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FROM ERROR THEORY TO MODERN
COMPUTER TECHNOLOGIES

The article summarizes the development of computational mathematics
during 50 years’ period (1969-2019) in the field of accuracy and efficiency
of computational algorithms.

In particular, it is emphasized on the global error of the computational
algorithm (c. a.), estimates of its quality, the formulation of computations
optimization problems, computational algorithms that are optimal in accu-
racy and processing speed, reserves of calculations optimization, testing
the quality of applied software, computer technologies solving the prob-
lems of applied and computational mathematics with the given values of
quality characteristics in accuracy and processing speed.
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PELUEHUE OBPATHOVIV3AD,A‘-IVIVK YABOEHMIO
TOYKU CKPYYEHHOU KPUBOU 3BAPACA
HAQ KOHEYHbIM NMONEM

[Momyueno penrenue 3agadun 0OpaTHOM K yJBOCHUIO TOUKH JUIS
KPHUBOH TpeCTaBICHHOH B CKpydeHHOH (opme DaBapaca. Ilomy-
YEHBI OLICHKU CIIOXHOCTH OTEpaIMH AENEHHS Ha /IBa B CPaBHEHUU
¢ y/BOEHMEM TOuKu. HaliieHo 0lHO M3 mpUIIOKEHUH CBOMCTB Je-
JIMMOCTH TOYKH Ha ABa AJI ONPEACIICHUA MOPAAKa TOYKU B KPHUII-
TOCHCTEME OCHOBAHOM Ha MpobsieMe TUCKPETHOTO Jiorapudma.

HaiineHsl HEOOXOANMBIE W JOCTATOYHBIE YCIIOBHS JIETMMOCTH

Toukn G =(X,Y) kpueoil E,, Ha 2. HccremoBaHO BO3MOX-
HOCTb NPUMCHCHUA HAHHBIX KPHUBBLIX 1JI I'CHEpalu Kpl/ll'lTOCTOI\/'l—
KOH mocienoBaTeabHOCTH OONBLIOTO Mepuoaa. BakHoCTh omepa-

LUK JISIUMOCTH TOYKH HA 2 NPU KPHUNTOAHAIU3E yXKE YACTUUHO
3aMedeHa Kpunrorpadamu.
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HccnenoBaHbl Bce BO3MOMKHBIE KOMUYECTBA PE3YIILTATOB OT JElie-
HYS TOYKHU Ha JIBa U 3aBUCUMOCTH 3THX KOJIMUECTB OT JACIMMOM TOUKH.
HccnenoBanbl HEOOXOIMMbIE U JIOCTATOUHBIE YCIOBHS CYILECTBOBA-
HUS 4 pasHBIX MPooOpasoB ToukH G = (X ,Y) IIpU JIEJICHUU €€ Ha
nBa. CriapuBaHue Ha JPYXKECTBEHHBIX JJUIMNTHYECKUX KPUBBIX IPO-
CTOrO MOPSAAKA WIX ITOYTH POCTOrO MOPsIKa €CTh OYEHb CYILECTBEH-
HBIM BO MHOTHX KPHUNTOrpaMYecKHX MPOTOKOJIAX BUIA KOPOTKOW
1 POBOI MOAHICH JIIUTETHHOTO HCIIONB30BaHHs.

KawueBbie c10Ba: koueuHoe none, SAIUNMUYECKAs KPUBAS,
Kpusas J0sapoca, nopsiooK Kpueoll, NOps0OK MOUKU ILIUnmuie-
CcKOU Kpueou, cumeon Jlexcanopa, Keaopamuunvliil eviiem, Keao-
PaAmuyHbill Hegbluem.

BBenenme. Mul paccmaTpuBaeM aireOpandeckue KpuBbie B (hopme
OnBapnca [1] Hag TpoCTEIM TTOJIEM F, , KOTOpBIE ceiiuac SBIISIIOTCS OHH-

MH 13 Hauboliee MEepCHEeKTUBHBIX HOCHUTENCH TpYI, HCIOIb3YEeMBIX B
ACHMMETPHUYHBIX KPUIITOCHCTEMAX.

Hens podoThl — mONydYeHHE HOBBIX [2, 3] W yTOYHEHHE CTaphIX
KPUTEPHEB IEIMMOCTH TOYKM KPUBOW HE TOJBKO HAIIOMOJaM, HO M Ha 4
Hax moneM F .. BaXHOCTh Omepainun AenMMOCTH TOYKH Ha 2 mpu KpHII-
TOAaHAIM3E YK€ YaCTHYHO ommcaHa B pabote A. B. Beccanosa [4]. Hama
1eNIb HAWTH 3TH YCJIOBHMS M HMCCIIEA0BaTh BO3MOXKHOCTH MX NPUMEHEHHMS
JUIsl CKpy4eHHOH kpuBod DnBapaca. [lycte E — eMHUYHBIN dJEMEHT B
rpyImmne To4eK KpuBoi E, ;.

