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It has been established the sufficient conditions for the convergence of
the continuous stochastic optimization procedure of Kiefer-Wolfowitz in
the diffusion approximation scheme with Markov switching. The conver-
gence of the proposed procedure has been proved by using the method of
the small parameter and the solution of the singular perturbation problem
for the Markov process generator.
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ON TIME ASYMPTOTIC OF THE SOLUTIONS OF TRANSPORT
EVOLUTION EQUATION

Authors consider in the space ? (D), D=Rx[-1,1] the
transport operator

o fho N o
Lf = =iu=—+a(b () [b f (3 1)d g
-1
To obtain the representation of the solution of the equation
u=1iLu, u|z:0 =u(0) authors introduce some integral (like
known expression the semigroup by the resolvent) and prove
directly that this integral is corresponding semigroup. To simplify

the calculus the authors reduce the operator L to some Friedrichs'
model using Fourier transformation.

Key words: spectrum, transport operator, Friedrichs' model,
semigroup.

Spectral theory for various types of transport operators is the subject
of many works (see for example [1; 2]). In the work [3] the authors begin
to use Friedrichs' model to study the spectrum of some transport operator.
Analogic result was obtained in the works [4; 5].
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In the present article for such operators corresponding evolution is con-
sidered. We consider in the space I>(D), D=Rx[-1,1] the transport
operator

9 b Nt

1 =i a0 [ ) 5 (1)
-1

with maximum domain of definition D(L) wunder the following

conditions: there exist constants M >0, € > 0 such that
|a(x)| < Me M ,X€ER 2)
and the functions b(u), b (1) admit analytic prolongation from interval
(-1,1) into the circle |z| <1+ ¢. Note thaat in [4; 5] we have b (x) =1 and
in [3] by (1) = b(p) = 1.
We will study the following transport evolution equation
u=1ilu, t>0
{uLO =u(0), u(0)e D(L)
and obtain principal term of asymptotic behaviour of the solutions of this

equation corresponding to eigen-values of L. We suppose that the
operator L has not spectral singularities.

3)

1. Friedrichs' model of transport operator

We want to transform the operator L in Friedrichs' model. We begin
by the notations. Let H be Hilbert space of the functions
o(s, 1), (s, 1) € D, D = Rx[-1,1] with the norm

1
|4
We introduce the operator F : I*(D) — H , where

1
lol}, = [ ] lots. ) +dsd p.
R-1

(Fou)(z',,u)=u[1,,uj,ueLz(D),reR 4
Y7,
and the operator Z : L*(R) — H , where
(Ze)(z, 1) = c{ij, ce I2(R). (5)
Y7,

It is not difficult to verify that ||F0u|| = ||u|| 20y that F{ is unitary

operator and that the operator Z is bounded, namely ||z||£\/§ The
Fourier transformation is denoted by

209



MaTtematuyHe Ta KOMI'I’I'OTepHe MO EentoBaHHA

(Ff)(s) = ﬁj‘e_mf(r)dr, seR
R

in the space I?(R) and in the space I?(D) too.

Now we apply to the equality (1) the Fourier transformation with
respect to variable x, then

1
(FLf)(T, ,u) = T,UM(T,/J) +%}[[J.la(x)b(lu’)f(x’ﬂ/)dﬂ/) e—[rxdx’

where u = Ff .
Now we apply the operator F, (see(4)), simply it is the substitution

s
r=—, then
7

1 —ixS
(FyFLF s, 1) = su [%u}% 1{ [ | a(x)b(u’)f(x,#')dﬂ'Je "

-1

We denote ¢(s, 1) = u[i, ,uj or ¢ =Fu=FFf. Let L 7, then
u u
u(z, 1) = p(au, ) = (Fy ' 9)(z, ) . That's why
e 1 i
FCem) = (F7 Fy p)(x, 1) = —= [op(au, p)e™d.
R

2z

The change of variable s' = ur (cases 4 >0 and u<0) gives
1 S ds’'
flou)=—=o(s" )e” —.
R
Finally, we obtain
(FoFLF™Fy ' 0) (5, 1) = sp(s, 1)+ (s, 1), (©)

where

S

—L.

b 1 ii" du
V§0(S,ﬂ)=12(—;l)”a(x)b(y’) _[ga(s’,,u’)e”ds’ B o gy (7)
R-1 R

4]
We choose some factorization for the function a(x) such that
a(x) = @y (x)a; (x), ) ()] =y ()] ®
Let G=1[? (R) then V= AB (see (7)), where the operators
A,B:H — G are given by the expressions
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Acts. = _/;7 e (e “ds, )
1 I iiy dlu’
B = b(u' " e M EE gy
o(x) maz(x)i _jl (Wpls'spihe 1 s

Obviously, the operator U = F,F :I*(D)—> H (see(4)) is unitary.
So, the following theorem is proved.

