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A MODIFIED EXTRA-GRADIENT METHOD WITH BREGMAN
DIVERGENCE FOR VARITIONAL INEQUALITIES

A new method of extra-gradient type for the approximate solution of varia-
tional inequalities with pseudo-monotone and Lipschitz-continuous operators
acting in a finite-dimensional linear normed space is proposed. A theorem on
the convergence of the method is proved and, in the case of a monotone opera-
tor, non-asymptotic estimates of the effectiveness of the method are obtained.

Key words: variational inequality problem, monotonicity, pseudo-monoto-
nicity, Lipschitz condition, extra-gradient method, Bregman divergence.
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METO[ PO3B’A3AHHA CUCTEM BITOBUX PIBHAHb
HA OCHOBI NPUHUUNY INJTIOK TA TPAHULb

Po3B’s3aHHS cucTeM piBHSAHB Haj OITOBHMH IOJSAMH € aKTyallb-
HOIO 3aJ1auero T rajimy3eil kpunrorpadii, Teopii 3aBaoCTIHKOro Ko-
JyBaHHs iH(OpMarii, pOOOTEXHIKH, aCTPO(I3HKH Ta IHIINX 00IacTeH.
VY nmaHiii cTaTTi 3aIpONIOHOBAHO METOJ PO3B’SI3yBaHHs OITOBUX DiB-
HSIHB, IO 0a3y€ThCsl HA METOJOJIONI TiIoK Ta rpanuis (branch-and-
bound). 3anporonoBaHa MeTOONOTISI BXe Oy/a BUKOPHCTaHA aBTO-
pamu s po3B’sI3aHHS CHCTEM HENHIHHMX anreOpaiyHuX piBHSHb.
Merton Moxke OyTH BUKOPHCTAHHUI HE TUTBKH I CHCTEM OITOBHX piB-
HSIHB, @ TAKOX 1 JUTSl PO3B’SI3aHHSI CHUCTEM OITOBUX DPIBHSIHb HAJ JOBI-
JIBHUMH CKiHYeHHHMH mofisivu [anya GF(n). Baxmieoro ocobimBsic-
TIO 3aIIPONIOHOBAHOTO METOAY € Te, LIO BiH JO03BOJSE 3HAWTH yci
PO3B’I3KH CHCTEMH OITOBHX PIBHSHbB IPH Oy/Ib-SIKOMY CITIBBITHOIICH-
Hi KiJIBKOCTI 3MiHHHX Ta KUTbKOCTI PIBHSHB. Y CTaTTi HaBEJICHO ajro-
pHUTM, LIO peatidye MOCTIIOBHICTD Aiil, HeoOXimHy I peamizamii 3a-
MPOITIOHOBAHOT'O METOY PO3B’SI3yBaHHs CUCTEM OITOBHX PIBHSHbB. AJl-
TOPUTM BHUKOHYE IOCIIIOBHE 3HIDKEHHS MOPSIIKY CHCTeMH (KUIBKOCTI
3MIiHHHX). 3alporOHOBaHa METOIHMKA € CIIOPIAHEHOI OO METOJUKH
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Constrained Propagation, 1110 BUKOPHCTOBY€THCS Y 3aa4ax PO3B’si3aH-
HSI CHCTEM HEJHIHHUX anreOpaiuHuX pIBHSHB Ta 3a7ad IJI00aIbHOL
MiHiMi3ail QyHKiH. Takox y cTaTTi HABSICHO YMCENbHI NPUKIIAMN,
10 JEMOHCTPYIOTH pOoOOTY METOAa MPH PO3B’SI3aHHI CHCTEM OITOBHX
PIBHSIHB Y BUNAJKY KBaJpaTHYHUX HeliHiiiHOCTeH. [IpH 1IbOMY Takox
JOCTI/DKEH1 pi3Hi KOMOIHAIi KiJTBKOCTI PiBHSIHB Ta KUJTBKOCTI HEBITO-
MHX, @ TAKOXK OKPEMO PO3IIISIHYTO BUIMAIOK PO3PIHKEHOT CHCTEMH PiB-
HstHB. [Toka3aHo, 110 METO/ Mae nepeBary B KUIBKOCTI oIiepamii mepex
METOJIOM MPSIMOTO TIEpeOOPy MOMKITMBUX PO3B’SI3KIB CHCTEMH PIBHSHb.

