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This paper is devoted to the problem of the description of
nonequilibrium correlations of quantum many-particle systems. A
non-perturbative solution of the Cauchy problem of the nonlinear
quantum BBGKY hierarchy for marginal correlation operators is
constructed as an expansion over particle clusters which evolution
is governed by the corresponding-order cumulant of the nonlinear
groups of operators generated by the von Neumann hierarchy.
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Introduction. The importance of the mathematical description of

correlations in numerous problems of the modern statistical mechanics is
well-known. Among them in particular, we refer to such fundamental
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problem as the problem of a description of collective behavior of interacting
particles by quantum kinetic equations [1—S8]. Owing to the intrinsic
complexity and richness of these problems, primarily it is necessary to
develop an adequate mathematical theory of underlying evolution
equations.The goal of the paper is to derive rigorously the evolution
equations for marginal correlation operators that give an equivalent
approach to the description of the evolution of states in comparison with
marginal density operators governed by the quantum BBGKY hierarchy and
to construct a solution of the corresponding Cauchy problem.

The von Neumann hierarchy. We consider a quantum system of a
non-fixed, i.e. arbitrary but finite, number of identical (spinless) particles

with unit mass m =1 in the space R",v>1, that obey the Maxwell-
Boltzmann statistics. Let 7 =€|—);°=0Hn be the Fock space over the

Hilbert space H, where the n -particle Hilbert space H, =H® is a

tensor product of »n Hilbert spaces H and we adopt the usual convention
that ‘H,=C. The Hamiltonian /, of the n -particle system is a self-

adjoint operator with the domain ’D(H " ) cH,

n n

H,=YK(i)+ Y ®(i.i), (1)

i=1 i <iy=1
where K(i) is the operator of a kinetic energy of the i particle and
CD(il,iz) is the operator of a two-body interaction potential. In particular
on functions v, that belong to the subspace
I (RV” ) cD(H,)c L’ (]RV” ) of infinitely differentiable symmetric

functions with compact supports the operator K (i ) acts according to the

2
formula: K (i )l//n=—h7A ¢.¥n» Where 277 is a Planck constant, and for

the operator ® we have: CD(il,iz)t//n=(I)(q,-],ql-2)y/n, respectively. We

assume that the function CD(q,-l,ql-z) is symmetric with respect to

permutations of arguments and it is translation-invariant bounded function.
States of a system of the Maxwell-Boltzmann particles belong to the

space £ (7 )=@® & (H,) of sequences f=(fy,fi,.... fpso) of
trace-class operators f, = f, (1,...,n) € £ (H,) and f, € C, that satisfy
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the symmetry condition:  f, (1,...,n)= f, (i,....i,) for arbitrary
(i1se--riy ) €(1,...,n), equipped with the norm

"f"El(fH) =};)"fn”21(7{n) = Z%)Trl,---’n S (1""’”)|’

are partial traces over 1,...,n particles [12]. We denote by

where Tr, |,

£ (]—"H) the everywhere dense set in £ (}'H) of finite sequences of

degenerate operators with infinitely differentiable kernels with compact
supports.
We describe states of a system by means of sequences

g(t)=(go.& (t.1)....g, (t.1,...on) .. ) € o (fH) of the correlation
operators g, (t), n>1. The evolution of all possible states is determined
by the initial-value problem of the von Neumann hierarchy

% g (1Y) =N (¥[g(1)). @)

g (1Y), =g, (0.7), s=1, 3)
where the following notations are used:

N(7[g(1) =N, (¥)g, (1.7)+

+) P.Y=X,UX, > ieX > heX, (_Mnt (ilsiz ))g|xl| (.X, )g|xz| (1,X,),
> p.y=x,Ux, 1s the sum over all possible partitions P of the set

(4)

Y= (1,...,s) into two nonempty mutually disjoint subsets X; Y and

X, c Y, the operator (-, ) defined on € (%, ) by the formula

i
(_Nv (Y)) = _E(Hsfv _f:vHs)’ (5)
is the generator of the von Neumann equation [13] and the operator
(=N ) is defined by