OcnogHoii pesyibrat. Ckpydyennas kpusas Onsapaca E, ; nMeer Bun
ax®+y? =1+dx’y?, a,deF,", ad(@a-d) =0, d =1, p=2 a=d.(1)

IMon memmmocthio Touku (X; Y) momonamM MOHMMAeTCsl HaXOXKICHHUE
ee mpoodpasa, To ecTh TOUKH (X; Y), KOTOpasi MpU NPUMEHEHHH (HOPMYIIBI
ynBoeHus TOUKH [ 1] naet B pesynbrare Touky (X; Y).

Teopema 1. IIycte G = (X; Y) — Touka CKpy4eHHOH KpPUBOH -
Bap/ca. Torna HEOOXOAMMBIM YCIOBUEM AEIUMOCTH Toukd G Ha 2 sBis-
eTcsl yCIIOBHE

1-ax?
p

Joxka3zaTteabcTBo. /1 CKpydeHHON KpUBOW DnBapica 3aKOH yABOe-
Husd [4, 9] umeet popmy

= -1,

yf + axl2 1- dxl2 yf

2(%, ¥1) =
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OTCIO/1a, BOCIIOJIb30BABIINCH YPABHEHUEM KPHBOI, MBI BEIBOAUM MOAU(H-
LIUPOBAHHYIO (OPMYITy CIIOKEHHS TOUKH C COOOM:
2

2%y Y. ax,’
2(x1,y1)=[ SIS zlzjz(x,v)ze. 3)
1+dx y; 1-dxy;

2% Y,

= X PpaBHOCHIIBHOE dxx?y? -
2,2
1+dxy,

Paccmotpum ypaBHeHHE
—2xy+X =0, mpu 1+ dxl2 Y12 # 0, ¥ IpUMEHUM 3aMeHy t = x;y,, mocyue
4ero nosyuaeM ypasuenne dXt? —2t+ X =0, peleHue, KOTOPOro Cylie-

1-dx? 5
CTBYET TOTJla ¥ TOJIBKO TOrnaa, korga | —— (=1 (I/IJ‘II/I eci 1-dX“ =

1+1-dx?

=0(mod p) ). Pemenns umerot Bux t, , = —ax OHH CYIIIECTBYIOT

1-dx2 1-dx2
eciu [ 1 J =1. CormacHo ¢ JemMmoii 1 wuMeeM ( L J =
p p

1—&1x12 o
= . W3 ypaBHeHus (2) mmeeM Ui TEepBOH KOOPIWHATHI OJHO

YpPaBHCHHEC
2% Y,

=X.
yf +ax12

Crenas 3aMeHy U = — , KOPPEKTHOCTb KOTOPOH CIIEAYET U3 HE JICIH-

Y
X
moctn Touek Dy, =(0,+1) BTOpOro mopsiaka Ha 2 a TaKke 2 0COOBIX TO-
4ek [3] BBUIY TOTO, YTO 3TO TOYKH JJII KOTOPHIX 3aj]1a4ya JeJeHUs Ha 2 He
MMEeT CMbIC/IA a APYrux Touek Buaa (0,Yy) He CyIIECTBYET, IOIy4aeM

2u

> =X wm 2u=X@u’+ad). Ilepenucas nocnenHee ypaBHEHUE Kak
u“+a

KBaJIpaTHOE OTHOCUTEIBHO U IOJIy4aeM Xu? —2u+Xa=0 , T1Ie ompene-

2
murens D, = 4(1-aX ). ITostomy, cornacHo nemMMme 1, IMeeM ypaBHEHHUS

dXt? —2t+X =0, u Xu®’-2u+Xa=0 peueHys KOTOPbIX CYIIECTBYIOT
WIH HE CYIIECTBYIOT OJHOBPEMEHHO. DTO JaeT BBIPAXKEHUS Ul KOOPAU-

