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Introduction. The theory of boundary value problems for partial dif-
ferential equations is an important section of the modern theory of diffe-
rential equations which is intensively developing in the present time. The
topicality of the problem is determined by significance of its results for
development of many mathematical issues as well as by numerous applica-
tions of its achievements in mathematic modeling of different processes
and phenomenon of physics, chemistry, mechanics, biology, medicine,
economics, engineering.

It is well known that the complexity of the investigated boundary-
value problems significantly depends on the coefficients of equations (dif-
ferent types of degeneracy and features) and the geometry of domain
(smoothness of the boundary, the presence of corner points, etc.) in which
the problem is considered. Presently the properties of solutions of boun-
dary value problems for linear, quasi-linear, and certain classes of nonli-
near equations in homogeneous domains which are stipulated by the
above-mentioned properties of the coefficients of equations and geometry
of domain are studied in detail, functional spaces of correctness of prob-
lems for some domains are constructed [1; 2].

However, many important applied problems of thermophysics, ther-
modynamics, theory of elasticity, theory of electrical circuits, theory of
vibrations lead to boundary value problems for partial differential equa-
tions not only in homogeneous domains, if the coefficients of the equa-
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tions are continuous, but also in inhomogeneous and piece-homogeneous
domains if the coefficients of the equations are piece-continuous or in par-
ticular piece-constant [3; 4].

Besides the method of separation of variables [5], which is one of the
important and effective methods of learning the linear boundary value
problems for partial differential equations there is the method of integral
transforms, which makes it possible to obtain in analytical form solutions
of some boundary-value problems via their integral images. It is also
worth mentioning that for a rather wide class of problems (in piece-
homogeneous domains) there proved to be effective the method of hybrid
integral transforms which are generated by differential operators if on each
of components of piece-homogeneous domain there are considered differ-
ent differential operators or the differential operators of the same form, but
with different sets of coefficients [6-9].

In theoretical investigations and applied problems the most frequent-

ly used differential operators of the second order, in particular Fourier
2

differential operator F = ;—2, Euler differential operator
r

2
BZ =’ d—2+(205+1)ri+052 ,
dr dr
Bessel differential operator

_dP 2a+l1 a’_uz—a2
dr? roodr r?
Legendre differential operator

2 2 2
A(/l)=a{—+cthri+l+l o T
dr? dr 4 2\ 1-chr 1+chr

and Kontorovich-Lebedev differential operator
2
B, =r2d—2+(2a+1)ri+a2 R
dr r
If 6(x) is the Heaviside step function and L; is one of listed diffe-

B

v,

>

rential operators, then we can always create hybrid differential operator
that corresponds to the geometric structure of piece-homogeneous domain.
For example, for the piece-homogeneous interval (R),R,)\U

VR, R,)) U (R,, Ry) it is possible to create hybrid differential operator
M =0(r— Ry)O(R, —r)al L, +0(r — R)O(R, —r)a; L, +
+0(r — R,)O(R; — r)a32L3 ; ajz- = const .
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It is obvious that operator L; is defined in the interval (R,,R,), op-
erator L, is defined in the interval (R, R,) and operator L; is defined in
the interval (R,,R;) . It is clear, that if we change the order of operators
L, L,, Ly we get other hybrid differential operator.

In this article we propose the integral representation of exact analyti-
cal solution of mixed problem for the system of evolution equations of
parabolic type modeling by the method of hybrid differential Legendre-
Bessel-Legendre operator in the piece-homogeneous polar axis (R, R;)

U(R, R,) U (R,,+0) with soft limits.

Formulation of the problem. There is considered the problem of
structure of solution which is bounded in the set

D; = {(t,l") e (O,-i-OO);}" € ]; = (R09R1)U(R17R2)U(R2’+OO)5R0 > O}
for the system of partial differential equations of parabolic type [5].