(Mm(’plz))f— ( (llaiz)fs_qu)(ilaiz))- (6)

Hereafter we use the following notations: ({X e ’{XI P‘}) is a set,

elements of which are |P| mutually disjoint subsets X; <Y =(1,...,s) of
the partition P:Y =U" X, i.e. ‘({Xl},...,{lel})‘ =|P|. In view of these
notations we state that ({Y }) is the set consisting of one element
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Y=(1,...,s) of the partition P(|P| = 1) and ‘({Y})‘ =1. We introduce the
declasterization mapping 9:({X1},...,{X|P|})—>Y, by the following
formula: 9:({X1},...,{X|P|}):Y. For example, let X =(1,...,s+n),

then for the set ({Y},X\Y) it holds: 9({Y},X\Y)=X.

On the space £ (H,) we also introduce the mapping:

R>t—G,(~t)f,, which is generated by the solution of the von
Neumann equation of n particles [13]

L Ly
gn(_t)fn:e h ”f;leh n' (7)
This mapping is an isometric strongly continuous group that
preserves positivity and self-adjointness of operators [12]. On

€ (H,) = D(-N,

n) the infinitesimal generator of group (7) is

determined by operator (5).
A solution of the Cauchy problem (2)—(3) is given by the following
expansion [9—10]

g, (t,Y)=g(t;Y|g(0)) =
- T % (t,{xl},...,{xp})XngXi(o,Xl.), 2. ®
where ) p. Y=U:X,» is the sum over all possible partitions P of the set
Y=(1,...,s) into |P| nonempty mutually disjoint subsets X; =Y, the
evolution operator %lp‘(t) is the |P|th-order cumulant of groups of

operators (7) defined by the formula

o (t){XI}M{XP})=p'.({x} %X RV (1)
(et N

x(‘P" - 1)!21‘[#%@ j(-0(2,)

Here Z , ({ is the sum over all possible partitions
P

: Xl},...,{xlpl}}ukzk
P’ of the set ({Xl},...,{le‘}) into |P’| nonempty mutually disjoint
subsets Z, ({X 1} ""’{XI PI}) . For operators (8) the estimate holds
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85 ([)"21(719) <S'63YCS (10)

\P\ ‘

If g,(0)eg(H,)=&(H,).n>1, expansion (8) is a strong
(classical) solution of the Cauchy problem (2)—(3) and for arbitrary initial

where ¢ = max “ LX “ ]
Py=UX; ! £ %Xll
1

"

data g, ( ) e (H ( ) n 21, it is a weak (generalized) solution.

In case of the absence of correlations between particles at initial time,
i.e. the initial data satisfying the a chaos condition, the sequence of
correlation operators has the form

2(0)=(0.g,(0.1),0....). (11)

The corresponding solution of the initial-value problem of the von
Neumann hierarchy is given by the expansion

g (1Y) =2, (1Y) [ ]2 (0.i), (12)
i=1
where 2 (1) is the sth -order cumulant defined by
A= X (TP Gy (XD a3)
PY=UX, X.cP

We note that correlations created in evolutionary process of a system
are described by formula (12) and determined by the corresponding-order
cumulant of the groups of operators (7) of the von Neumann equations.

Marginal correlation operators and marginal density operators.
We introduce the marginal correlation operators by the series

G, (t.1,....5)= Z T, Losin&sin (Lo os+n), 521, (14)

where the sequence g, , (t,l,...,s +n),n 20, is a solution of the Cauchy

problem of the von Neumann hierarchy (2).
Traditionally marginal correlation operators are introduced by means

of the cluster expansions of the marginal density operators F, (t), s>1,
governed by the quantum BBGKY hierarchy [11]

F(tY)= > TGy (tX).s>1, (15)

PY=UX, X,cP
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where )’ py=yx, 1s the sum over all possible partitions P of the set