1.1. Theorem. Let L:I*(D)—> [*(D) be the operator with maximal
domain of definition, given by the expression (1). Then

ULU'=T:H > H,
where

T=S+V,V=A4B,
(So)r,u)=1p(t,u), 7€ R, 1 (-1,1) and the operators 4, B act from
H into G =I*(R) (see (9)).

The integral operator in the right side of (1) is bounded in the space
I*(D). So, the operator ¥ is bounded in space H . However we need
following Lemma.

1.2. Lemma. The operators 4,B: H — G, namely

1 1 o
Ap(x) = ——=a ()| [ (w)p(s e * 1 d pds
Jam 2 10)

1 —
Bo(x) == a9 [bpts e |17|duds
R-1

are bounded.
1.3. Proposition. If a(x)>0,xeR and b (x)=>b(u), xe(-11),
then Friedrichs' model 7= S+ is selfadjoint operator, 7" =T.

Proof. Really, as factorization a(x) = a;(x)a,(x) is arbitrary one can
choose a;(x)=a,(x)= m, then according to (10) 4=B,so " =T
in view of §* = 5. Proposition is proved.

2. Spectrum of Friedrichs' model

We will consider the resolvent of the operator 7 =S+ A B. The

equation (T-e=yw,weH,l¢R takes form (S—-¢)p+ A*B(p =y.
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Denote S, = (S-0)7", T, = (T-¢)"'. As £ ¢R then the operator S,
exists, is bounded and the equation takes form
9+S A Bp=S,y. (11)
Applying the operator B, we obtain (1 +BS gA* )B(p =BS,y . Let
K()=1+BS; 4", { &R, (12)
then for the expression Bg in (11) we obtain Bp = K(¢) ™' BS, ¢y . Taking

into account the boundness of the operators 4 and B, we have the
following proposition.

2.1. Proposition. If the operator K(¢), ¢ ¢ R has bounded inverse
operator K (& )"l , then the value ¢ belongs to resolvent set of the operator
T and

T,=S,-S,AK() " BS;. (13)

Substituing the expressions (9) for the operators 4 and B into (12)

we obtain immediately (after the change of variables ‘[:S—') the

following Lemma.
2.2. Lemma. The operator K({) (see (12)) admits the
representation

(K(©)=De)(x) = [k(x, ,$)e(y)dy, & R, (14)
R

where K(x,,6) = —ax () (1 (x - 3,) and
T
1 ! ’
ut b b ’
10,0 = i, 0" dr, (e, = [ 242D 4y 1)
R o =¢
This Lemma coincides with corresponding Lemma of the work [4],
where b (1) =1 and the function /(z,¢) was (compare with (15))
1 ’
b :
100 = [2E) 4,
L~ g

2.3. Theorem. Operator K({)—1: ? (R) > I? (R),¢ ¢ R is compact

and ||K(§)—1|| -0, |§| — oo uniformly in the domain |Im §| >0 for every

v>0.
In the work [4] it was shown that the proof of this Theorem
practically coincides with the corresponding proof in the work [3].
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2.4. Theorem. Operator K({)—1 admits analytic prolongation
K.({)-1 over semiaxes (-»,0) and (0,0) and [K.({)-1]|—0,

|§ | — oo uniformly in the domain |Im < | <¢ forevery ¢ < % .

We have the same proof as the proof in the work [4], instead of the
function b(u) one uses the function by(u)=b(u)b (). This proof is

based on the representation

0

1.0)= {i £ o (tfu)di - gi £, (1) dt. @ = sign u.

Jo(0)= Tl{bo {gje%’v +by (—gjei"’y}dy, w=xl.
oY y y

Using well known Theorem on holomorphic operator function
(see [6], Ch. 1) and Theorem 2.4, we obtain that the point spectrum
outside of R can have point of accumulation £ =0 only. The condition

where

of finiteness of such spectrum we can give by analogy to the work [5].
Later we will suppose that point spectrum of the operator 7 is finite. At
the end we indicate only that continuous spectrum and spectral
singularities of the operator 7 belong to the axis R .