KurouoBi ciioBa: 6imogi pisusinms, Memoo 2iiok ma epanuyb.

Beryn. Po3p’sizanHst piBHSHB Hajl OITOBHMH IOJSIMU — aKTyallbHa
3aja4ya, 30KpemMa Juist Kpunrorpadii, Teopii 3aBagoCTIHKOrO KOIyBaHHS,
pobGoTexHiku Ta iHmmx obnacreit [1]. Jns po3s’s3aHus 1€l 3a1a4i BUKO-
PHCTOBYIOTHCSI 0arato pi3HHX MiJXOIB, BKIIOYAIOUM JIiHEApHU3allil0 CHC-
TEM PiBHSIHb, AITOPUTMHU, 110 0a3yroThcs Ha Oasuci ['pebuepa [2], MmeTonu
MPSIMOTO TIepedopy Ta iHIII.

Y cTarTi 3amporoHOBAaHO METOJI PO3BSA3yBaHH: OITOBHUX PIiBHSIHB BUTY

fi(X, . X,)=0,i=1...,m Q)
Haj noneM GF(2), Tob6to X €{0,1},1<i<n.

3anpornoHOBaHHI MeTon po3BsizaHHA cucteM (1) Oasyerbcs Ha
MeTozoorii risok Ta rpanuik (branch-and-bound) [3], sxa Bxe Gyna 3a-
CTOCOBaHA aBTOpaMHU B poOOTi [4] mmis po3B’s3aHHS CHCTEM HENiHIHHHUX
anrebpaiuaux piBHSIHBb. OCOONMBICTIO METOAY € T€, IO BiH JO3BOJISIE
3HAaNUTH yCl PO3B’SI3KM CHUCTEMH OITOBUX PIBHSHB MPH OYyJb-SIKOMY CITiB-
BITHOIICHHI KLIBKOCTI 3MIHHHX Ta KiJIbKOCTI PiBHSHb.

Omnuc anroputmy. OTKe, MU pO3IIIsiAaEMo cucteMy piBHsHG (1). Ha
MOYATKY, TTOB’SKEMO 13 3MIHHUMH X, ,..., X, BEKTOpP CTaHYy (X,...,X,) , KO-

JKHA 3 KOOPJIMHAT SKOT0 Moxe mpuiiMatu 3HaueHHs «0», «1» u «2». 3Ha-
yeHHs «0» Ta «1» € (hikcoBaHMMHU, a 3HAUCHHS «2» O3HAYa€, 10 BiIMOBIJ-
Ha 3MIHHA MOX¢E MPUUMATH OJTHO 3 MOXJIMBUX 3HAYCHB: «0» ur «1».

Ha mouaTtky poOOTH alrOpUTMy BEKTOP PO3B’SI3KiB IILJTKOM CKIIafa-
€ThCA 13 3HAUCHB «2». (Xy,..., X;) = (2,...,2) . B mporeci pobotu anroputmy

BEKTOp CTaHy, B IKOMY € 3MiHHA, [[[0 MPUAMAE 3HAUYCHHS «2), 3aMIHIOETh-

Csl Ha JIBa BEKTOPHU, B KOXKHOMY 3 SIKHX 1151 3MiHHA npuiimMae 3HaueHHs «0»

Ta «1» BiamoBigHO. Y pe3ynbTaTi, PO3MIpPHICTh (KUIBKICTH HEBIJJOMHX)

cucremu (1) 3HMKYETHCS, MOHANMEHIIE, HA OAUHUINO. [Tics mijgcTaHOB-

k1 3Ha4eHb «0» un «1» B KOXKHE 3 PIBHSHb MOXIIMBI HACTYITHI BapiaHTH.

1. Sxmo mu orpumanu piBHsHHS 1 = 0, TO JaHMK BEKTOp 3MIHHHUX Mae
Oytu BinkuHyTHM. PoOOTa anroputMy mo AaHiil il 3ynuHIE€ThCS.

2. Slxkmo mu orpumainu piBHsSHHS 0 = 0, TO yci 3HaYeHHS 3MIHHUX, CyMic-
Hi i3 JaHUM BEKTOPOM, € PO3B’S3KOM MJIsl TaHOTO PIBHSAHHA. BUKOHY-
€ThCSI TIEPEXiJl 10 aHANI3Yy HACTYITHOTO PiBHIHHS.
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3. Skmo TOTOYHE PIBHAHHS MOXHA MPEACTABUTH Y  BUIJISII
Xj9(Xg,..., X,) =1, TO poOUTBCS BUCHOBOK, 10 X; =1.