Y= (1,...,s) into |P| nonempty mutually disjoint subsets X, cY.
Hereupon solutions of cluster expansions (15)

G (t¥)= X ()" (P10 [T hy (X)), (6

P:Y=UX; X,cP
are interpreted as the operators that describe correlations of many-particle
systems. Thus, marginal correlation operators (16) are cumulants (semi-
invariants) of the marginal density operators.
The marginal (s -particle) density operators (15) are determined by
the Cauchy problem of the quantum BBGKY hierarchy [11]

d

SR (7)== N (1) (1) 25 (N 15 41)) . (9. (17

F ()|, =F: (0), s>1. (18)

N

If F(0)e L, (Fy)=@® "%, (K,

n

) and o >e, then for reR a

unique solution of the Cauchy problem (17)—(18) of the quantum
BBGKY hierarchy exists and is given by the expansion [9; 15]

F,(t.Y)= Z Té+1 oW (LAY X\Y)F,,, (0,X),s>1, (19)
n=0"
where the (1+ n)th -order cumulant A, (t) of groups of operators (7) is
defined by

A, (VLX) =Y (1) (P]-1)

P{r}, x\r)=U.x,
<11 Yo(x,) (_t’Q(Xi ))’
X,cpP

where Z p 1s the sum over all possible partitions P of the set ({Y }, X\Y )

(20)

into |P | nonempty mutually disjoint subsets X; ({Y 1 xX\Y ) )

Formally, the evolution equations for marginal correlation operators are
derived from the quantum BBGKY hierarchy for marginal density operators
(15) on basis of expression (16). Then the evolution of all possible states of
quantum many-particle systems obeying the Maxwell-Boltzmann statistics
with the Hamiltonian (1) can be described within the framework of marginal
correlation operators governed by the nonlinear quantum BBGKY hierarchy

d

dtG(tY N(r|o(: )+Tr+12( N (1,5 +1))
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X(Gyoy (8,Y,5+1)+ > Gp(ll(t,Xl)GLle(t,Xz)), (21)
P(Y,s+1)=X,UX,,
ieX|;s+leX,
G, (1Y), _, =G, (0.Y),5>1. (22)

In equation (21) the operator N (Y | G(t)) is generator of the von
Neumann hierarchy (2) defined by formula (4), i.e.
N(7[6(1)=(-N, (Y))G, (1Y) +
XX 2 (N (i02)) Gy (1.X0) Gy (1.X5)
P:Y=X,UX,ieX,heX,
where the operators (—A) and (—A,) are defined by (5) and (6)

(23)

respectively, Z is the sum over all possible partitions P of the
P.Y=x,Ux,
set ¥ =(1,...,s) into two nonempty mutually disjoint subsets X, =Y and

X,cY, and z is the sum over all possible partitions of
P(Y s+1)=X,UX,,
ieX|;s+leX,
the set (Y,s+1) into two mutually disjoint subsets X; and X, such that
ith particle belongs to the subset X; and (s+1)th particle belongs to

X,. As far as we know hierarchy (21) was introduced by

M. M. Bogolyubov [11] and in the papers of J. Yvon [16] and
M. S. Green [17] for systems of classical particles.

Another method of the justification of evolution equations for marginal
correlation operators consists in their derivation from the von Neumann
hierarchy for correlation operators (2) on basis of definition (14).

We emphasize that the evolution of marginal correlation operators of
both finitely and infinitely many quantum particles is described by initial-
value problem of the nonlinear quantum BBGKY hierarchy (21). For
finitely many particles the nonlinear quantum BBGKY hierarchy is
equivalent to the von Neumann hierarchy (2).