3. Construction of the semi-group exp(it7)

It is known that Cauchy problem u = Mu,u|_, =u(0), where the

=1
operator M is such that half plane Red >y > 0 belongs to its resolvent

set admits under some condition following representation of the solution
y+ioo

u)) == [ S REMUOE, REM)= (M ~¢)
y =i
Let us consider the problem
u=ilu,t>0,
(16)
{uLO =u(0), u(0) € D(T).

Denote ¢ =y +if, —o0 <@ < oo, then (iT—-¢) =—ily .

Instead of difficult verification of some sufficient condition on the
operator 7', we propose directly to choose the solution under the form

1 ° .

_ (y+iO)t

u(t)=—- T, .. u(0)do. 17
() ) l_'[e O—iy ( ) ( )
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We denote
h(t, 0) _ e(}/+i0)t
and we denote the element u(0) = ¢@(7, 1) e H simply by u(0)=¢. So,
we must prove that the operator

U(p=-—— [ ht,0)T,.,,d0,1>0 (18)
27i 2,

defines semi-group corresponding to the problem (16).
3.1. Theorem. If @ e D(T) then the integral (18) admits the
representation

__L o), L, Tpdo,t>0, (19)
27 1_009—7/

where the integral converges with respect to the norm of H .

Uep=¢

Proof. To prove this theorem it is sufficient to substitute in (17) such
an expression:

——[0-iy)-T+T]=1.

0—iy
3.2. Lemma. If ¢ € D(T") then
j Z(’ O L Tpd0=T j ht.0) g 0 do. (20)
iy —iy

—00

Proof. As the operator T is closed it’s sufficient to replace the integral

by the corresponding integral sum. Denote i—}tl(ﬁ)= =(h(t+At,0)—

—h(t,0))/ At .As h(t,0) = exp((y +i0)t), then %h(t, 0)=i(0—iy)h(t,0).
3.3. Lemma. If ¢ € H , then

1 Ak %
- ——— Ty, pd0 =i | h(t,0)T,_.,¢ db. 21
s Al;inofg o ar oo zL( )Tp-iy @ 1)

Note, that the equality (21) in view of definition (18) signifies that
1

20Ty d0-2U 0, 9 DT). (22)

At—0_"

3.4. Theorem. Let ¢ € D(T), then
U'(p=iTU(t)p,t >0, (23)
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where U'(¢) signifies strong derivative.

Proof. Using the representation (19) and the equality (20) we obtain
two relations:

AU(@t) 1 % Ah
~ ——z—j oy T 0 (24)
and
AU(?) 17 1
=——T T, do. 25
P _Le—w 2oy e (25)

In view of Lemma 3.3, there exists strong limit of the integral in (24)
if At — 0, so there exists strong limit

, AU(¢t
U'()p=s—- lim —( )(p,(peD(T).
At—0 At

By analogy, there exist strong limit of the integral in (25), which is
equal to 2zU(¢)p (see (22)). As the operator T is closed, we obtain the

equality (23) from the equalities (24)—(25). Theorem is proved.
3.5. Theorem. Let ¢ € D(T'), then

lim |U (1)p - ¢ = 0. (26)
t—0

Proof. Recall the representation (19)

U(t)go:(p—L j he, ‘?Tg 5, Ted6, h(t,0)= 7" (27)

27i 5 60—
First we prove that
[ L_Tg,iyn d0=0, n=Tep. (28)
0—iy

—00

Note, that the value y >0 is such that the operator function
z> 1.9y, z=0+iv is holomorphic in half plane Im z <—y .
Let Ly = {z z=Re, m<a< 27z} be semicircle such that R — .

We obtain (28) if we prove that
1
lim | ——7T._,ndz=0. (29)

R, Z—1Y
Lp

Sz—i}/”

As “K(z—i;/)’l“SM,M=const and , Where

a |Imz|+;/

Im z <0, then we have
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Tz—i;/77|| = Sz—i;/n _Sz—iyA*K(Z_iy)71 BSz—i;/ﬂ” <

<M,

30
Sz_i/]” < $, M, = const. G0
mz|+y

As |Im z| = R|sin a| , the estimate of the integral (29) reduces to the

following estimate
J. |dZ| < + J. da <
|Z_l7/| |III1 Z|+}/ R‘sin a‘>\/f R‘sin a‘<\/ﬁ R|Sin C{|+]/

I J%iy ‘ Jldya O(J%]R_m

|sin a‘> |sin a|<—=

So, the relatlons (28) and (29) are proved. Now, taking into ac-
count (27)—(28) to prove the relation (26) we must prove that

h(t,0)—1
jreo-t

lim 0

t=0|"