4, Slkmo TOTOYHE PIBHSHHSA MOXHA TPEACTABUTH Y  BHUIJISLII
(1=x;)9(X,..., X,) =1, TO pOOUTBCS BUCHOBOK, O X; = 0.

5. Slkmo mepepaxoBaHi YMOBU HE BUKOHYIOTHCS ISl JKOJHOTO 3 PiBHSIHB
Ta y BEKTOpi CTaHy INPHCYTHE, IIOHAWMEHIE, OJHE 3HAUYCHHS «2)
(TO6TO X, =2 17 AedKoro iHgekcy K ), To BEeKTOp cTaHy (Xj,...,X,)
3aMiHIOETHCS Ha JIBa BEKTOPH, B SIKUX 3Ha4eHHA K -1 KoopamHATH Opi-
BHIOE «0» Ta «1» BIiAMOBigHO.

ExcrniepuMeHTaNBHI pe3yabTaTh. Y J1aHOMY JOCIHIKEHHI MH PO3T-

JA7a€MO BUMAJIOK, Y sskoMy QyHKIIT f; € KkBagpaTHIHUMH:

n n
fOG X)) =3+ D by Xy + D CyXeXii=1,..,m 2
k=1 k,I=1

ne a,by ¢y €{0,1}. He BTpauaroun 3araabHOCTI PO3IISANAHHSA, MOXKHA
IPHUITYCTUTH, IO Cj; = 0,i>j.

Ha mouatky po3aMBHMOCH IPOCTHI MPHKIAM, IO SBISIE COOOKO CHC-
TEMY i3 OJTHOTO PiBHSHHS 3 TPhOMa 3MiHHAMU:

Xy + Xy + XXy + X Xg + XoXg +1=0. (3)

Jiarpama po3B’si3aHHs piBHSHHA (3) 332 JOMOMOTOKO 3alPOIMIOHOBAHOTO
ropuTMy 300paykeHa Ha PHCYHKY. SIK BHIHO, OTPUMAHWUMH PO3B’SI3KaMU
piBHAHHA (3) € {X =0,%X, =1, %, =0}, {X =1%, =0, X =0}, {} =L x, =1}
(s OCTAaHHBOTO PO3B’SI3KY TPETS KOOPAMHATA MOYKE MPUIMATH JOBLUIBHE 3HA-
yenHst). Takox 3a3HaYMMO, 10 KUTBKICTh TiJIOK (TOOTO MiJICTAHOBOK) B JIEPEBI
cKmaziae 4, 10 € MEHIINM, HiXK JUTS TIPSIMOTO TiepeGopy poss’sikis (22 = 8).

(2.2.2)

X +x, Fxx, X% +xx+1=0

7N

(0,2,2) (1,2,2)
X, +x,x, +1=0 X +x,x,=0

{1 y le
x(1+x)=1

ﬁ (1,0,2) (1,1,2)

x =0 0=0
x,=0,x =1 posg'azox  poze' A30K
poze' a30K (1,0,0) (11,2)
(0,1,0)

Pucynox. [liacpama po6omu memooy npu po3e’sizanui pignsnns (3)
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3a3Ha4yMMO, 110 SKIIO JOJATH 10 CHCTeMHU (3) 1Ie OJTHE PiBHSIHHS
{xl + Xy + X Xy + X Xg + X X3 +1=10;
X+ Xy + X3 + XX, =0,

TO MM OTPUMYEMO JIMIIE OAMH Po3B 130K {X; =1,X, =1,X; =1} 3a paxyHokK
YCBOTO JIBOX MiICTAHOBOK.

Sk iHMMA TPUKIIAA PO3TITHEMO cucTeMy (2) 3 koedilieHTaMu, 1110 3
PIBHOIO WMOBIpPHICTIO TpuitMaroTh 3HaueHHS «0» Ta «1». 3ajexHicTh Ki-
TBKOCTI po3B’si3KiB (N, ) Ta KiTBKOCTI MifCTaHOBOK anroputMy ( N, ) Bix

mapaMeTpiB m =16, n =16 HaBemeHO y Tabm. 1.