Ou

_at] +yiu = ai Ay 1= fi(t.r), r € (R, Ry),

Ou, 2. 2 _ 1
o tyyuy —ay B, [uy 1= f,(t,7), r € (R, Ry), (H

ou
6_t3+ ;/32u3 —a32A(mz [us]1= f5(t,7), r € (R,,+0)

with initial conditions
ul(t,r)|t=0 =g(r),re(Ry,R));
U, (t,r)|,=0 =g,(r),re(R,R,); ()
Uy (t,r)|,=0 =g3(r),r € (Ry,+0);

boundary conditions

L(l)l [ul (ts }")]

and conjugate conditions

(261 [ )] L [ (1))

ou
=k = &), lim [Shf’—3 } =0 3)
’ r—+o0 or

rer, =@ (0); Jok=12. 4)

2
Bessel differential operator B, , = 8—2 +Qa+1)r! 63 —@*=a*)r?
T or r

2

. . 1
[10] and Legendre differential operators A 0, = > + cthr—r +—+

+%[,ulzj(l—chr)f1 +,u22j(1+chr)71] [11] take part in system (1); v>«,
20+1>0, ;2 115,20, (1) = ((10)15(1),) -
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In the boundary condition and conjugate conditions differential operators

0)0 i G
r =o' +6 Loyl —: jom=1,2; i=0,1,2 take part.
jm ( Jjm 61)6 ﬁjm 7jm ot J p

We consider, that conditions on the coefficients are true: a; >0,
a,>0, a;>0, y220, 7320, y220; | |+B#0, a) <0,
ﬂllZO a]m— ﬁ]m>0 5j€m>0 7/m>0 aZ/ﬂl] al/ﬁZ/’

,2k—52,7’1, 51k7/2/ ik G > 03 0‘117’21_%17/1(1: Bi 21—/321 11
0‘12722 _0‘22712 = ﬁ12522 —ﬂ§251k2 .

Remark 1. The presence of the differentiation operator in time ai in
t
the boundary condition in the point » = R,and in the conjugate conditions

we interpret on the base of physical reasons about heat waves as softness
of boundary of domain on reflection of waves.

Remark 2. In the case of hard boundary of domain on reflection of
waves (8 =0,7 = O,é'jkm =0, ;/fm =0), we have mixed problem with
classic boundary condition and classic conjugate conditions, solution of which
is obtained from the solution of the problem (1)+(4) as a particular case.

The main part. Let's construct the solution of parabolic problem of con-
jugation (1)~(4) by the method of hybrid integral transform with the spectral

parameter generated in the set 7, by hybrid differential operator (GDO)
M) =0(r=R)OR, —r)ai A, +

(5)
+0(r = R)O(Ry —1)a; B, ,, +0(r —Ry)A .-
Definition. The domain of definition of the HDO M‘“) we call the

v,

set G of functions g(r) = {g,(r); g,(r); g;(r)} with such properties:

1) the function /(r)={A, [&(")];B, 4[8: (M)A [g:()]} is conti-

nuous in the set I ;
2) functions g;(r) satisty the boundary conditions

=0, tim [Vshrg;(r)]=0 (6)

r=R, r—>+0

[0‘11 +ﬂ11jg1(r)

and conjugate conditions

|:(0~{.];1 %+ Bfl j gr(r)— [07?2 %+ ﬂ~f2 jgkﬂ (r)}

32

=0, k=12 (7
r=R,
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Functions of the spectral parameter #: &' = —(,6’ +yH)5! im>
Bj’m = ﬂ}m —(Br+y )7},” , Jym=1,2,i=0,1,2 take part in the equations
(©6), (7).

Let's consider the functionsu(r)= {u;(r);u,(r);u5;(r)}€G and
v(r) = (v (v (N G

From the algebraic system

- d 5 - d =
(O‘fl;Jf j‘(ljuk(r) . :(‘Z?z;ﬁL/”fzj”kﬂ(”)

we find the functional dependence:

! 1 ~k 1 ~k
u (Ry) = c_|:a21uk+1 (Ry) + axuyey (R )} )
1Lk

[ ~k
up(Ry) = __|:a1 gy (R + @y (R, )} .
Ak
The same equalities connect the components of function v(r) :

Vi (Ry) = Cfll,k [551";{“ (Ry)+ 5§2Vk+1 (R,

1 r~k s ~f
Ve (Ry) = —¢yy i Lay Vi (R + @i v (R
We accept the denotation:
~k _ ~k ~k  ~k ~k ~k _ ~k 3k _ ~k pk
011—05110522 an e, a12—a11 22 ~%1P12

~f
ay = 110‘22 ,3 10‘123 azz —ﬂ11ﬂ22 ﬂ21ﬂ12-

Immediately establish that
EAGIAGEAGIAG]

