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MATEMATUYHA MOAEJIb OOQHOKAHAJBbHOI
CUCTEMM MACOBOI'O OBCJTYTOBYBAHHA
3 ABOETAMHUM HAOXOOXXEHHAM BUMOT'U

Bynp-sika cucTema MacoBOoro OOCIYrOBYBaHHS, SK IIPABHIIO,
BKJIFOYA€ TaKi OCHOBHI CKJIAJIOBI: BXIJHHMH TOTIK BUMOT (3asIBOK), 00-
CITYTOBYIOUHI TIPHUCTPIiii, Yepry Ha OOCIyTOBYBAaHHS 1 BUXITHUH MOTIK.
11106 mpoBecTH aHaJi3 CHCTEMH MacOBOTO OOCIYTOBYBAaHHS BBa)Kae-
MO, III0 Yac HaIXODLKEHHA 3asBOK Ta Yac 0OCITyTrOBYBaHHS € BUIIAIKOB1
BEJIMYMHH, 3aKOHH PO3IOJLTY SKMX BH3HAYAIOTHCS 33 CTATHCTHYHUMU
JTAHVMH, HAKOTIMICHUMU MPY aHAJTi31 MOIOHMX CUTYAITii.

I, 3BicHO X, Taka 3a7a4a po3B’sI3yeThCsl METOAAMH Teopii HMo-
BIPHOCTEH, sIKi 3aCTOCOBYIOTHCS Y TE€OpPii MaCOBOTO 0OCIIyrOBYBaH-
Hi1. BynyeTsest MaTemMaTHIHa MOJIEIB, IO ONHUCY€ (PYHKIIOHYBaHHS
CHCTEMH MacOBOTO 0OCIYTOBYBaHHS, 1 MPOBOAMUTHCA il aHAII3.

Hait6inpIn npuBaOIMBIMH BUIIaJKOBHMH TIPOLIECAMH, IO OTIH-
CYIOTh (DYHKIIOHYBaHHS CHCTEM MacOBOTO OOCITyTOBYBaHHS, € Map-
KOBCBKI MIPOIIECH.

Y po6oTi npezcTaBicHa MaTeMaTHYHa MOJIENb OHOKAHATBHOT
CHCTEMH MacoBOTO OOCIyrOBYBaHHS, JUIsl KO 4ac HaJXOPKEHHS
BUMOTH CKJIQJIA€ThCS 3 JIBOX eTamiB. Mu moOyayBanu MOAeNnb Ma-
COBOTO OOCIYTOBYBaHHS 3 ABOETAITHUM BXiJJHUM HOTOKOM, a came
3HAHIITH OCHOBHI WMOBIPHICHI XapaKTEPUCTHKU BXiTHOTO MOTOKY,
PpO3TOIiT HMOBIPHOCTEH YHCIIa BUMOT, IO HAAXOIATH 3a yac t. s
3HAXO/PKEHHSI CTaIliOHApHOTO PO3MOJITY BKIAIEHOTO JIAHIIOTA
MapxoBa MH CKOPHCTAIHCh IpadoaHaTiTHIHIM METOIOM.

BuxigHumu JaHuMU A7t poOoTH Oysia HaHmpOoCTilia KiiacuYHa
MOJIeNTb CUCTEMH MacoOBOT0 00CITyroBYBaHHsI, YCKJIaJHEHA HACTYII-
HHMM IUISIXOM: BXiJHHH MOTIK CKJIaJa€eThCcs 3 JIBOX €TaliB — 4acy
IiJTOTOBKU BUMOTH i Yacy 1l TpaHCHOPTYBaHH:L.

Taxi Mozmeni € OULTBII HAOMIDKEHHMH O TOTPEO MPaKTHUKH 1
JAIOTH MOXKJIMBICTh BpaxyBaTH OUIbINY KUTBKICTh (DakTopiB, IIO
BIUTHBAIOTH Ha IPOIIEC 00CIYTOBYBaHHSI.