A non-perturbative solution of the nonlinear quantum BBGKY
hierarchy. To construct a non-perturbative solution of the Cauchy
problem (21)—(22) of the nonlinear quantum BBGKY hierarchy we first
consider its structure for physically motivated example of initial data,
namely, initial data satisfying a chaos property

G (6Y)_, =G (0.1)3,,, 521, (24)

1=
where & is a Kronecker symbol. Chaos property (24) means the absence
of state correlations in a system at the initial time.
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According to definition (14) and solution expansion (12), in the case
under consideration the following relation between the marginal
correlation operators and correlation operators is true

Gl(O,i)=g1 (O,i). (25)
Taking into account the form (12) of a solution of the initial-value

problem of the von Neumann hierarchy (2) in case of initial data (11), for

expansion (14) we obtain
s+n

|
Gs (I’Y) = Z ; T't?Jrl,“.,.HnQ[ern (t,l,...,s +n) Hgl (O’i)v (26)
n=0""- i=1

where 2., (¢) is the (s+n)th-order cumulant (13). In consequence of

relation (25) we finally derive

0 1 s+n )
G ()3 Lt 2, e 0TTG 00, e
n=0 10 i=1
If || G,(0) [l T (Ze)_l , series (27) converges, since for cumulants

(13) the estimate holds [9]
||an(f)f||£1(ﬁn)S nte" Hf||21(Hn) .

From the structure of series (27) it is clear that in case of absence of
correlations at initial instant in a system the correlations generated by the
dynamics of quantum many-particle systems are completely governed by
cumulants (9) of groups of operators (7).

Thus, the cumulant structure of solution (8) of the von Neumann
hierarchy (2) induces the cumulant structure of solution expansion (27) of
the initial-value problem of the quantum nonlinear BBGKY hierarchy for
marginal correlation operators.

The evolution equations which satisfy expression (27) are derived
similarly to the derivation of hierarchy (21).

We point out that in case of chaos initial data solution expansion (19) of
the quantum BBGKY hierarchy (17) for marginal density operators differs
from solution expansion (27) of the nonlinear quantum BBGKY hierarchy
(21) for marginal correlation operators only by the order of the cumulants of

the groups of operators of the von Neumann equations [10; 15]
S+n

0 1 )
Fs (taY) = Z; Trs+1,...,s+nQ’[l+n (t’ {Y}aX\Y) HFI (O’l)7 (28)
n=0"*"

i=1
where ., (1) is the (1+n)th -order cumulant [20].
The structure of a solution expansion. The direct method of the

construction of a solution of the nonlinear quantum BBGKY hierarchy (21) in
the form of non-perturbative expansion consists in its derivation on the basis
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of expansions (16) from non-perturbative solution (19) of initial-value
problem of the quantum BBGKY hierarchy (17)—(18). Following stated
above approach, we derive a formula for a solution of the quantum nonlinear
BBGKY hierarchy for marginal correlation operators in case of general initial
data on the basis of definition (14) and non-perturbative solution (8) of initial-
value problem of the von Neumann hierarchy (2)—(3). With this aim on

Jn € g (Hn ) we introduce an analogue of the annihilation operator
(af)s (l,...,s)=TrSJrl il (l,...,s,s+l), s>1, (29)
and, therefore we have
" n
(1) ()= SO s
According to definition (14) of the marginal correlation operators, i.e.
G(1)=e"g(1),
where the sequence g(t) is a solution of the von Neumann hierarchy for
correlation operators defined by group (8), i.e.
g(n=0(1g(0)),
and to the equality: g(0)=¢"G(0), we finally derive
G(1)=e"G(deG(0)). (30)
To set down formula (29) in componentwise form we observe, that
the following equality holds

[1(c*6©) (x,)= i(_l) x

X,cP Wil i—0 k!

xTr, 3 kR % e ! X
s+n+l,...,s+n+k cee 1
k=0 ky !(k —hi )! Kip1=0 k|P\—1 !(km—z _k|P|—l )! 1)

Gix, 1+ k—k, (O,Xl,s+n+1,...,s+n+k—k1)...

G‘X‘p“+k‘PH (O,A/‘P‘,S+n+k—lﬂp‘71 +l,...,S+n+k).

