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THE JOINT APPROXIMATION (w, f) — INTEGRALS
BY FEJER’S SUMS IN THE METRIC Lp

We know, that any summable periodic function is answered its
Fourier’s series. Therefore, it is naturally to approach it by trigonomet-
ric polynomials, that are the part’s sums of their series, they are named
the Fourier’s sums. Sometimes the Fourier’s sums very slowly ap-
proach to it, sometimes they do not approach (the example of the con-
tinuous function with divergent Fourier’s series in some points was
made Du Bois Reimond in 1876 y.). This fact induced mathematicians
to search other sequences trigonometric polynomials, that they would
gather to their generative function or that would uniformly gather to it
on all space. Clear, that most successful in understanding of speed of
convergence there is a sequence of its polynomials of the best ap-
proaching to the function. But, unfortunately, an operator of the best
approaching is not linear. It complicates the construction of polynomi-
als of the best approaching in large part, and, therefore, their use.

If to examine the linear methods of summarization Fourier’s
sums only, then matrix summarization the gives great class of such
methods. One of these methods there is Fejer’s method, the method
middle arithmetic of the first n Fourier’s sums.

In this work the asymptotic equality are found at n — o of up-
per bound of the value of the joint approximation by Fejer’s sums
of the order n of functions, that have a derivative in sense of Ste-
panets, in the case of an achievement of the saturation, in the met-
ric of space of integral at p degrees functions. The main member of
an asymptotic decomposition is selected and the order of the resid-
ual member is shown also.

Key words: Fejer’s sums, the joint approximation, the deriva-
tive in sense of Stepanets, an intrgral metric.

Problem statement. Let ¢(x) — summable 2z — periodic func-

tion and
a o0
S[e]= ?O+ D" (8 cos kx + by sinkx)
k=1

its Fourier series is, y (k) — random sequence, S € R . If a series

92 © V. A. Sorych, N. M. Sorych, 2019


Andrey
Машинописный текст

Andrey
Машинописный текст

Andrey
Машинописный текст

Andrey
Машинописный текст


Cepig: ®isvko-maTemaTuyHi Hayku. Bunyck 20

iz//(k (ak cos[kx+ﬁ7j+bk s1n[kx+ﬂ”n=s[f]

k=1
is Fourier series of some function f (x) , then, according O. I. Stepanets [1],

we call this function (v, ) — integral of function ¢ (x) and designate

f(x)= I;; (95 %).

Let’s denote by L,, 1<p <o, the space of functions ¢ (x), having

I, [le ol d ]

and U g — a single bullet of this space with elements orthogonal to constant.

a finite norm

By L% , we will denote sets of (v, #) — integral of function ¢ €U g
Let’s denote by

m

Z (psx;a) z (fi(x)=o,(fi:%)),

where f;(x)= IZ' (p:x), o, (f;x) — Fejer’s sum of function f (x)
order n:

o, (fix)= nz:l[l—%j(ak(f)coskx+bk(f)sinkx),ai eR.

k=0
Let’s take value

5nm(Ug) max sup
’ ‘“‘lq)U"

I (7 x;a)”p (M
for joint approximation of classes L‘/ﬂ' by Fejer’s sums in the metric of
space L.

Formulation of the problem. In this paper we investigate asymptot-
ic behavior of & (Ug) with n — o and some limitation on the se-

quences y; (k) and numbers 2, (i = I,_m), and indicate the order of the

residual member.
It is well known (see [1]), that the method of summation of Fourier
series the Fejer method is saturated. So meaning that approximation order

can’t be better of n~', and the saturation happen if a function have the
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regular derivative of the first order. We will consider the following
(wi; B;) — integrals of functions ¢ €U g , having a derivative and satisfy-

ing the asymptotic estimation:

1 R
fi(x)—an(fi;x)_o[ﬁj, n—>oo(| :l,m).
Auxiliary statements. Following statements were proved in [4].
Lemmal. If the sequence y (k) is twice monotone, t.i.
Ay (k)=w(k)-w(k+1)20,
Ay (k) =y (k)-2yp (k+1)+y(k+2)=0,k e N, and kli_r)gyl(k): 0,
then

S(t)= Sy (k)sinkt = 0

for te[0;7].
Lemma 2. If the sequence y (k) is four times monotone, t.i.
Ay (k)=0,

Ay (k)=A(Ap(k))=0,
A (w (k) = A(A% (k) 2 0.4% (w (k) = A(A%y (K)) 2 0,

and lim y (k) =0, then function

k—o

C(t) = Z(y(k)cos kt
k=1
goes down te[0;7].