T,_,n d6| = 0. 31)

As ||Te_iy77"§Mo ”Sg_l-},r]” (see(30)), it is sufficient to estimate the

following integral

e(y+19)t

I(t) = f ||S9 a0 <

. 2
- ( OJ? e(y+19)t 1

The function € — ‘6(7 +io) —1‘/ |y+i0| is majorable by some function

y+i6

from I*(R) uniformly in every finite interval 0 <z <¢ . In addition, the
integral

—00

s, a6 = Mld‘rdﬂ 46 <
.["9!7" [177

i 2
—0—1|T - | |’U|

= ot a2l <
—o0—1

converges. So, I(t) — 0,¢— 0, what proves the relation (31). Theorem is
proved.
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3.6. Proposition. If

{u =iTu,t>0,
u|t=0 =0,
then u(¢)=0,1>0.

As corrolary, we have that the operator U(¢),t >0 (see (18)) defines

a semigroup.
Now we can formulate the main theorem of this section.

3.7. Theorem. The problem
{u =iTu,t>0,

”L:o =@, pe D(T),
has unique solution u(¢) =U(¢)e , given by the semigroup

1%
U(f)(D = _2_7[[ je(7+ H)tT97[y¢7 d(9

Proof. Results from (23), (26) and Proposition 3.6.
4. Asymptotic behavior of the semigroup

We study time asymptotic of the solution of evolution equation
f=ilf . f|,_, = f(0).1f the operator L:I*(D)— L*(D) is self-adjoint

then corresponding semi-group is unitary and this solution is bounded with
respect to the norm of the space. We consider nonself-adjoint operator L .
Our aim is to give simple description of increasing part of the solution
when t — o .

It is convinient to use Friedrichs’ model 7' (7 is unitary equivalent to L)

and study the solution of the problem u = iTu, u o = u(0).

t=

Suppose that the following conditions hold:
a) b(0)="5(0)=0;

b) the operator 7' has not spectral singularities, set of eigen-values is
finite.

We have need of the following known statement (see, for ex. [7]).

4.1. Lemma. If g e I*(R) and g(¢)= L | £6) 4o , then
2rins—¢
1{ 2o +in) do <|g] - 7 #0. (32)

4.2. Lemma. Vector-functions AS, ¢, BS ¢, p € H belong to Hardy
space in half planes Im¢ >0 and Im¢ <0.
Proof. Recall that (see(9))
217
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Bo() = — a0 Totme o, ,,)st

R-1
So,
1
BS,p(x) = a,(x)[ - (s, x)ds, (33)
R
where
D(s,x) = J (s, 1) (’u)e ”d,u.

4
As b(0) =0, then
1

1
! b 1 2( 11p 2 2
ool P s oo 24 {J' & dﬂ]

| |

(e, x)"iz(R) = .[|q)(s,x)|2 ds < M||g| 2
R

and
eR.

H b
Using (32), we have
2

1
J.m CD(S, X)dS

The representation (33) gives

J

RIR

do < 4r* "(D(O,x)"iz ® <4Mr* ";0"2 ,xeR. (34)

2

2 2 1

"BSmir(D” = _“az (x)| J—,‘I)(S,x)ds dx.
2 zS—(o+ir)

Integrating this equality with respect to o and using the estimate (34),

which does not depend on x, we obtain

1{ 1BS,.iz0l do < aM 2|, 1{ lay () dx <M |lg|, .t 0. (35)
The vector-function AS,¢ is considered by analogy.

Lemma is proved.

Let n({), ¢ =o+ir be function holomorphic in half planes 7 >0
and 7<0.

4.3. Lemma. Suppose that

ho+it)|[do <M, M = const, 7 #0, (36)
R

then the integral H(T):Ih(aﬂr)da does not depend on 7 in the
R
intervals 7>0 and 7<0.
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Now we come back to the solution u(¢,7,4) of evolution equation
(see Theorem 3.7). We will write u(¢f) instead of wu(t,z,u). As

T, =S,-S,AK() " BS,,then
1 T i i
u(t)=->— [T, o do=eSp+1(t.y)p,t>0,  (37)
where
10 =5 [0S, A K@iy BS, 000, (9)
i

The eigen-values &, of the operator 7' are the poles of the operator

function K(¢)™". Recall that the operator K(¢)—1 is compact. Therefore,

according to the theorem about holomorphic operator function (see [6]),
the coefficients O, _; of principal part of Loran decomposition of

K(Q’)f1 , namely

K&)' =30 +G(E), Im & #0, (39)
k
0,(¢) = Qe LS &

+... ,
¢-¢ k )m ¢-¢ k
are finite dimensional operators.
Operator function G(¢{) is bounded and gives in (38) the term

O(1),t — o, (see (35)).