2 [k ~k o~k K
=Ci (“11“22 —apydy, )(”/'m (W (r)—

r=R,

r=R, =

(®)

’ -1 '

U (F)Vies (’”)) r=R, = A11,kC21,k (”k+1 (R Ve (Ry) —
Uy (Rk )VI;+1(Rk))-
Let's define the values
2 iy shRy R C12 shR 2
401 = : 12a+1 » 407 = 2a-§1 , azo3 =1,
C11€212 ShR R; G2 RS
weight function
o(r)=0(r—R,)0(R, —r)oshr + )

+0(r — R)O(R, — r)oyr* ™™ + 0(r — R, )o35hr
and scalar product
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+00 R,
(u(r),v(r)) = I u(ryv(ryo(r)dr = J- u (ryv(r)oshrdr +
R R
%, ‘ . ’ (10)
+ I uy (r)v, (r)azrza“dr + J. uy (r)v5(r)osyshrdr.
R, R,

Lemma. HDO M 5’2 , defined in equality (5) is a self-conjugate ope-
rator.

Proof. Let's consider scalar product

(M(”)[u] v(r)) I M(") V(o (r)dr =

R,
= [ a2 A 1, (O (o shrdr + (11)
R,
R +o0
+ I ay B, ,[uy (r)v, (r)02r2“+ldr + I as A(/,) [us(r)]v3(r)oyshrdr.
R, %,

Let's integrate in (11) by parts twice. We get:
(M(”)[u] v) = {al Gphr( dlj’l v (r)- ul(r)%ﬂ 2 +

R\
+ I u, (r) (ale(#)‘ v ])x o shrdr +
RO

R
+{a§02r2a+1 (—d;: vy —u, _a;’rz ﬂ RZ

RZ
+ _[ u, (r)(a%BU’a[\b])x
1 R,
xo 2% dr +| ayoyshr dus vy — iy s
dr dr

(12)

+00

R

+o0
+ I us(r) (4132./\(”)2 [vs ])0'3shrdr.
Rz
If &, # 0, then because of the boundary condition in the point » = R,

du, dv, 1 -0 duy =
—_— —_— —_— = _+
[ ar ViU dr j r, 07101 Kan dr Py (v

50
dv
_A% (Ro i (Ry) —uy (R —+

r=R

0

- (13)

r=R,

0

=(an)‘lo-vl(R(])—(&n)‘lvl(Ro)~o=o.
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Because of the limited conditions (6)
du
lim shr| —> v, —u, — | =
r—l)r-{lcx; ( d}" 3 3 d}’j

= lim[ shr dus (Mvﬁ (x/sh_ruﬁm }

r—>+0

(14)

In the point » = R, because of the basic identity (8) at k=1 we have,
that

2 ' ' 2a+1 ' '
aj o,ShR, (ulvl —ulvl) e azo'zR (uzvz —uzvz) R

(15)

—| a?oshr 2L )
=| ay oshiy =R — %

20+1 ’ ’
—a2 R (”2"2 _“2"2) r
A

because of choosing numbers o, and o,

2 IR 2a+1 _ G162 ShRy o4 G
ai o\ shR, —- — a3 0, R; o R -
i 11610 RS i
_Gue shR, R2a+1_cll,2 shR, 2a+1(1 )=0.
2a+1 1 - 20+l
G Ry G B

In the point » =R, because of the basic identity (8) at k=2 we
have, that

20+1 (1 '
azo'zR (u2v2 —uzvz)

2 ' '
r=r, ~@038hR, (u3vs —u3})

r=R, =

(16)

20+1 212 2 ' ’ _
(az oL R T —=—a; 03shR2](u3v3 —u3v3) r=r, =0,

11,2
because of choosing numbers o, and o3

c
2a+1 €212 11,2
o, Ry

—ai0,5hR, = th
G2 21,2 G2
In the equation (12) outside the integral terms are equal to zero
because of equalities (13)—(16). The equality (12) takes the form:

(M) = (), ML)
So HDO M ¥ is self-conjugate. The lemma is proved.

v,

a0, —shR2 =shR,(1-1)=0.