HaT TOYkH P = (x;, ;) ! X; :«,tjuj_l,yj = ,,tjuj j€{0,1}.
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2X
[MpupaBHHMBasi JeBble YacTH  PABEHCTB % =X u
1+dx°y,
2% Y1 2,2 2.2
— 5 =X, momydaem ax; +y; =1+dx;y;, TO €cThb HOJyYEeHHBIE
y; +ax

napbl KOOPAUHAT (X;,Y;) YHOBIETBOPSIOT yPaBHEHHIO KPUBOW. 3aMeTHM,

YTO BMECTE C ( X, BBIIIC YKAa3aHHBIC ABHCHUA YAOBJIICTBOPAIOT TOY-
10 )1

Y1 Y1
KH (=X, = Y1), [ === =X || =% |-
Va Ja
IIpoaHanu3upyeM, KAaKHE M3 MOIYYEHHBIX TOYEK YIOBJIECTBOPSIOT
ypaBHEHHME YABOECHHUS TOUKH II0 2-0if KOOpAHHATE

yr —ax®
1- dxl2 yl2
. , 1l-ax?
IpeoGpasyem ypaBHeHne kpuBoii (1) kak Y = ———, MOACTaBHM
—dX
2% Yy
TMoNyYeHHble X = ——=— 1 0003HA4YUM X =X, Y =Y, , TOr1a
1+dxy,
A M
vz _1-aX 2 _ (y? +ax?)? _ (y? +ax?)? - 4at? _ (y? +ax?)? - 4at’ _
1-dx? L d 4t (y> +ax?)® —4dt>  (1+dt?)? —4dt?
y? +ax?

(P -ad)? (' -ax?)?
@-dt?)?  @-dx?y?)?
[TosToMy TOMy4MIM ypaBHEHHE, KOTOPOE 3aJacT BTOPYIO KOOPAWHATY
HOIYYCHHYIO B PE3yIbTaTe YABOCHHUS TOUKH (X, Y;). DTO ypaBHCHHE MBI

HCIOJIB3YEM I BBI60pa MMpaBHUJIBHOTO W3 JOHNOJHHUTCIbHBIX KOpHeﬁ

(=%, =¥1): {—L,—le, [L,xlj K HCTHHHOMY KOpHIO (X;,Y;). Ta-

KUM 00pa3oM, BTOPOE YpaBHEHUE YAOBJIETBOPSIOT TOYKU (X, Y;) H

(=%,,—Yy,). 3amerum, uro (—X;,—V;)=(%,Y;)+D. VYuursBas, d4ro

v —dx?y? =1-ax? orkyma y; (1-dx?) =1-ax’ momydaem

1-ax’ B 1-dx?
p p
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W3 paBeHcTBa (2) a7st BTOPOl KOOPIAUHATH IMEEM
yr —ax,’ _
1-dx’y; )
IockonbKy MbI BBEIIU 3aMEHY IIEPEMEHHBIX t = x;);, TO IOCIEIHEE
YpaBHEHHE IIPUMET BU]{ yl2 - axl2 =Y (@-dt?). OTKyna, mosyyaem

t2
— —ax’ =Y(1-dt?),
X

t? —ax* =Y (1-dt?)x?,
ax* +Y(@1-dt?)x? -t =0.

Otkyna
o Y(dt2 -1+ Y2 @—dt)? + 4dt?
x° = : 4)
2d
1+41-dx?
Ilocne MOACTAHOBKY 1, , = Ty e
, Y3, -1+ \/Y 2(1-dt?,)? + 4dt?,
X o = > . (5)

3aMeTHM, 4TO 3HAKM + mepes BhIpakeHHaMH \1—dX? OIMHAKOBBL.
ITockonbKy 3TH KOPHH SIBISIIOTCSI CONPSHKEHHBIMU NPPAlIOHATIBHOCTSIMH, TO
TO4YKa (*+X,%Y) YIOBIETBOPSIOT OXHOBPEMCHHO YPABHCHHIO KPHBOIi, 4ero
JIOCTATOYHO  JUI  BBIIOJIHEHMS  ycJoBUMl  Teopembl. Kpome Toro,
, 12 (@1-dX?)?
Y - dx®

X2

ycnoBueM (4), noJoKeH ObITh KBa/[paTHieckuM BbraetoM B I 3amernm, uto

, TO €CTb dIeMeHT 0X, TAe x OIperensieTcs

00a xopHH ypaBHeHHH (4) 1 (5) ABISIIOTCS CONPSHKEHHBIMU UPPAIMOHAIBEHO-
CTSIMH, TIOSTOMY €CIIM OJIMH W3 HHX YJOBJICTBOPSICT yPaBHEHUIO HaA Z WU

Han F,, TO oneMeHTBI mosydeHHbIE B pe3ylbTaTe ONEpALMi CIIOKEHW,

YMHOXEHHS M BO3BEICHUS €T0 B HATYPAIBHYIO CTEHEHb TOXKE BCE EMY YIO-
BieTBOpstOT. Ilo3TOMY BCe Hali/leHHbIE KOOPIMHATHI YAOBIETBOPSIOT YpaB-
HeHnto KpuBoi (1) M ypaBHeHHIO omnepanmu yaBoeHus. Omnepariyist AeleHre
TOYKH TpeOyeT 4 yMHOXKEHHS 1 2 M3BJICUCHUS KOPHS B 1oJIe U | MHBEpCHH.