It remains to calculate directly (by residues) the terms of the expression
(38), containing the operators O, _; then the poles ¢, =6 —iy give the
functions exp((y +i0)t) = exp(i¢;¢) and its derivates with respect to &

give the factors ¢”. Using unitary equivalence of semi groups
exp(itl)=U ’lexp(itT )U , we obtain following main result concerrning
initial Cauchy problem (3).

4.4. Theorem. Suppose that the operator L has finite set of eigen-
values and has not spectral singularities. Then asymptotic behaviour of the
solution of evolution equation (3) is

ig
u@t)y="3 F YO, fi )y &, +O0), >,
Img;, <0 P

where O(1) signifies the value in the space ? (D) and f; ,, g , denote

some elements from (D) .
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5. Case of finite-dimensional kernel

Let us consider in the space I*(D) more general operator

a 1
Lf )= =it [ o f ()il (v €D, (40
21

where

kG, 1) = Y, (0 (b, (1), (1)

J=1
We keep the same conditions (as for the operator (1)) on the
coefficients, namely, for some constants M >0, ¢ >0, we suppose that

|aj(x)|£Mexp(—g ),xeR,j=1,...,n and the functions & ;(u), b; (1),

4 €[—1,1] admit holomorphic prolongation in the circle |z| <l+g¢.

We want to show that the operator L may be including in previous
scheme. But we consider the spectrum of L only. We choose the

factorization a;(x) =q ;(x)a, ;(x), |a1,j(x)|=|a2,j(x)|, which after

Fourier transformation of the equality (40) gives Friedrichs' model
T=S+Y 4B, (42)
j=

in the same space H . Integral operators 4;, B; : H — ? (R) are

1 — ]
Ap(x)=—a, ()| |5 ; s, /e *—duds, xeR,
900 ==, )jJ L (W(s, 1) P

Bp(x) = J;—” a0 [y (0t e Hdﬂ s,

R-1
m(&)=0,,+B;S 4, " ImE =0 (43)
and (compare with (15)) /,,(7,¢) = ILIZ(/I) . Obviously, theo-

rem 2.3 holds for the operator (43) too. One can easily repeat the proof of
Theorem 3.2 to obtain in the neighbourhood of ¢ =0 the decomposition

Kn(§) =8 = ib_, (01, ) (%10 ) 2 ) B2y + Qi (£): (44)

where the operator function Q(¢) is holomorphic in some circle |cf | <J

and y({)=-zi-signlm¢ -Ing . The function In ¢ is continuous in the
domain ¢ ¢[0,0) and In(-1) = 7i.
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Let us rewrite the operator (42) under the form T = S+A"B. We
introduce direct sum G=G; ®..@G,, where G;= I?(R). Then we

interpret the factors in (42) as operators 4, B; : H — G; and introduce

the following operators 4,B: H —> G :
49 Byp

Ap=| . |,Bp=| . |eG. (45)

4,9 B,p
If ¢ e G then

(A(pa C)G = Z(Am(Da Cm )Gm = ((0, ZA;; > Cm \J
m m H
So,

A=Y 4 ¢, (46)
Therefore A*Bgz):ZA;Bj and T=S+AB (see (42)). We have
J

(see (45)—(46))
(BS;A'c); =B;S;Ac=YB;S;4,c,

i.e. we have matrix form K({)=1+ BS;A* =(K, (5))7',m=1 (see (43)).

Denote
b1,1 (0)01,1 (x) b (0)02,1 (x)
a(x)=|. ,B(x)=]. eG.
bl n (0)al,n (X) b” (O)azﬁ ()C)
Then (see (44))

(K()-D)e = iy(:xc, a)g B+ ().
where (Q(&)c); = szm (&) c,,- According to [5]

I
[0 @] < N@ ey |ca 1 ol s 2 @)
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where N(0) is some given function on ¢ and ||a||§ = “a(x)|2 ew‘x‘dx.
R
Using the notation (see (41))

1

a7 =T o |, = Sl oo

1

1607 = s o Sl Jlon o1 |
" m R

and the estimates (see(47)), we obtain [O($)| < N(6)M (a,b)M, (a,b). We

also need the value (recall that a, ;(x)aq, ;(x) =a;(x))
(B,a)G = Zb (0, ;(0) ja (x)dx.