Kuro4oBi ciioBa: cucmema macoeozo oocyzo8yeanis, 1anyioe
Mapxosa, nepexioni imosipHOCi, NOKAZHUKOGUL PO3NOOIL.
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Beryn. BuMorn npakTtuku Bxke Maiike MIBCTOJNITTS BUCYBAlOTh Iie-
pel Teopi€lo MacoBOT0 OOCIYyroBYBaHHsI BEJIHMKE YHCIIO MOCTaHOBOK 3a-
nad [1]. KoxxHa HOBa IOCTaHOBKa Ma€ 3a METY HMOOYIOBY MareMaTHYHOI
MoJeni, sika O BimoOpakana iCTHHHHMH XapakTep MOCIIJUKYBaHUX SBUIL.
Haii6inbm epeKTHBHUM Yy bOMY IUIaHI BHSBHBCS IHCTPYMEHTApii, po3-
poOJicHUIT B TEOPil BUMAJKOBUX MPOIIECIB i 0COOIMBO MapKOBCHKHX [2].

[Mpouecu, y sKuX Nepexoay BH3HAYAIOTHCS BKJIAACHUM JIAHIFOTOM
MapxkoBa, a gac epeOyBaHHS y KO)KHOMY CTaHiI TOKa3HHKOBO PO3MOIie-
Ha BHIIA/IKOBA BEJIWYHMHA, BUSBIWINCH IPUIATHUMH IJIs1 OMUCAaHHA (PyHKII-
OHYBaHHS HalpisHOMaHITHIIHMX cucteM [1-5].

IMocranoBka 3agavi. Y cBoiil po6oTi Mu OyneMO BUXOAWTH 3 Haii-
MPOCTIIIOi KJIACUYHOI OJHOKaHAIBHOI CHCTEMU MacoBOTO OOCIyroByBaH-
Hi. Hama 3anaya — moOyayBaTH HOBY MOJIEIb, 3MIHUBIIH XapakTep IMO-
TOKY HaJIXOJUKEHHS BHMOT. HOBH3Ha NpONOHOBaHOI TYT MaTeMaTHYHOI
MOJIeNi Yy XapakTepi BXiZHOTO MOTOKY [3-4]. SIKmo craHmapTHHH MmigXif
nepeabadae, M0 BXiTHUHA IOTIK € PEKYPeHTHHH, TO B HAIIii poOOTi yac
HaJXO/UKEHHS BHMOTH CKJIQJA€ThCS 3 4acy MiJrOTOBKM BUMOTH 1 dacy
BJIaCHE HAIXOPKCHHS (TPaHCIIOPTYBAHHS) i, IPHMUOMY TPHBATICTh KOXK-
HOTO CTaHy € MOKa3HUKOBO PO3MOIJICHA BUMAIKOBA BEITMYNHA.

3po3ymiJIo, II0 32 IMX YMOB (DYHKIIIOHYBAHHS TAKOI CHCTEMHU OIHCYETh-
Csl MapKOBCBKHM TIPOLIECOM, & TOMY IPH 3HaXO/PKEHHI OCHOBHHMX HMOBIpHIC-
HHX XapaKTepUCTHK OyJIM BUKOPHUCTaHI METOM TEOPil MapKOBCHKHX IPOLIECIB.

OcHoBHa yacTuHa. Hexait Ha 0OCIyroBYIOUHMA IPUCTPIii HATXOMUTE pe-
KypeHTHHUH IMOTiK BUMOT. Yac HaIXO/PKEHHSI BUMOTH Ma€ (DYHKILO PO3IOILTY:

0, sxkmo t <0,
= A
F(t) 1_ %o et T
A=A A =4
ae 4, >0, 4,>0 (/1,l A ). Slkmo BUMoOra HaJXOJUTh B MOMEHT, KOJIH

€]

e_llt, skmfo t > 0,

00CITyTOBYIOUHI NMPUCTPIA BUTBHUI, TO BOHA HErailHO MOTpAIUIie Ha 00-
CIIyTOBYBaHHS 1 00CIIyTOBYETHCS 9ac 7 13 PYHKIIEO PO3IIOALTY:

0, sxmo t <0,

G(t) = (2

MNpU4YOMYy BHUIIAJIKOBA BEJIMYHA 77 HEC 3aJICKUTDH Biﬂ BXi,HHOl"O MOTOKY. SIk-

1-e gxmot >0,

0 K BUMOTa HAJXOJWTh B MOMEHT, IIOKH MPUCTPid 3alHATHIA, TO BOHA
BTPaya€ThCSl.

OCKUIBKH 9ac HAJXOJKCHHSI BUMOTH € CYMOIO JTBOX HE3JIC)KHUX BH-
NaJKOBHX BeMuMH & 1 &,, To Oy/leMO BBaXaTH, 10 & — 4ac MiJroToB-
KM BUMOTH JI0 BiTIPaBJICHHS (Ma€ MOKAa3HUKOBHNA PO3MOILT 3 MapaMeTPOM
A), &, — Yac HaJXOKEHHS BUMOTH (Ma€ IMOKAa3HUKOBHH DO3IOALI 3

napamerpoM A, ). Y 3B’A3Ky 3 IMM (QYHKIIOHYBaHHS CHUCTEMU MOXKHA
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onucaTH y Takuil cmoci6. Cucrema Moxe nepeOyBaTh y CTaHax: € —
crcTeMa BUIbHA, iille MATOTOBKA J0 BiJIIpaBIICHHS BUMOTH, nepeOyBae y
IIbOMY CTaHi yac &, 1 NMEepexXoauTh i3 HMOBIPHICTIO OJUHMII B APYTHt
CTaH; e, — CHCTEeMa BillbHa, BUMOIa 00CIyroByeTECs, NepedyBae y 1bO-
My cTaHi yac min (&, 7) (BBaxaeMo, 10 BiNpPaBHHUK AicTae iH(popMalliro
Ipo MpUOYTTS BUMOTH 1 IOYMHAE TOTYBaTH HACTYIHY) 1 NEPEXOAUTH B

cTaH e 3 fMOBIpHiCTIO Py, = P(7 < §) = abo y cTan e, 3 HMOBI-

pHICTIO Py, = P(& <77) = L; e, — BHMOTa NPOJIOBKY€E OOCIyroBy-

L+
BATHCh, NepedyBae y LbOMY CTaHi 4ac Min(&,,7) 1 NEpPEXOAUTh y CTaH
o .. _p M 6 . .
e, 3 iMoBipHicTIO P, = P(7 <&,) =——— abo y craH e; 3 iiMOBipHic-
Ay +
A
2
TIO Py3 =P(&, <) =—"—.
Ay +
Yac nepeOyBaHHS CHCTEMHU Y CTaHaX €, €, , €;, €, Ma€ MOKa3HUKO-
B PO3MOIN BiNOBIIHO 3 MapameTpaMu A4, A, , L+, A, +pu .
Takum urHOM, (PyHKIIOHYBaHHS TOCIIIPKYBAHOI CHCTEMH MacoBOTO 00c-
JIyrOBYBaHHS OMNHUCYETHCS MapKOBCHKMM IporiecoM &(t) , MHOXKHHOIO CTaHIB

SIKOTO € MHOJKHHA {€;,€,,€;,€, | , Tpad H0ro MOXIIHBHX [IEPEXOIIB Mae BHTTISL:

[
»

e, e
Puc. 1.
Toii ¢akT, mo B MOMEHT 4acy t mporec mepeOyBae y CTaHi e

1 e2

(i=1,4) Oynemo 3ammcyBatu Tak: &(t) =i, 30Kpema 3riJHO 3 HAIINM
npunymenasm £(0) =1. Ilepexoan 3miHCHIOIOTHCS 3TiJTHO 3 BKIIAJICHUM
JAHIIOroM MapkoBa, SIKUil 3aJJa€ThCS TAKOI0 MATPULEIO:

0 1 0 0
0 0 1 0
M+u A+ p
0 “ 4 0
Ay + 1 Ay + 1

56



Cepig: ®ismko-maTemaTnyHi Hayku. Bunyck 21

OCHOBHUMH XapaKTepHCTHKaMH mporecy &(t) e HMOBipHOCTI TOTO,
IO MPONEC y MOMEHT Yacy ! 3HAXOMMTBCS y CTaHi € 3a yMOBH, WO Yy
II0YaTKOBHIl MOMEHT BiH 3HAXOIUThCS y CTaHi ¢, . [lo3zHaummo ix
P; (1) = P(&(t) = j|£(0) =1).
CKOpHUCTaBIIUCH (POPMYJIOK MOBHOT HMOBIPHOCTI, CKIIAJIEMO CHCTE-
My QYHKIIOHAJIbHUX PIBHSIHB
Ra(t+At) = B (1P(5 > At + B3 ()P (17 < AP(G > At) + o(At),
P, (t+At) =R (1)P(&5 < At) + P, (1)P(&, > At) +
+P, (1)P(7 < A)P(&, > At) + o(At),
Pa(t+At) = P, (1)P(S, < At)+ P (P (7 > At)P(& > At) +
+P, ()P (7 > At)P(&, < At) + o(At),
R (t+At) = B3 (D)P(7 > A)P(& < At) + P, ()P (17 < At)P(&, < At) + o(At).
3BiAKH JicTaHEMO CHCTEMY JIIHIHHUX TU(EepeHIiaTbHIX PiBHIHB:
P11' (t) = =4, P (1) + uP5 (1),
P (t) = 4Py (1) = 2, P (1) + Py (1),
' 4
P’ (6) = 2Py () (g + 2)Prg (1) + A, Py (1), )
P14' (t) = 4P (t) — (4, + 1) P, (D).

XapaKTePUCTHYHE PIBHIHHS:

X+ Ay 0 —u 0
) X+ A, 0 —u |
0 -4, X+A,+u = B
0 0 -4 X+ A, + 1

=x* +2(4 + 4, +u)x® + (4 +4, + p1)? + 44, +/11y+12y)x2 +
(A A + Mg +Bgdgp+ A4 i+ Aqu® + Appi®)x = 0.
OuesunHo, mo ¥ =0, X, =—(4, + 4, + 1) — KOpeHi 1bOro piBHAH-
Hs. Llle nBa KOpeHi piBHAHHS JICTAHEMO 3 PIBHSIHHS:
x? + M+ A+ )X+ LA + L+ Apu=0.

1
Xs 4 :E(—(ﬂ,l+ﬂ,2+,u)i\/ﬂ,l2+/122+y2—2/11/12—2/111u—212y _

Toni 3aranpHUN PO3B’SI30K CHCTEMU (4) TIOJAETHCS Y BUTIISI:

Py (t) = cig + 8™ +58™" +cype™,
X,t X,t X,t

Pla(t) = Coy +Cpp@™ +Cp8™ +Cpqe™,

Pa(t) = gy +C3p€™ + Cyee™" +cqpe™",
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Pra(t) = Cgy +C108™ +Cyqe™ +cy0e™.

Ockinbkn  Rex, <0 g k=2,3,4, TO IiCHYIOTb TpaHHLi
tﬁrpw Pit)=c, (t=14), Aki mMO3HaYNMO BIANOBIAHO 7, 7Ty, 73, 7Ty
(cramtionapHi IMOBIPHOCTI).

Crauionapni xapaktepuctuku z, (kK =1,4) MoxHa 3HalTH 3a dop-
MYyJIaMH:

m
. P , (5)
piMy + P,My + P3M3 + pyMy

ae Py, P,, P3, P, — CTallioHapHi KMOBIPHOCTI BKJIAJIEHOTO JaHIora Ma-

1 1 1
pKOBa, IIO0 3amaeTbcss Marpuuero (3), m=—, m,=—, my=—,
Z A A3
1 . . . .
m, = — — CepenHii vac, akui mpouec &(t) NMPOBOAMTH BiAMOBIAHO Y

7
CTaHax e, e,, €, €, . CranioHapHi ¥MOBIpHOCTI BKJIaJ€HOrO JIAHLIOTa
MapkoBa € po3B’SI30K CUCTEMHU:

7

P pgﬂ1+ﬂ’

P2 = p1+p422L+#v

)

p3:p2+p412—+ﬂ’
B A

Py = p3/11+,u'

P+ P+ Pyt Py=1

SKY PO3B’sDKEMO rpado-aHaITITHYHUM METOI0M [6].
3a rpadom mepexoiiB BKIAIEHOTo JiaHiora MapkoBa nodymyemMo
HIDKHI PEUITKY KOXKHOT BEPIIMHH 1 JUIA HUX 3HANIEMO 1HAEKCH:

e IS NIepIuoi BEPIIMHU

1 2 3 4
/X\
Puc. 2.
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I S . S
1~ - )
Mtp dptp rp dytp Aytp
® s APYroi BEpLIMHU