Then according to formulas (29) and (8), for s >1, we have

GS (I’Y) = i i' T'THI,..A,S+n Z x
n=0": P:(l,..A,S+n)=L’vJX[
<A (t,{Xl},...,{X|P|})XHP(e*aG(O))lXil (X,).

i
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where 2 P‘( ) is |P|th-order cumulant (9), and as a result for sequence

n!

(29) we obtain
0 n k
G, (t.L,....5) = nZ Tr,, §+nk§)(_l) Wx
X Z Q(lp‘(t,{Xl},...,{lel})x
P:(1,...,s+n—k )= UX

k Kip-2 kip_p!

Z Y 7 x (32)

=0 (k kl) kipr=0 Kip !(k|1>|72 — K )!

XGiy ek, (O,Xl, S+n—k+1,...,s+n—kl)...

Gyl (0. Xjpps 1 =kipy 1, 1)

Consequently the solution expansion of the nonlinear quantum
BBGKY hierarchy has the following structure

s+n|G(0)),  (33)

( ) Z Té+l s+nU1+n (t;{Y}’S-'_l;
where we 1ntr0duce the notion of the (n +1)th -order reduced cumulant
U,,, () of nonlinear groups of operators (8)

U» (t;{Y},s+1,...,s+n|G(0)) =

n n!
X

Z( ) k'(l’l k) P(0({ 5}),s+1,...,s+n—k):UX,-

k=0
xmlp‘(z,{xl},...,{xlpl})x .
i ki kipy ! (34)
. X
1=0 (k kl) Kip1=0 k|P|—l !(k|P|—2_k|P\—l)!
XGLX1|+k—k| (O,Xl,s+n—k+1,...,s+n—kl)...

(0 X‘P‘,s+n—k‘P‘71+l,...,s+n)

.G
4
We give simplest examples of reduced nonlinear cumulants (33)

U, (t;{Y}|G(0)) = Q(t;Y|G(0)) =
_ p;(l,%:ux Ay (10X, ,...,{xlpl})Xl‘C[PGlXi| (0.x,).
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U, (6{7},5+1|G(0)) =

= 2 Yy (”{Xl}»'“»{XlPl})XE[PGm(O»Xi)_

P:(Y,s+1)=L_vJXi

D R AP AN

P: (I,AA.,S)=L_.JX,»

P
x> T Gy (0.X;) G o (0,5 +1).

Jj=1X;cP,
Xl-¢Xj
We remark that in case of solution expansion (19) of the quantum
BBGKY hierarchy, an analog of reduced cumulant (33) is the reduced
cumulant of groups of operators (7) defined by formula [12]

< ko on!
U, 04 1,... = E -1y — —1).
1+n ([,{ }7S+ s ,S+I’l) k:O( ) k!(n_k)!gﬁn,k( t)
Reduced cumulants of nonlinear groups of operators. We indicate

some properties of reduced nonlinear cumulants (33) of groups of
operators (8). According to formula (32) and properties of cumulants (9),

namely 2, (0)= 16, , the following equality holds
Uy (0:{7},s 41,5401 G(0)) =

k n!
:k;)(—l) k!(n—_k)!ml (0.{L,....s+n=k})G,,, (0.1,....s+n) = (35)

=G, (0,1,...,s+n)5,,’0,
and hence the marginal correlation operators determined by series (32)
satisfy initial data (22).