By analogy to the work [5] we obtain the following Theorem.
5.1. Theorem. Under one of the following conditions
) (B,a)g =0,N(O)M(a,b)M,(a,b) <1
or
2) (Boa)g %0, N©O)al, |8, M(a,b)M,(a,b) <|(B.a)q|
the operator L (see(40)) has not point spectrum in the circle |cf | <.
Note, that exponential decreasing of the functions a;(x), |x| —> 0

permit (again by analogy to work [5]) to prove the analogy of
Theorem 2.3. Taking into account Theorem 5.1, we obtain that point
spectrum of the operator L is finite.
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ABTOpH  posmiaTs  y  mpoctopi L (D), D=Rx[-1,1]
TPAHCIIOPTHUH orepaTop
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Lf = =ipa=—+ a(x)by (1) [b(u') f (x, 1)l
ox b
[I[o6 OTpUMATH BHIJIAA PO3BSI3KY PiBHSIHHS L't:iLu,uL:O =u(0)
ABTOPH BBOJATH AESKH iHTErpan (y BUIIISAI BiIOMOTO BUpa3y Pe30JIbBEH-
TH 4yepe3 MIBIpyIy) i JOBOIATH MPsIMO, IO LeH iHTerpaji € BiINOBiIHOIO
nierpynow. {06 cripocTutr 0OGUHCIEHHS, aBTOPH 3BOAATHL oreparop L
1o aesikoi moneni dpinpixca, BAKOPUCTOBYIOUH NiepeTBoOpeHHs Dyp’e.
Kawuosi caoBa: cnexmp ,mpancnopmuuti  onepamop, Mooeb
@piopixca, nigepyna.
Otpumano 16.10.2010
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B. K. flcunckuii*, n-p ¢i3-mart. HayK,

B. 10. Bepe3a*, kanj. ¢i3.-mar. Hayk,

E. B. SIcunckmii**, aHaniTHK-miporpamict

*YepHiBellbkuii HatlioHabHKH yHiBepcuTeT iM. FO. OenpkoBnya, M. YepHiBi,
**VuiBepcureT Atadbacka, M. EnmonToH, Kanana

CYLWECTBOBAHUE BTOPOIrO MOMEHTA PELUEHUA
NNHEMHOIO CTOXACTUYECKOIO YPABHEHUSA B YACTHbIX
NPOU3BOOHBLIX C MAPKOBCKUMU BO3MYLLEHUAMU U EFO

NOBEAEHUE HA BECKOHEYHOCTMU

Jis croxactuueckoit 3amaun Komm nuHEHHOro ypaBHEHMs B
YaCTHBIX MPOM3BOIHBIX C HENPEPHIBHBIM MapKOBCKUM IIPOLECCOM
JIOKa3aHO CYIIECCTBOBAHHE PELICHUS B CPEAHEM KBaJpPAaTHYECKOM,
HOJIy4eHBI JOCTATOYHBIC YCJIOBHS aCHMITOTHYECKON YCTOHYMBO-
CTH B CpeHEM KBaJPaTUUSCKOM PEIICHUs ITON 3aJatH.

KiawueBrble ciaoBa: 3a0aua Kowwu, cmoxacmuueckue oughge-
PeHYUaIbHOe YPAGHeHUe, YPAGHEHUe 6 HACMHLIX NPOU3BOOHbIX,
ACUMNIMOMUYECKA YCMOUYUBOCMY,  YCMOUYUBOCHIL 8 CPEeOHEM
K8AOPAMUYECKOM, MAPKOBCKULL npoyecc.

BBenenue. /loxazarenbCTBY CYLIECTBOBaHMSI MU ACUMITOTHYECKOTO
MOBEJCHUS PEIICHUI AeTePMUHUPOBAHHBIX YPAaBHEHUIN B YAaCTHBIX MPOU3-
BOJIHBIX MOCBSIIEHO JOCTaTOYHOE YHCIIO MOHOTpaduid U cTareil, KoTopble
MOJKHO HaiTu B MoHOTpadusx [13], [15], [22].

Korna Ob10 BBEZIEHO MOHATHE CTOXAaCTHYECKoro anddepeHnunana u
MHTETpaja, Kak (YHKIMH BEPXHETO Ipejiera, 3aMeHbl nepeMeHHbIX V1o
IUISL CTOXacTHYeCKoro auddepeHnnana, BBEACHNS MOHATUS CTOXacTHYe-
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