Lemma 3. If f(t) — even summable function, g; — odd summa-
ble functions and g; (t)>0 at t>0, then

a

max
Jeu|=1

a

dt:f

—-a

dt.

f(t)+ _m a;g; (t)

f(t)+§gi<t>

Lemma 4. If g(t) — odd summable funcnion, f; — even summa-
ble functions, and f;(t)<0, at te[0;C] ; f(t)>0, at te[C;a],

—a

i =1,m, then
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Lemma 5. Let g; (t) — odd functions and g; (t)=0, for te[0;a];
fi (t) — even growing functions on [0;a], all functions are continuous
fort e(0;a), besides

mes{tzzm:ai(fi (t)+g(t)):C}:

i=1
Then

Z“(f g(th-C(a)

i=1

dt,

S ()+g(th-C(a’)

i=1

a
dt:j

—a

max
‘a =1

—a

were C (a ) — constant of the best approaching in metric L of function

e () + 9 (1)

on [-a;a], a =(L1,....1).
The main part.

Theorem 1. If sequences ky; (k) are twice monotone and infinitely

small, then V(peUS,Vai eR

zn,m((o;X;a):%zai fi (X)+rn ((p;X), (2)

where

x):%]}(xﬂ)gk% (k)cos(kt+'8i2—”]dt,
I (2:0)], = 0@% (n)J~ 3)

Proving. According to [2, p. 52] under conditions of the theorem

f(x)-00 (%)= — [o(x+t) Sk, (k)cos[ktﬁz—”]dmm (). @
zn - k=1

|rn,i(x)|=0(l)¢i (n), q)eUg,n—)oo,izl,_m. %)
Because

—j¢(x+t)2kw. x)cOs[kt+'B' J dt=f, (x),

k=1
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then

Z (p: %) Zal fI Z %iai fi’(x)+ r(x).

Verify the justice of the estimate (3).
It is obvious, that

I (9, = Xl 4,

According to generalized Minkovski’s inequality (see, for example,

[3,p. 71])
%(I—Ejl//i (k)cos(kt+ ﬂ'z J

It 00, =<l
L

As it follows from proving consequence 3.5 ([2]), if the conditions of
fthe theorem are fulfilled, then for s =1 it is right relation

i(l—%}wi(k)cos[kt-&-ﬂ' j =0(w; (n)).

k=n L

So for (peug

I (4], - O[Zw <n>j.

The theorem is proved.
Consequence. If the conditions of the theorem are fulfilled, then for
Va; R

m

sup”z (s x;0) H :lsup D |, X)

(peUU p ﬂ-gang i=1

+0[ZI//. ] (6)
p
Because

Zal fI I (x+t) Za Zkl//, cos(kt+ﬂ' Jdt:
iol k-l

1 J. (x+1) Za( cosﬂ'——S (t)s nﬂiz—ﬁjdt,
where
=Zw:k(//i(k)coskt, Si(t):ik(//i(k)sin kt,

then, marking
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Fo(ta)= Zm:ai [Ci ('[)cos'B;—”—Si (t)sin ﬁ'z—”j’
i=1
we receive
m , 1 T
Eai f; (X)=; _[(0(X+t)Fm (t:ar)dt.

-

Apply once more generalized Minkovski’s inequality :

iai fi,(x)

1
< ;"Fm (t;a)"l_.