() are real. Since the HDO M, (“)

Conclusion: eigenvalues of HDO M /',

has one singular point » =+ , then it's spectrum is continuous [10]. We can
assume, that spectral parameter S € (0,+o0) .

Let’s assume that spectral function
35
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2
VI (r, B) = 0(r = R_)O(R, —r)V,1, (r, B)+0(r = ROV A (r, B) (17)
k=1
corresponds to spectral parameter [ .

Then functions ¥ (”) o (r, B) must satisfy respectively differential eq-

uations
(af Ay, + 07 )V, B) =0, r e (Ry, R,
(a2B,.q +03 )V, (. B) =0, re (R, Ry) (18)
(@32, + 03 ) V05 (. ) = 0, 1 & (R, +0)
boundary conditions (6) and conjugate conditions (7); bjz. =p*+ kf ,
ki >0,
The fundamental system of solutions for Legendre differential equation
(A( ), +b} )v =0 is formed by generalized attached Legendre first order

functions A (chr) and B (chr) [11], vf =~1/2+ib; the fundamental
system of solutions for Bessel differential equation (Bu’a +I;22)v:0 is
formed by Bessel functions J,, , (byr) Ta Ny (byr) [10]; the fundamental
system of solutions for Legendre differential equation (A w, + b} )v =0 is
formed by functions Al(f’)z (chr) and BL()?)Z (chr)[11], vy =—1/2+iby;
by =a;'b; =a) (B +k]) k] 20, =13,
If by virtue of linearity of spectral problem put
VR (r, B) = A4 A(”)‘ (chr)+ B, B(”)' (chr), re(Ry,R),

Vi (r, B) = 4y, o () + ByN,, o (Bor), re(R,Ry),  (19)
V(“)3(r L) =4 A(”)Z (chr)+ B, B(”)Z (chr), re(R,,+x),

then we have homogeneous algebraic system of five equations for the de-
termination of the six variables:

Y(”)' Ol (chRy) 4, + Y(”)' 92(chRy)B, =
Y(f’)_';“ (chRy) A, + Y02 (chRy) B, - ugla.jz(bzR )4y — 0)
Uy g, j2(b2R1)82 =0, ”3 a; jl(bZRZ)AZ + “u a; jl(bZRZ)BZ
_YU(;;J)'EZ 21 (chRy) 4y — Yu(ﬂj)z 22 (chRy)By =

36
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Let's introduce the functions into consideration:

qa(ﬁ)_

€211 21,2
W’ ), (ﬂ)_m’ Sy, 1 (chRo,chRy) =
= Y(f_‘)"m (chR, )Y(f_‘),"lz (chR))— Y@v” (chR, )Y(f_‘)ﬁ‘ '(chR));

Uajk(b Rl’b R )_uua ;2(b2R )uvakl(bZR )—
Up, o 12(b2R1 ., skl (byR, ); al()‘uuzlj (B)=0, 44, (by Ry, b, R, ) x
xé‘(y)].zl(chRO,chR )— Ua-zj(bszbsz)X
Xé‘(y) 11(chRy,chRy); j=1,2; '//uajz(blevbzr) uljaj

u,a (b2r) _uu,a;jZ (bZRl) v,a (bZr)’ J = 1’2 .
As a result of the standard solution [12] of algebraic system (20) and
substituting the obtained values of variables 4, B;in the equality (19)

2 (bzR1) X

we obtain the components V(/‘) .+ (r, ) of spectral function Vlffx) (r,p) of
HDO M{"):
Vi (o) = (B, (BN (chRo) B (chr) = YN (chRo) AL (ch)]
V(#)z(r B) =4y, (P, 21(ChR0sChR1)'//u a; 12 (by Ry byr) =
801 (hRy,chR )W, .y (b Ry By,
Vit (r.B) = 0l (B)BL (chr) = ol (B) AL (chr)

v,a;3 v,a;1 v,a;2

21

According to the equality (17) spectral function VU("D‘() (r, ) becomes

defined.
Let's define the spectral density by the formula

Q) (8) = B, b3)S ), (b3)

— 2
[02,B)] +[ . BB
The presence of weight function o(r), spectral function Vl)(f;) (r,p)