Tabmums 1
(m,n) N, N
(16,16) 12193 1
(12,16) 13133 15
(8,16) 12985 271
(8,16) 12985 271

3a3Ha4nMO, 110 KiTBKICTh T'JIOK (IiICTAHOBOK) y Oy/Ab-sIKOMY BUIIa]-
Ky € MEHIIIO0, HiX Il TIPSIMOTo mepebopy pos’askis ( 2% = 65536 ).

Tenep posrnsgHeMo BUMagoK pospigxeHoi Mmatpuui C ={c,,} i3 po-
pmymu (2). KoeoimieHT 3amoBHEHHS pO3PIMKEHOI MATPHIlL CTAaHOBUB
2.6 %. 3anexHiCTh KiJIbKOCTI PO3B’SI3KiB Ta KUIBKOCTI ITICTAHOBOK aJro-
pUTMY Bija napaMeTpiB (m,n) HaBeAeHO y Tadu. 2.

Tabmrs 2
(m, n) N, Ny
(16,16) 2735 1
(12,16) 2185 11
(8,16) 6575 242

VY 1pOMy BHMaJIKy MH TaKOX CIIOCTEPIraeMo, 1110 KUTbKICTh TLIOK (ITic-
TaHOBOK) Y OyIb-SIKOMYy BHIAJIKy € MEHIIOI, HiX JUIsl MpsIMOTO Tepebopy

po3B’s3KiB ( 2'° = 65536 ). 3aeKHICT KiTBKOCTI PO3B’sI3KiB ( N, ) Ta KilbKO-
CTi mifcTaHOBOK anroputMy ( N, ) Bia mapamerpiB m =16,n =16 HaBeleHO
y Tabmn. 2.

BucHoBKkH. Y cTaTTi 3aIIpOIIOHOBAHO METOA PO3B’s3yBaHHs OITOBHX
piBHSHB, IO 0a3yeThcs HA METONOJNOTI TiIoK Ta rpanuns (branch-and-
bound), a TakoX anTOPUTM, IO peani3ye MOCTiAOBHICTD IiH, HEOOXiTHY
JUTSL pealizaiii 3aImporioHOBaHOTO MeToy. HaBeZeHo YrcenbHi IPUKITa,
0 JEMOHCTPYIOTH pOOOTYy METOAY NpPH PO3B’SI3aHHI CHCTEM OIiTOBHX
PIBHSHB Y BUINAJKy KBaJgpaTHYHUX HemiHiiHOCTeH. Ilokasano, mo meron
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Ma€ TepeBary y KiTbKOCTI Omepalliii mepen MeTon MIpsSMOro mepedopy
MOJKJIMBHX PO3B’A3KiB CHCTEMH PiBHIHB.

Meron Moxe OyTH y3arajJbHEHHUH Ul pO3B’si3aHHS PIBHSIHB HaJ 110-
v GF(n),n>2.

Moaska. Cemenos B. 0. Bucnosimtoe nogsky mpodecopy BigeHchb-
koro yHiBepcuteTy A. Holimaliepy 3a BaxIMBI NOpajM NpU BHUKOHAHHI
I[LOT'O OCJIiPKEHHSI.
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METHOD FOR THE SOLUTION OF SYSTEMS OF BIT
EQUATIONS BASED ON BRANCH-AND-BOUND PRINCIPLE

Solution of systems of bit equations is an important task for the cryptog-
raphy, theory of error-correction coding, information coding, robotechnics,
astrophysics and other fields. In this paper we propose a method for the solu-
tion of bit equations based on the branch-and-bound methodology. The pro-
posed methodology was already used by the authors for the solution of sys-
tems of nonlinear algebraic equations. The method can be applied not just for
the systems of bit equations, but also for the equations over arbitrary finite
Galois field GF(n). The important feature of proposed method is that it al-
lows to find all solutions of system of bit equations for any combination of
number of equations and number of variables. The algorithm for the imple-
mentation of the proposed method is given. The algorithm performs subse-
quent decreasing of the order of the system (i. e. number of variables). The
proposed methodology is close to the method of Constrained Propagation
which is used for the solution of the systems of nonlinear equations and
global minimization tasks. Numerical examples demonstrating the applica-
tion of the method to the solution of systems of quadratic bit equations is also
shown. Different combinations of the number of variables and the number of
equations are considered. It is shown that the method has advantage over the
direct search approach for the solution of the system of bit equations.

Key words: bit equations, branch-and-bound.
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