P
That is why it is right

Theorem 2. If for some & >0 sequences k'*’y; (k) are twice mon-
otone and infinitely small , then for Ve, € R and n —

6o (0) < Lman o ) +O[Zyx, J ™

Using Lemmas 1-5, it was proved that in the case f; € [0;1]U[2;3]

(i = I,_m) , ore the same g, e [1;2]u[3;4](i :I,_m) maximum in the first

element in (7) arrived at

o - l,if [0 1 o o [ 11 Al
~Lif B e[2:3] ~1,if B e[3:4]

k1+5

Theorem 3. If for some & >0 sequences w; (k) are twice mon-

otone and infinitely small, S €[0;1]U[2;3], ore the same

B e[l;Z]u[3;4](i :L_m), then for n —

I m (t;“*)“L * O@M (n)]- ®)

Enm (ug)_

Proving. It is known, that

zn

11, = squ
where
1 1
—+—=1,
p q
therefore
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s (X

Zm:ai fi’(x) = sup Th )T(/}(X+I)Fm<t;a*)dth=
= s Rk o
—Hsmp IF (t a )Ih @ (x+t)dxdt.
hy <1 -7 -

If the terms of theorem are exequted, than
g(t)= sign(Fm (t;a*)—C (a*)) = signsin(t —0*).

If
s? T 1
—, x==<—
2 21 2
QS(X)Z Ss S>05
V4 1
0, | X——|>—
{ 2| 2s

) —odd 2z — periodic function, h, (x)=signcos (t + 9*), then, as

proved in [4],

hy (x)* 95 =g (t)+b(t),

where

at

Io(t) <1, b(t)=0

Vs 1
t+—(<—.
2 2s

With proper choice’s conditions for s can be provided conditions

o (x)eU g, therefore

98

T Fr (t;a*)b(t)dt = O[il//i (n)}

-7

Then, as follows from (2), (3) and (9)

Sn’m(Ug)>Lsup J'F (ta )Ih (x+t) dth+O[i J

7Z'th

z;}ﬁF (te’ )jh ¢S(x+t)dxdt+0[2w, ]

i=1

‘* - -

-
1 .
. m(t;a )L+

The theorem is proved.
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From the validity of the asymptotic estimates (7) and (8) follows the
following statement.

Theorem 4. Let for some >0 sequences k'*’y, (k) are twice
monotone and infinitely small, g €[0;1]U[2;3], ore the same
B e [1;2]u[3;4](i :L_m), then for n — o

Enm (Ug):

iai*(Ci(t)cos%— i(t)sin%j—c(a*)

i=1

1=
n
-

where
a" = signsin 'Biz—”, Ci(t)= Zkl//i (k)coskt, S;(t)= Zk(//i (k)sinkt,
k=1 k=1

C (a* ) — constant of the best approaching in metric L of integral function.

Conclusions. The obtained results for the joint approximation
(v,B) — integrals by Fejer’s sums in the metric L, can be generalize for

Zygmund’s sums with condition of saturation for this method.
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CYMICHE HABJIXKEHHS (y, §) — IHTETPANIB
CYMAMU ®EAEPA B METPULII Lp

Bimomo, 110 JOBiLTBHIN CyMOBHIN mepiogndHil (YHKIIT BiamoBigae ii psg
Oyp’e. Tomy npupoaHO ii HAOMDKATH TPUTOHOMETPUYHUMH MHOTOUWJICHAMH |,
110 € YaCTMHHMMH CyMaMH IIbOTO sy, 1X Ha3uBaroTh cymamu Dyp’e. Ane iH-
ko cymu Pyp’e naHoi PYHKIIIT Ty>ke TOBUTEHO 30IraroThesl 0 HEl, a 1HKOJH i
po36iratoThest (MUK HemepepBHOi GyHKIIT i3 pO301KHUM B ISIKHX TOUYKaX
psinom ®Oyp’e 6yB HaBenenuit [ro0ya-Peiimonnom y 1876 p.). Lleit daxr cro-
HyKaB MaTeMAaTHKIB IIIYKaTH 1HIII TTOCIiIOBHOCTI TPUTOHOMETPHIHUX TTOJTIHO-
MiB, siKi O 30iraiucs 1o MOpoKyIoUo] iX GyHKil, siki 6 30iramucs 10 Hel piB-
HOMIPHO Ha BChOMY IIPOCTOpi. 3pO3yMiNo, IO HAWBIANILIO B PO3yMiHHI

99



MaTtemaTtunyHe Ta KOMI'I'K)TepHe MoAentBaHHA

HIBUIKOCTI 301KHOCTI 10 (YHKIIIi € MOCTiZOBHICTh MHOTOUICHIB il HalKpario-
r0o HaOJIDKEHHsI. AJle, Ha JKallb, OIepaTop HAWKPAIoro HaOIVDKEHHS HE € JIi-
HiliHAM. Lle B BenmmKkii Mipi ycKnaaHIOe TOOYI0BY MHOTOWIEHIB HAHKpaIioro
HaOJIM)KEHHS, 4, OTXKeE, iX BUKOPUCTAHH.