(22)

and spectral density QL"; (/) makes it possible to determine the direct
H 5’2 and inverse H, ;,(Of‘) hybrid integral transform (HIT) with the spectral
parameter, generated in the set 7, of HDO M l(ff; :
+00
HY( = | W& (r, Bo(rdr = §(B) » (23)
RD
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H,12(A)]= % [ 2B . pOYL(Bdp=g(r).  (24)
0

Next statement is a mathematical justification of formulas (23), (24).
Theorem 1. If the function
S =00 = Ry)OR, —rW'shr +6(r—R)OR, —r)r“™? +0r— RWshr 1g(r)
is continuous, absolutely summable and has bounded variation in the set
(Ry,+x) , then for any r € I, integral representation is true:

g(r) = % [V, B) [ (V4 (o, B (p)d pQY Y (BYAB . (25)
0

RO
The proof of equality (25) is performed by the method of delta-
shaped sequence (Cauchy kernel or Dirihle kernel) [10].
In basis of application HIT (23), (24) to the solution of appropriate
boundary problems is the basic identity for the integral transform of the

(#)
HDO Mufla.
Let's introduce values and functions into consideration:

2 2 20+1 R,
ai o, shR a,o,R ~
1 915y 2222 s(B)= jgl(r)V(”)l(r B)oshrdr,
R,

dlz ,d2:

A1, 1,2

RZ
(B = [ (W1, Broyr™dr,

Rl

(B = I g3(”)V(m3(V B)osshrdr

Z

r d
ZYrn(B) = ( : +ﬂ,2)V“‘>k+l(r Br . ik=12.
Theorem 2. If the function f(r)={A(, [&()];B, [ ("]

A, g (N1} is continuous in the set 7, , and functions g ;(r) satisty the

boundary conditions

r=R, = 80>

(“11 +ﬂ11jg1(r)

v,a;3
r—>+0 dr

d d (/l)
lim shr[ &3 p(u) -g ;“3 -0 (26)
r

and the conjugate conditions
38
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o d o5 ko d o

k k k k

H“leJr jl)gk(”)_(ajzg"‘ jzjglm(”)}r& =0y, (27)
j7 k = ]‘7 2’

then the basic identity for the HIT of the HDO M ffg is true:

3
H [ MY | =B 4(B) - K & (B)+ (e Vi (Ry. B) x
, = (28)
xaj oyshRy g + Z dy [Z}f’;{‘z (B — Zéf’c?;'éz (B }
k=1
Proof. According the rule (23) we have that

HY [ M) = fMéf:z [V (r, Bo(r)dr =
R

0

R R,
= [ @} A, [&1 (M), (s BYayshrdr + [ a3 B, o[22 (M (r, B)x - (29)
RO R\

,a33

+00
xo,r 2 dr + I 6132A(ﬂ)Z [g; (VA (r, BYosshrdr .
R

Let's integrate by par’t—s twice in (29). We have:

d avi \llr
2 g Ja;l 1
HYD| Mg | = o, shr{d—r]Vlffx);l —g— |
0
Rl
+j g (r)(alew)1 [Vl)(f(‘z);l ])olshrdr + agaz X
R(\
20+1| 4 y () qu(l;)'z Ry (30)
x| 7 2=y — g, —=
dr 2 &2 dr Ry
R2
+.[ 25 (r)(aQZBU,a[VU(”;)ﬁ])O'ZrZMIdr+
Rl
dg ’ dV('u).3 +oo *¥ ’
+ajoy [shr[d—:VLffa);3— || ) g3<a§A(#)z [ijag])%shrdr.
2 R,
If @), #0, then
2 , ! 2 ~0\-1
—a; 0y5hR, (gqu(,;(jt);l _gqu(,/:z);l ) . =ayo1(=ay)) shRyx
r=I,
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VR D= B RV R 0~

r=

~0 dg;
I:(alol d1+ﬁ11glj

dV(ﬂ)
-g ( Ro) v,a;l

31

&]:(‘5‘101 )" af oy5hRygoV 1) (Ro, B) + &1 (Ry)(éy) ™

3 dV(/l)l N
Xalzg{alol o ﬂlqu(/Zz)l Rﬂz(_all) thﬁ)1(Ro’ﬂ)alzo'1ShRo‘go

Due to the boundary condition in the » — +co we have that

tim | (&30P = 55 . p)) | =0 (3

F—>+%0
Let's use the basic identity (8) in the point » = R, for the case if the
conjugate conditions are not homogeneous:

_a20_2R2a+1 (ng(,u) _

v,a;2

alzo'lsth (gqu(fi)l gqu(tQI )

r=R,

_ngu(/éz)z )
r=R,

1.1

c
| o2 21,1 2a+l
= [al 0\ ShR, —=— a5, R} Jx

(33)

2
X(ngqu?z ngu(/é)z ) +a;o1shR, ¢y (ZyaIZ(ﬂ)a)Zl

r=R,

~Z80 (Pen ) = d, (282 (Pos 20 (D ),

because due to the choice of numbers o; and o, expression

2a+1 20+1
G, ¢ R iz R
atoyshR, —==—aio, R = L §hR, ——=—L—shR, =0.
c c R2a+1 c R2a+1
11,1 212 RS 212 RS

Similarly we find in the conjugate point » = R, that

- a3 O3 (g3Vu(/;)3

r=R,

v,a;2 v,0;2

agaszzaH( ) gy )

PRAT) )

v,a;3

2a+1 €212 2
-ShR, = (az o,R; —a; O'3shR2J><
r=R,

1,2 (34)

x(g§ (R, )Vu(,[olt);?y (Ry, B)—g3(Ry )VU(,/;);B (R,, ﬁ)) + ago_szza G 112 x
%(Z0% (B, — 203 (Bans ) = ds (2100 (B = 2805, (e, |

40
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because due to the choice of numbers o, and o; expression

c c
o, RN 2220 gp = N2 g D12 e - iR, (1-1)=0.
1,2 1,2 1,2
From the differential identities

[a7 Ay, + (B> +hDOW (. B) =0,
[a3B, o + (B + k)W, (r, B) =0,

[a3 Ay, + (B + k)WL (r ) =0
we find the differential equality:

ai Ay [V (r B = =(B7 + KWV, (v, B),
@3B, V1 (r, B ==(B> + k3 WL, (r, B, (35)

a3 A, Vsl (r B = ~(B2 + KWV (. ).
Let's substitute the obtained identical equality (31)—(35) to the (30).
We get:

HY [ M| = (e )V, (Ry, Pral oishRog, +
3 [ 2008 (B - 292 By, |- (B + D@ B- (36
k=1

(B +k3)2,(B)— (B> +k)E5(B) .-
Since the [-4%(&,(B)+ &, (B + & (B)]=-B8(B), and [~k & (B) -

3
~k38,(B)—k38;(B)]=-D_k7&,(B) , then equality (36) coincides with
i=1
equality (28). The theorem is proved.
Rules (23), (24) and (28) constitute the mathematical apparatus for
solving parabolic problem (1)—(4) by the famous logical scheme [7].
Let's write the system (1) and initial conditions (2) in matrix form:

(%+y12 —ale(#)l jul (t,r)
5 H@r) | () &(r)
(E%—ai&,a]uz(r,w = AEN | u@n | =g | 67
S3@,r) us(2,7) ||=0 g5(r)

— 4y —as A us(t,r
_(8t 73 3 (/j)zj 3( )

The integral operator H, :(;/2 is represented as an operator matrix- row
due to the rule (23):
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R, R,
Hl()”a)[] [j V(#)l(r B)oshrdr J' V(mz(r B)o, St g
R, ®

(38)
I V(”)3(r )0'3shrdr].

Let's apply the operator matrix-row (38) to the problem (37) accord-
ing to matrices multiplication rule. As a result of main identity (28) we get
a Cauchy problem [13]:

{% B+ ﬁ)}a(u p-
= [t B)+ (=) V4 (Ry, B)ai oshRy gy (1) + (39)
+§dk [ 280 (B (0= 7805 (P
_ y? =max{yly3:73}
(1, )| 0 = iu (t.) =0 = 2(B) = igi 8. (40)

Remark 3. We obtain equality (39) under the assumption that initial
conditions satisfy equalities: g](Ry)+ 1&g (R))=w, =0, w =

1gk(Rk)+7,1gk(Rk)] 2gk+1(Rk)+7jzgk+1(Rk)] 0. Otherwise,

we go to the new initial conditions g;(r)=g; (r)+ajr+bj, me j=13,

ay =0 and choose values a,, a, Ta b, b,, by from algebraic system of
equations:

(5101+7101R0)a1+7101b1 =¥y 41)

[(511'{1 + 7§1Rk )ay + /;lbk ] _[(5;{2 + szRk )iy + /fzbkﬂ I=wj; a3=0.
With assumptions on the coefficients the algebraic system (41) al-
ways has a unique solution.
It is directly verify that the solution of the Cauchy problem (39), (40)
is a function

i(t.p)= [V (2, B+ 5, (DF(Pdr + [ VN0
0 0

xgo (0)dr (=) V1) (R, B)aj alshR0+Zd j P o (42)
k=1 0
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t
xa,, (7)dT —J.ef(ﬂ#m(’*r)wlk (r)dr |,
0
where J, (r) — Dirac delta-function focused in the point +0 [14].

Integral operator H ;’(of’) due to the rule (24), as inverse to (38), we

represent as the operator matrix—column:

j V), (r, B (BYd B
0

VI (r, YL (BB | (43)

v,a

H—(/l) _ z
T

=V (r, QY (BB

Let's apply operator matnx—column (43) to matrix element[u(¢, #)] due

to matrices multiplication rule, where the function u(z, £) is defined by for-

mula (42). As a result of elementary transformations, we get the integral repre-
sentation of the only exact analytical solution of parabolic problem (1)—(4):

u;(t,r) = I W) (t=7.r)go(t)dr + de{ j RV (t =1,y (1)dT -
k=1

t R1

t
IRf)”g?]Sz’(f—m)wlk(’)dT}LjjHff‘o?;fl(t_f’r’p)[ﬁ(r’p)Jr
0 0 R,

0

tR,

+5,(Dgi(Powshpd pdz+ [ [ HY, o (t—r.r. p)L (2. p)+6.(D): (0] (44)
OR,

t +o

xo,pNdpdr+ [ [ HY). y(t=7.7, p)Lf5 (7, p)+ 6, (1) g5 (P)]x
0 R,

xoyshpdpdr, j= 1,_3 .
In equalities (44) there are principal solutions of problem:

1) Green's functions generated by boundary condition at point » = R,
270
Wi ) == [ @) Vi Re, BV, (. YO ()
0

xe P4 Bal o shR;
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2) Green's functions generated by inhomogeneity of the conjugate condi-
tions

2 +o0 )
R ) == [ 200 BV, (r U (B) ¢
0
xe P Naps ik =12, =13;
3) the influence functions generated by the inhomogeneity of system (of

initial conditions)

+00

2 _
HY 6 p) == [ P00 BV (0. )
0

QU (B p; jk=13.
We get the following theorem as the summary of the written above.
Theorem 3. Let the next conditions be true:
1) functions f;(z,r), go(f) and @, () are originals by Laplace relative
to variable ¢ [15];
2) functions f;(z,r) and g;(r) satisfy the conjugate conditions;
3) functions f(t,r) = {f(t,r); f,(t,7); f3(t,r)} and g(r)={g(r);g,(r);

g;(r)} are bounded, continuous, absolutely summable with the weight

function o(r) and have the bounded variation in the set /5 ;
. 0
4) function F(t,r)= {EA( w, L S, r)]; B, L@ A( w, L f(t r)]}

is continuously differentiable by ¢ and continuous by 7 in the set D; .
Then in the class of functions u(t,r)={u (t,r);u,(t,r);u;(t,r)},
which are continuously differentiable by variable ¢ and continuously dif-

ferentiable by variable r in the set D; and satisfy conditions 1), 3), para-

bolic mixed problem (1)—(4) has unique bounded solution, which is deter-
mined by the formula (44).

Remark 4. If y° =y >0, then k' =0, k3 =y -5 >0, ki =
=y —y320;if 2 =y3 >0, then kil =y; -9 20, k5 =0, k3 =5 —
73205 if pP=p7>0, then k=5 -y 20, ki =pi-y;20,
k=0.

Conclusions. By means of method of hybrid integral transform of
Legendre-Bessel-Legendre type with the spectral parameter in conjunction
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with the method of principal solutions (influence functions and Green
functions) exact analytical solution of the mixed problem for a system of
evolution equations of parabolic type, modeling by hybrid differential Le-
gendre-Bessel-Legendre operator in the piece-homogeneous polar axis
r 2 R, >0 with soft limits is obtained.