In case of n=0 for feg (]—"H) in the sense of the norm
convergence of the space & (HS ) the infinitesimal generator of first-order

reduced cumulant (33) coincides with generator (23) of the von Neumann
hierarchy (2)

}E%%((Ul (t;{Y}|f))—ﬂ.(Y)):N(Y|f),s21,

where the operator N (Y| /) is defined by formula (23). In case of n=1

for second-order reduced cumulant (33) in the same sense we obtain the
following equality

1
It 0 (517).5+17)-
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= ZTrerl (_Nint (l.’S+1))(f5+1 (t,Y,S+l)+

ieY

Y (X)) iy (6X0)),s

P(Y,s+1)=X,UX,,
ieX;;s+leX,

where notations are used as above for hierarchy (21), and for n>2 as a

consequence of the fact that we consider a system of particles interacting
by a two-body potential, it holds

1
Tryy,  sinlim=U,,, (t;{Y},s+1,...,s+n | f) =0.
t—>01
In case of initial data satisfying a chaos property, i.e.

G(0)=(0,G,(0,1),0,...), for the (1+n)th-order reduced cumulant we

have
Uy (z;{Y},s+1,...,s+n |G (0)) =, (t,l,...,s+n)ﬁG1 (0,i),
i=1

i.e. the only summand that gives contribution to the result is the one with
k=0 and |P |= s +n, since otherwise there is at least one operator G, (0)

with s > 2 in the last product.
For the (1+n)th -order reduced cumulant (33) the following
inequality holds

[Vhun (517}t s ot )

s+n

<ontsi(283) 7 e (36)
<)

where

¢ =max max
P: (1,...,s+n7k):UXi k,k1 ,...,klp‘,l e(s+n—k+l,4 . .,s+n)

seeesy

pr(, ek, “ g( Toipty Hg[m

%Xl\”“kl ) Xp+hip J

To prove this inequality we first remark that for cumulant (9) the
following estimate holds

Hmlp‘ (42} { X ) 1,

Pl
5 <IPlte™ | f, Hg(Hn)- (37

2(n,)

Indeed, we have

‘QﬁPl(’n{Xl}f-“’{XIPI})ﬁl

< 3 (| P'|—1)!><

€ (n,) P':({Xl},...,{)qp‘})=L‘JZk
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VLG (10, oy ) S0P

n

where s(| Pl ) are the Stirling numbers of second kind and we use the

isometric property of the groups G, (—t), n>1. Estimate (36) holds as a

consequence of the inequality
|P|

Ss(IPLI)(I-1)1< Plre,

1=1
Then owing to estimate (36), for the (1+n)th-order reduced
cumulant (33) we have

“UM(t;{Y},s+l,...,s+n|f “g

Y+l’l)
n

<y > uwf’*z

k=0k!(n_k)!P:(l,4..,s+n—k):UX 0k (k kl)
w kip!
. S )
k=0 Kipy ’(’ﬂPz"ﬁﬂl)!“ e Hg(%ﬁ'f—kl] i g[%ﬁa\ﬂwj

n

<y | P11
k= 0(” k) Pi(1,.. ,s+n—k)= UX,
As result of using of the definition of the Stirling numbers of second
kind s (s +n—k,l ) and the inequalities

n

n! D | PP =
k=0 (n - k)' P:(l,..A,S+n7k):UXz

s(s +n —k,l)l.’ezz*1 <

. s+n
Sl < 2n!s!(263) ,

we obtain estimate (36).
Thus, according to estimate (36), for initial data from the space £ (,)

-1

series (32) converges provided that max || G, (0)]| (i )< (2e3 ) , and the
n>1 n

following inequality holds
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1G, (¢) o)< 2s1(2¢*) . (38)

A solution of the Cauchy problem of the nonlinear quantum BBGKY
hierarchy for marginal correlation operators (21) is determined by the
following one-parametric mapping

Rat—)U(t|f)=e“g(t|e_“f), (39)
which is defined on the space £ (]—"H) owing estimate (38), and has the
group property

Ul Ui 1 1) =UlL1 U] ) =Ub+61 ).
Indeed, according to definition (29) and taking to attention the group
property of the mapping G(¢|-) , we obtain
U+ £)=eG(n+11¢7 ) =0(416(n 17 f)) =