SIKIm0  po3risgaTH JIMme JIHIHHI METOAM IiJCYMOBYBAaHHS DSIIiB
®Dyp’e, TO BEMUKHI KJIAC TAKUX METOXIB Ja€ MaTPUYHE IiJCYMOBYBAHHSI.
OpnuuM 3 nux metofiB € metoq Deliepa, METOA cepenHix aprupMETHIHUX
nepmux N cym Oyp’e.

VY wiif crarTi 3HAWAEHO aCHMITOTHYHI PIBHOCTI MpU N — 00 IS BEPX-
HBOT MeXI1 BeJIMINHH CyMiCHOTO HabmmkeHHs cymamu Defiepa mopsiaky n
(yHKIIH, I10 MaloTh MOXiAHY B ceHci CTenmaHIl, y BUIAAKY JOCSTHEHHS
HACHYCHOCTI B METPHIIl IIPOCTOPY CYMOBHHX B P-TOMY CTeTeHi (YHKIIH.
IIpn npoMy BHALTEHO TOJIOBHUH WIEH aCHMITOTUYHOTO PO3KJIALy Ta BKa-
3aHO MOPSJIOK 3aIHIIKOBOTO YJICHA.

Kiawuosi cioBa: cymu Deiicpa, cymiche HabaudicenHs, NOXIOHA 6
cenci Cmenanys, inmespanbHa MEmpuKa.
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MOOENIOBAHHA CTAHY ENIEKTPOHIB
Y KOHIYHHUX KBAHTOBUX TOYKAX

Posrnsanaerscs piBusaHs Llpeninrepa s cramioHapHUX CTa-
HiB €JIEKTPOHIB (HOCIIB EJIEKTPUYHOTO 3apsiy) Y KOHIUHIM KBaHTO-
Bi#t Touni (KKT). Orpumani xBuiboBi QyHKIIT, MIITBHICTE HMOBIp-
HOCTI, XBUJIbOBI YHCJIA 1 BIACHI 3HAUEHHS C€HEPTii I S — eneKT-
pOHIB Ta BMBYEHA iX 3anexHicTs Bix mapamerpiB KKT: miamerpa
ocHoBH D Ta Bucotn H. BUKOpPHCTOBYETHCS LMITIHIPUYHA CHCTEMA
KoopauHat Ta Meton Oyp’e po3aineHHs 3MiHHAX. KpiMm TOTO, pO3-
nsiHyTOo HabmmkeHHs Bentuens-Kpamepca-bpumoena (BKb —
METO) JUIS BU3HAUEHHS BIIACHUX 3HAUCHb €Heprii enekrpoHa. Bu-
KOpPHCTaHa yMOBa HOPMYBaHHS XBHJIbOBOI ()YHKIIi Ta OTpHMaHO
3HAUCHHS aMIUTITYM XBUJIbOBOI (QYHKIIT AJIs CTAal[iOHApPHUX CTaHIB
enexrpona. s Bunagky KKT BiacHa eHeprist eleKTpoHa cTario-
HApHOTO CTaHy y HaOJIIKeHHI e)eKTHBHOI MacH 3aJISKHUTh Bijl KO-
OpAMHATHU Z HA BIIMIHY BiJ IMJIIHIPUIHOI KBAHTOBOI TOYKH. Po3r-
JSTHYTO MaKCHMAJIBHO 1 MiHIMAIBHO JIOIYCTHUMI 3HAYCHHSI KOOPAHU-
HATW Z Ta BIINOBIIHI 3HAYCHHS BIIACHOI €HEPrii OCHOBHOTO CTaHY
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