1£41-dX? , 1441-dX?
xR

HpI/I 3TOM 3HAKHU «+)» WU «—» MOACTABISIIOTCS B 00enx I[pO6HX OJIMHAKO-
152
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BbIM o6pa30M. A NOJIYUYCHHBIC BBIPAKCHUA 0003HaYaeM Kak g, A «t» u

KaK (, IJIsd 3HAKa «—».

Teopema 2. Jlns nr000ii Touku A, MONycKaroIei AejIcHUE HAABOE,
CYIIECTBYET CTOJBKO K€ TOYEK CO CBOHMCTBOM 2B = A, CKONBKO cytie-
CTBYET Ha KpUBO#l Touek D , st kotopeix 2D = E .

JokazareabcrBo. Ilycts D;, i€ 2,4 cemMelcTBO TOYEK YIOBIETBO-
psaomux ycnosuto 2D = E. Torma xaxnas W3 HUX YJOBIETBOPSIET U

ypaBHeHuto 2(B+D;) = A, KOTopoe IO CyTU €CThb ypaBHeHUe (2), rue

Touka B+D; =(X,Y;) M YHOBIETBOPAET YCIOBHIO  2(X,Y;) =
2 2

= 22X1Y1 =, 1 —alez =(X,Y). Heficteurensro 2(x, y;) =2(B+D;) =
y; +ax,” 1-dxy;

=2B+2D,=A+E=A TIlooToMy COBOKYIIHOE KOJHMYECTBO DEIICHHI
ypaBHeHUsI (2) paBHO KoJW4ecTBY pemeHnit 2D = E .

3ameyanune. HeoOX0AUMBIMU U JOCTaTOYHBIMH YCIOBHAMHU JEIUMO-
ctu touku G = (X,Y ) kpusoit E, ; Ha 2 sBseTCs ycnoBus

1-ax?
p

Joxa3aTeiabcTBO. [I0CKONIBEKY MMOTyYeHHOE B PE3yIbTaTe JICICHUE Ha
2 TouKy (X;,Y;) HE 0043aTeNbHO JIEKUT HA HCXOJHON KPUBOH. XOT OHA 1

#=-11 (X, ¥)eB, 4.

YIOBJIETBOPSIET YPAaBHEHUSAM yIBOCHHUS TOYKH (2) u (3), MOKyAa MBI MO-
JKEeM TIONy4uTh Takyio mapy (X; Y), kotopas He Ha kpuBod E, , B cuiy

TOrO, 4TO MbI He NOTpeboBanu BbinoaHeHus (X,Y)e E, . Beuny Ttoro,

4TO TpymHa TOYeK KpuBOH E,,(F .) He sBIsETCS OrpaHHYCHO ACIH-

moii [8] T. e. He ans moboro ne N,n<m u geG ypasuenue X" =h

umeer pemenre h € G, To 3TO He BBINOJIHAETCA aBTOMAaTH4ecku. IMEHHO
Mo3TOMYy COPMYITHPOBAHHOE B TEOpEME 3 YCIIOBUE SIBIISIETCS JIUIIb HEOO-
XoauMbIM. JlononHuB ero yciaosueM (X;,Y;) € E, 4 MBI IOIy4nM clemy-

ot kpurepuit. Jlenenue rouku tpedyer 4M, 2S u I B Fp" .

CaencrBue 1. HeoOX0MuMBIM U JOCTATOYHBIM YCIIOBHEM CYIIIECTBO-
BaHUS 4 Pa3HBIX TOYCK, JUIsI KOTOPBIX PE3yJIbTAT yIBOCHHUS paBeH G, sBIIs-

2
eTes: (&):1 u (g)zl.
p p

2
Caencrue 2. Eciu (ﬂ) =1 HO (&) =0 u (g—2 =0, To mst
p p p

toukn A = (X, Y) cymectyer mu6o 2, 1u60 4 mpoobpasza B 3aBHCHMOCTH
153
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oT KojuuecTBa Touek D , co cBoiictBoM 2D = E . [locnennee onpenens-
ad