- e°g(tl iy e’“f)) =eg(n e U(e 1)) =u(n U] 1))
To construct the generator of the strong continuous group U (t, Y| ) we
differentiate it in the sense of the norm convergence on the space g (HS )

d

- E(eug(t e f)) (¥) 3
=3 T N(X1G(1e )| =( N (e r) )

where N (-] f) is a generator of the von Neumann hierarchy (2) defined

by formula (4) on the subspaces £, (H,)c £ (H,),s>1, or in the
componentwise form in case of a two-body interaction potential

[ex{les) 1=x01s)+
+Tr Z(‘Nim (is+ 1))(fﬁl (Yos+1)+

ieY
+ X f\xl\(Xl)f\xz\(Xz))’

PAY s+)=X,UX,,

ieX;;s+leX,
where we use notations as above for formula (21). Formula (40) describes
the structure of the infinitesimal generator of mapping (39) in the general
case of many-body interaction potentials.

Thus, for abstract initial-value problem for hierarchy (22) in the

d .
Eu(r,Y|f)

t=0

(40)

space £ (F5) the following theorem is true.
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-1
3 .
If nnlglx||Gn(0)||£1(Hn)<(26 ) , then for teR a solution of the

initial-value problem (22)—(23) of the nonlinear quantum BBGKY
hierarchy is determined by expansion (32). If G,(0) € £, (H, )< £ (H, )
it is a strong (classical) solution and for arbitrary initial data
G,(0)e £ (H,) itis a weak (generalized) solution.

The proof of the theorem is similarly to the prove of an existence
theorem for the von Neumann hierarchy [10].

Conclusion. In the paper the origin of the microscopic description of
non-equilibrium correlations of quantum many-particle systems obeying
the Maxwell-Boltzmann statistics has been considered. The nonlinear
quantum BBGKY hierarchy (22) for marginal correlation operators was
introduced. It gives an alternative approach to the description of the state
evolution of quantum infinite-particle systems in comparison with
quantum BBGKY hierarchy for marginal density operators. The evolution
of both finitely and infinitely many quantum particles is described by
initial-value problem of the nonlinear quantum BBGKY hierarchy (21)
and for finitely many particles the nonlinear quantum BBGKY hierarchy is
equivalent to the von Neumann hierarchy(2).

A non-perturbative solution of the nonlinear quantum BBGKY
hierarchy is constructed in the form of expansion (32) over particle
clusters which evolution is governed by corresponding-order cumulant
(33) of the nonlinear groups of operators generated by solution (8) of the
von Neumann hierarchy (2). We established that in case of absence of
correlations at initial time the correlations generated by the dynamics of
quantum many-particle systems (27) are completely determined by
cumulants (9) of groups of operators (7).

Thus, the cumulant structure of solution (8) of the von Neumann
hierarchy (2) induces the cumulant structure of solution expansion (32) of
initial-value problem of the nonlinear quantum BBGKY hierarchy (22).

We emphasize that intensional Banach spaces for the description of
states of infinite-particle systems, which are suitable for the description of
the kinetic evolution or equilibrium states, are different from the exploit
spaces [12; 14]. Therefore marginal correlation operators from the space
g (]-'H) describe finitely many quantum particles. In order to describe the
evolution of infinitely many particles we have to construct solutions for
initial data from more general Banach spaces than the space of sequences
of trace class operators. For example, it can be the space of sequences of
bounded translation invariant operators which contains the marginal
density operators of equilibrium states. In that case every term of the
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solution expansion of the nonlinear quantum BBGKY hierarchy (22)
contains the divergent traces, which can be renormalized due to the
cumulant structure of solution expansion (33).
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Pobora mnpucBsueHa mnpoOieMi OMUCY HEPIBHOBAXKHHUX KOpEJLLiif
KBAHTOBHX 0araTo4acTUHKOBHX cHcTeM. [100ymoBaHO po3B's3ok 3anadi Kormi
HeniHiiHOT kBaHTOBOI iepapxii piBHsHb BBI'KI y dopmi posknagy mo rpymax
YaCTHHOK, CBOJIOLIS SIKHX OIMHCYETHCS BiAMOBIIHOTO MOPSIKY KyMYJISTHTOM
TPYT HENHIIHIX ONepaTopiB iepapxii piBHAHB (o HelimaHa.