1 2 3 4
m
1 2 3 4
- 5 /—\,
1 2 3 4
Puc. 3.
yl y)
H 2 M o _H A o__n L H 2

, = . . . - . ,
Mru dgru Jq+p do+p Agtp M+p do+p L+p d+p
® Ul TPETHOI BEPUINHU

1 2 '3 4
1 ‘2/%\4
Puc. 4.
A
ly=—2—+ 2 1,
Ayt A+ u
® IS YETBEPTOI BEPILIUHU
Puc. 5.
I_ )’1
4= .
A+ u
Tomi P =2, ne 1=l + 1+l +1, =24 H T2
| Aptp L+p Ay+u
TOYHIIIE
ﬂ,,u+,u2
Py -

24 A + 3+ 30+ 3
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b, = A+ i+ Ay ’
20 Ay + 3441+ 321 + 3
0, - M + Apt+ 1? + Ayt ,
2047 + 32y + 34 +31°
MAy + qu
Ps

200 + 340+ 30 + 3%
CkopuctaBmuch popmyioro (5), Maemo
1

1
= X(ﬂfymzuz) , 7y = X(Afuwuz + MAah)

1 2 1 5
7y =— (LA + A u), Ty =—A Ay,
3 A(ﬂiz MAa), 7y Aﬂi 2

ne A= A72y + MAL + 20 A+ A + A+ A+ A pi®
Hapemwri, Bpaxysasmu, mo P, (0)=1, B,(0)=P;(0)=P,(0)=0,

Ry (0)=~4, P (0)=4, R (0)=R,(0=0, P(0)=4, P, (0)=
=2 = XAy, PR3 (0)=42, P, (0)=0, MaeMo YOTHPH CHCTEMH Ui

BH3HAa4YeHHs C;, (i =14,k = 2,3,4):

Cip +C3+Cy =1-7, Cpp +Cy3 +Cyy =73,

XpCp + XgCig + X4 Cy = =41, §X5C0p + X3Co3+ X4 Coy = 4y,

X22312+X§C13+X§C14 :/1121 X22‘322+X§C23+X§C24 :_}*12'

Cap +Cg3 +Cg4 = —73, Cap +Ca3 +Coq =74,

X5 Cgp + X3C33 + X4 Cqq =0, < XyCpy + X3Cy3 +X4Cyyq =0,

Xz2 Cyp + X§ C33 + Xf Cy =0, X22 Cpo + X§ Cy3+ Xf Cas = 4y
BucnoBkn. Takum umHOM, MOOYIOBaHI MepexigHi HMOBipHICHI Xa-

PaKTEepUCTHKH, SIKI IOBHICTIO ONMUCYIOTH (PYHKIIOHYBAaHHS OJHOKAHAIBHOT
CHCTEMH 3 JIBOCTAITHIM Ha/IXOPKEHHSIM BUMOTH.
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MATHEMATICAL MODEL OF ONE-CHANNEL QUEUEING
SYSTEM WITH TWO-STAGE REMAND ARRIVAL

Any queuing system typically includes the following main compo-
nents: the input stream of requests, the service device, the service queue
and the output stream. To analyze the queuing system, we believe that the
time of receipt of applications and time of service are random variables,
the laws of distribution of which are determined by statistics accumulated
in the analysis of such situations.

And, of course, this problem is solved by the methods of probability
theory, which are used in the theory of queuing. A mathematical model de-
scribing the functioning of the queuing system is built and analyzed.

The most attractive random processes which describe the functioning
of queuing systems are Markov processes.

Mathematical model of a one-channel queueing system, for which the
time of remand accession consists of two stages, has been presented in this
article. We have built a queueing model with a two-step input flow, name-
ly, we have found the basic probabilistic characteristics of the input flow.
Particularly, the main probability characteristics of input flow and distribu-
tion of probability of number of remands, which comes during t time were
found. To find the stationary distribution of the embedded Markov chain,
we used the graphoanalytic method.

The initial data for the article is the simplest classical queuing system mod-
el, complicated by the following: the input flow consists of two stages — the
time of preparation of the remand and the time of its transportation.

Such models are more approximate to the needs of the practice and al-
low the opportunity to consider greater number of factors influencing the
service process.

Key words: queuing system, Markov chains, transition probabilities,
exponent distribution.
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