 20, fio(%y) <0, (x,y)eDs.  (12)
Osnauvennst. Dynxiii zg,(X,y), Vso(X Y) € C(Bs), s=1,2,3, sxi

HaJexarb 00JacTi Es,l 1 32I0BOJBHSIOTh YMOBH (12), Ha3uBaroThCs PyH-
KI[isIMU TIOPiBHSHHA KpaitoBoi 3amadi (1)—(5).

Jlema 3. Slxmo F[U,(x,y)]€C, (gs) , TO MHOXWHA (DYHKIIIH TOPiB-
HsHHs 3a71a4i (1)—(5) He mopoXKHSI.

Jlema 4. fxmo F[U (x,y)]€C, (Es) Ta iHTerpayibHi piBHIHHA (8) B
npoctopi (yHKIiH C(Bs), s=1,2,3 maroTh po3B'ssku U (X,Y), ki 3a-
JIOBOJILHAIOTH HEPIBHOCTI

Voo (6 Y) SU( V) S 200(xY),  (xY)€Ds, 5=123,  (13)
TO g (% Y)20 i Bio(x,y)<0, (xy)eDs.

Teopema. Hexait  ¢yskmii F, [Us(x,y)]eC, (55), a
a(xy)e c®9(py, a,(x,y)e cOY(p) i BHUKOHYIOTECS YMOBH (7).

Toni mocminosrocti Gynkuiit {z, , (X, y)} ta {v , (X, y)}, nobynosani
sriauo 3axkony (10), (11), (12), ne dynxkuii g, (X, y), €5 ,(X,y) Ha KOXKHO-
MY KpOIIi iTepatii BAONPArOThCS TAKUM YHHOM, 100 BUKOHYBAJIHICS YMOBH

R () = Rspa (6, ) =€ p (6 YW, , (6, Y) 2 ()0,
Rs,p (6 Y) = RS (%, ¥) + g p (% Y)W, , (X, ) < (2)0,
(x,y) e Ds, s=1273 npu p — napHuX (HemapHHX) i

VS,O(X' y) < Zs,l(x’ y)’ Zs,O (Xr y) = stl(X, y) : (15)
1) 306iraroTbCsi PIBHOMIPHO IO EIUHOTO HEMEPEPBHOIO PO3B’SA3KY

(14)

U, (X, y) BIAMOBIZHOTO iHTErpanpHOrO PiBHAHHA B (8) mpHu (X, y)Bs,
§=1,2,3;

2) B obGmacti Bsi BUKOHYIOTBCSA HEPIBHOCTI
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Vo2p (X ¥) S Zg 50,0 (X, Y) SV 50,0 (X, Y) S Zg 5p,5(X ) SUG (X, y) <
SV 0043 (X Y) S Zg 5500 (X V) SV 550 (X, Y) S Zg 55 (X, Y)
s Beix (X,Yy) e Ds,s=12,3;
3) copaBemIMBI OIIHKA

maxsup|W, ,(x )| < ka1 60 +y -y ]

IS
max sup |\N50(x, y)|:d, max L, =1,
s D, ' s

rgé})xsgp(l—qs,p(x, V)€ p(xy))<a, s=123,
) Ds

max{Lsup(y — Yo +X—Xo )} = 7,
D

max sup |K(x,y;&,n)|<0,5k;
S DsxDs

4) 36ixHicTh iTepauiitnoro Meroay (10) — (15) He moBiibHINIA 301KHOCTI
merony (11), ko Bei g , (X, y) =¢ (X, ¥) =0 1, oTe,

Fsp (X7 y) = fsp (Xr y) i Fs,p (Xv y) = fs,p(xv y) .
Jlema 5. fxmo ¢ynxnii F[U (X, y)]€C, (gs) 1 BUKOHYIOTBCS HEpi-
BHOCTI (15), To MHOXKHMHA QyHKIIH O, (X,Y), Cg, (X, Y), AKi 3a70B0-

meHI0TH YMOBH (10), (14) HE MOpOXKHS.
st foBeeHHs JIeMH 5 TOCTaTHBO MOKIJIACTH

4. (X,Y) = {(ﬁs,p(x, y)+ W o (X V) 75 (Y)W (X, ) %0,

| 0’ Ws’p(X,y):O
¢, (%) = {(_as,p(x, Y)+ W, (%, Y) 7o 5 (% Y)W (X, y) %0,
| O’ Ws'p(X,y):O

ne 7g (X, Y) = ag p (X, Y) = B p (% y) + W (X, Y)

Hacninox 1. Hexaii BUKOHyI0ThCS yMOBH TeopeMu. Tofi B pocTopi
dyHKIiH c’(D) iCHye enuHUI ipperyJapHuil po3B's3ok 3anmadi (1)—(4).
Sxmo x npasa vactuHa piBHAHHA (1) f[U (X, y)] e C(E) 1 BUKOHYIOTBCS
ymoBu p, =0, k=12, TO po3B'I30K KpaiioBoi 3anaui (1)—(4) Oyzne pery-
nsipauM (T00TO U (X, Y) € cd (D) C(B) ).

HacJjigok 2. SIKIo BHKOHYIOTBCS YMOBH TE€OPEMH, TO HEpIBHOCTI
(12) € HeoOXimuuMHU i JOCTATHIMH, 11100 BUKOHYBaIHCH yMOBH (13).
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Hacaimoxk 3. Hexali BUKOHYIOTBCS yMOBH TeopeMu iy (y)=
=p(x) =0, (x,y) e D1, o, (X)=0, xe[x_,%x] r=L42 a
FUs(x, y)]1=HI[U(x, y); 0].

Toni, sxmo F,[0]< (=)0 B obnacti Bs, TO PO3B’sI30K KpaiioBoi 3a-

naudi (1)—(4) mpu (X, y) € D 3a70BOIbHSE HepiBHOCTI U (X, y) < (2)0.
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ON ONE APPROACH OF INVESTIGATION
OF THE BOUNDARY VALUE PROBLEM FOR A QUASILINEAR
HYPERBOLIC TYPE EQUATION WITH DISCONTINUITIES IN
THE RIGHT HAND — SIDE

We build a constructive method for investigation of the boundary value
problem for the wave equation in the domain with complex structure of the
boundary.

Key words: «free» curves, irregular solution, comparison functions,
consistency conditions.
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