KarouoBi cnoBa: weniniiina xeanmosa iepapxis BBIKI, iepapxiss ¢pon
Heiimana, xopenayitinuii onepamop, K6aHmogi 6a2amo4acmuHKo8i CUcCmemu.

Otpumano: 06.05.2011

YIK 517.5

B. O. I'nartiok, xaua. ¢i3-mar. Hayk,
1O. B. I'naTiok, xaun. ¢iz-mar. Hayk

Kawm’snenp-IToninbChKuii HalliOHABHUN YHIBEPCHTET
imeHni IBana Orienka, M. Kam’Herp-TTominbcekuii

TEOPEMM ICHYBAHHA EKCTPEMAIBHOIO ENEMEHTA AnA
3AOAUYI HAUKPALLOT Y PO3YMIHHI ONYKNOI HENEPEPBHOI
®YHKLUIT PIBHOMIPHOI AMTPOKCUMALLII HENEPEPBHOIO
KOMMNAKHO3HAYHOI'O BIAOBPAXEHHA

JloBeneHo nesiki TeopeMH iCHYBaHHS €KCTPEMATBHOTO eJIEMEHTa
JUTs 3a7a4i Hafikparioi y po3yMiHHI Omykioi HemepepBHOI (yHKIIii
PIBHOMIpHOT anmpoKCUMAIlii HelepepBHOTrO KOMIAKHO3HAYHOTO BifI0-
OpakeHHsI MHO)KUHAMH HETIepEePBHUX OJJHO3HAYHHX BiTOOPaKEeHb.

KurouoBi cioBa: naiikpawa y po3yminni onykioi Henepeperoi
@yukyii pisnomipna anpoxcumayis, KOMHAKHO3HAuYHe 6i0obpa-
JICEHH31, eKCIMPeMANbHUL eleMeHn, MmeopeMu ICHYEaHHS.

Beryn. V crarTi ans 3amadi Halkpamioi y po3yMiHHI OITyKJI0i Herle-
pepBHOT QyHKIIT pIBHOMIPHOT arpoKcuMallii HermepepBHOTO KOMITAKTHO3-
HAYHOTO BiJOOpa)KCHHS MHOXXHHAMH HETIEPEepBHUX OJHO3HAYHUX BisIO-
OpakeHb JTOBEACHO JIesiKi TeOpEeMHU ICHYBaHHS EKCTPEMANILHOTO eJIEMEHTa,
SIKl y3araJTbHIOIOTh Ha BUTIAJIOK ITi€l 3a/1a4i BiIIIOBITHI TEOPEMH iCHYBaHHS
EKCTPEeMANILHOTO eJIeMEeHTa IS 3a7a4l HaAlKpaoro y po3yMiHHI OMyKJIo1
¢hyHKIIT HAONMMKEHHS eJIeMEeHTa JiHIHHOTO HOPMOBAaHOTO IPOCTOPY OIMYK-
JIOK0 MHOXKHHOIO IIbOTO MPOCTOPY, BCTAHOBINEHI y mpatli [1], po3risiHyTO
JTOTIOMI>KHI TBEPIXKCHHS, SIKi TPE/ICTABIIAIOTE 1 cCaMOCTIiHHMIA iHTEepec.

IMocranoBka 3amaui. Hexaii S -kommakr, X -IiHIAHANA HaJ ITOJIEM [Tii-
CHHX 4Hcel HopMoBaHHi npoctip, C (S , X ) — JIHIMHUNA HaJ TIOJIeM JTific-
HHUX YHCeJ HOPMOBAHHWI MPOCTIp OJHO3HAYHMX BIOOpaKeHb g KOMIIAKTa

S B X, Henepeperux Ha S, 3 HOpMOIO ||g] = man"g(s)" JK(X) — cy-
se
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