The obtained solutions are of algorithmic character, continuously de-
pend on the parameters and data problems and can be used in further theo-
retical research and in practical engineering calculations (involving me-
thods of computer algebra) of real evolutionary processes in piece-
homogeneous environments which modeled by parabolic boundary-value
problems (heat conduction processes, diffusion).
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MerozoM TiOpHIHOTO IHTErPaJbHOTO MepeTBOPEHHs TUIly JlexaHpa-
Beccens-Jlexanapa 3i cHeKTpalIbHAM ITapaMeTPOM OJIEp>KaHO IHTErpaTbHe
300pa)ke€HHS] TOYHOTO aHATITHYHOTO PO3B'S3Ky MIIIaHOT 3a/1a4i ISl CHCTe-
MH PIBHSHb MapaboJIiuHOrO THITy Ha KyCKOBO-OJHOPIIHIN MOJSIpHINA oci
r2R >0 3 M'AKUMM MeKaMU. MOZENIOBaHHS €BOMIOLIHHOIO Ipouecy
3[1CHEHO METOIOM ribpuaHOoro AndepeHmialbHOro ornepaTtopa Jlexanna-
pa-beccens-Jlexannpa.

KirouoBi cioBa: napaboniune pisnanns, nouamxosi ma Kpailogi ymo-
8lU, YMOBU CRpsidicenHsl, Ougepenyiarbuil onepamop, 2ibpuone inmezpans-
He nepemeopents, pyukyii I pina, ynxyii eniuesy.

Otpumano: 14.10.2013

YK 519.21
B. P. Kykyp6a, acripanr

Hamionaneauii yHiBepcuteT «JIpBiBChKA MOIITEXHIKAY, M. JIBBIB

CTOXACTUYHA ONTUMI3ALIA 3 HAMIBMAPKOBCbKUMU
NEPEKNIOYEHHAMU TA IMNYNIbCHUMU 3BYPEHHAMU

PosrsimaeTses HeTlepepBHa poLeAypa CTOXaCTUYHOI ONTHMI3amil
3 IMIyJIbCHUMH 30ypeHHSIMH B HarliBMapKOBCBKOBCHKOMY Cepeo-
Bumi. JIns QyHKIis perpecii, Mo 3aJeXXUTh BiJl pIBHOMIPHO eproand-
HOTO HAIlIBMapKOBCHKOTO IIPOLIECY, BCTAHOBJICHO IOCTaTHI YMOBH
30DKHOCTI 4epe3 BIaCTHBOCTI KOMIIEHCYIOUOTO OfepaTropa po3HIupe-
HOTO MIPOLIECYy MAapKOBCBKOTO BiJIHOBJIEHHS MNpPOLEAypH Ta HOro
aCHMITTOTUYHE NPEJICTABIICHHS Ha 30ypeHii ¢yHkuii JIsmyHoBa.

KurouoBi ciaoBa: cmoxacmuuna onmumizayis, HaniemMapkoe-
CobKUl npoyec, KOMNEHCYIOUULl Onepamop, IMnyabCHi 30YPeHHsL.

Beryn. Posrisnaerbest 3a1aua onTuMizaliii y BUIIAJKOBOMY CEpeio-
BUIIlI, [II0 ONMCYETHCSI HANiBMapKOBCHKUM MPOIIECOM, 1 TMOJArae y BCTa-
HOBJIEHHI YMOB 301KHOCTI mponeaypu croxactiuynol ontumizauii (ITCO).
[upokwuii cekTp 3aCTOCYBaHHs ONTHMI3AIIMHUX MPOLEAYP MpH 00poOI
Ta aHaNi31 eKCIIepeMEHTAIbHUX JaHWX, ONTUMI3aIlil CKIagHUX CucTeM [1]
Ta 3aJa4ax po3Ii3HaBaHHs 00pa3iB IiJKPECIIOE aKTyalIbHICTh HOBUX 3aC-
TOCYBaHHsI ONITUMI3AI[IfHUX TPOLELYP.

OntuMmizanifina npouenypa Kidepa-BomsdoBums [2] mrs QyHKIHi
perpecii C(u), momnsirae y po3s'sa3ky piBusaHs perpecii C'(u) =0, T06T0 y
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