ercs yeaouem | — | =1 [2, 3, 7].
p

2

1-—
CaencrBue 3. Eciin [ ];ﬁ -1 u (x,y) e E, 4, TO CymecTByET

2 npooOpasa mpu [ﬂj = -1, mu6o 4 npu (ﬂ] =1.
p p

I[OKa?)aTeJ'IBCTBO OCHOBBIBACTCA Ha TCOPEME 2mu yCJI0BUH CYIIECTBO-

ad
BaHMs 0COOBIX TOUEK 2-T0 NOPSIKA 3aIICAHHOTO KaK [— =1[2,3, 7]
p

BeiBoa. B pabote mccnenoBaHa oOpaTHas omepanust K yJBOSHHIO
TOYKH JUISl CKPYHYEHHOM KpHBOM DaBapica HaJl KOHEUHBIM HOJIEM.
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A SOLUTION OF THE INVERSE PROBLEM TO DOUBLING
OF TWISTED EDWARDS CURVE POINT OVER FINITE FIELD

A solution for the inverse doubling problem is obtained for elliptic
curves represented in the twisted Edwards form. Estimates of the complex-
ity of the division operation into two are obtained in comparison with the
doubling of the point. One of the applications of the divisibility properties
of a curve point into two is considered to determine the order of a point in a
cryptosystem based on discrete logarithm problem.
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The necessary and sufficient conditions for the divisibility of a point
G=(X,Y) ofacurve E,, by 2 are found. The possibility of using these
curves to generate a crypto-resistant sequence of a large period is investigated.

All possible numbers of the result of the division of a point into two and the
dependence of these quantities on the dividend point are studied. The necessary
and sufficient conditions for the existence of 4 different preimages of a point
G =(X,Y) when dividing it into two are investigated. Pairing-friendly curves
of prime or near-prime order are absolutely essential in certain pairing-based
schemes like short signatures with longer useful life.

Key words: elliptic curve, twisted Edwards curve, curve order, points
order, Legendre symbol, square, non-square.
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NPO BMJINB NOXUBOK BUMIPIOBAHb HA IHTEPMPETALIIO
PE3YJNbTATIB JIASEPHUX EKCNEPUMEHTIB

Ha ocHoOBi BpaxyBaHHS i MaTeMaTHYHOTO aHaNi3y HE3HAYHHX
aTnapaTHUX NOXMOOK BUMIPIOBAHb PO3TIISIHYTI MPHUKIAIN iX BIUIUBY
Ha (Qi3UYHy IHTEPHPETALio JIA3epHUX EKCIIEPUMEHTAIbHUX JIOCITi-
JokeHb. [IpoBeneHnit HaMu aHaIi3 MOKa3ye, IO ITHOPYBaHHS (QaKTy
HassBHOCTI ITOXHOOK MOXK€ MPHU3BECTH JIO0 MOMHIKOBHX BHCHOBKIB
00 Gi3uYHOT CyTi PO3TISAHYTUX ONTHYHHX SIBHIIL.

Kunro4doBi cioBa: noxubku eumiprosans, exchepumenm, inmep-
npemayis, anpoxKcumMayis.

Beryn. Ha mpuHnmnoBe 3Ha4eHHs OCTOBIPHOCTI iHTEpIIpeTanii pe-
3yNnbTaTiB (I3UYHUX IOCHTIPKEHb 3BEpPTalW yBary BHAaTHI BueHi [1, 2].
Tak, B po6OTI [2 c. 3] ckazano: «by/b-siKe HaAyKOBE JOCIIKEHHS B rays3i
(1)13141@1 (i He TiINBKH B Tay3i (1)131/11(1/1) 6e3cyMH13H0 OB’ s13aHe 3 iHTEpIIpe-
Talli€l0 OTPUMAaHMX pe3yibTaTiB. Taky iHTEpHpeTalilo 4acTo Ha3WBaIOTh
«3'aCyBaHHSIM (I3MYHOTO CEHCY» ab0 JOCSITaHHSAM «PO3YMIHHS» THX
SIBHII, SIKi JTOCHKYIOTh. 3a3BHYaii, iHTepIpeTarlis Gpi3HaHOro SBHIIA Bi-
noOpaskae piBeHb PO3BUTKY HayKH B JJaHWH MOMEHT 4acy, i TOMy BOHA HE
€ a0COJIFOTHOIO, 8 MOXE 3MIHIOBATHCS 3 IUTMHOM uacy». Jlo OCTaHHBOTO
3ayBakeHHS MOJKHA JIMIIE NOAATH, IO IHTEpIIpeTarlis BimoOpaxae, KpiM
YCBOTO 1HIIOTO, PiBEHb IHTENEKTY, OCBITH, HAYKOBOTO JOCBIIY 1 T.J. AOC-
JIHUKA, SIKUA 11 peanizye. [HTeprnperaliist pe3yibTaTiB HAyKOBOro (izuu-
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