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Nehari manifold. Therefore, in this case, the method of periodic approxima-
tions is used, i.e., the critical points of the functional that corresponds to local-
ized solutions are constructed using the passage to the limit (with a period k
tending to infinity) at the critical points of the functional that corresponds to k-
periodic solutions. The obtained localized solutions are the solutions of the cor-
responding minimization problem.

Key words: discrete Klein-Gordon type equations, standing waves,
critical points, Nehari manifold.
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MATEMATWYHI MOAENI ANsA 3AAAYI BIQHOBJIEHHSA
®YHKUII PO3MOAINY TENNOBUX IXKEPEN

CratrTsi mpucBsYeHa NpoOieMi OTpUMaHHS iHTErpajJbHUX Ma-
TEMAaTUYHUX MOJENEH TEIUIOBHX OO0’ €KTIB 3 BHXIIHOTO PIBHSIHHS
TEIUIONIPOBITHOCTI, M0 NoAaHo y audepennianbHiil Gopmi. Posr-
JISITAETHCS] BUTIAI0K O0CPHEHOT 3a1aui Uil PiBHSIHHS TEIIONPOBiI-
HOCTI, sIKa € HEeKOpeKTHOW. [Ipy po3B’s3yBaHHI SIK NMPSIMUX, TaK i
o0OepHEHNX 3a7ay ITUHAMIKH 3 BHKOPHCTAHHSAM OOYHCITIOBATBHUX
METO/IB BaXJIMBE 3HAUYEHHA Mae€ BHOIp (HOpMH MaTeMaTHIHOTO
orucy mozeni. HaBiTe Mozedi, sSiki OTpUMaHi 3 BUXiTHHX MOJeEJeH
B pe3y/bTaTi eKBIBAICHTHUX MEPETBOPEHb MPH YHCIIOBIH peaiza-
i1 BUIAIOTh HEeKBiBAJICHTHI po3B’si3ki. ToMy Ui po3B’sI3yBaHHS
o0OepHEHNX 3aJad AWHAMIKH JOIIFHO BUKOPHCTOBYBATH iHTErpa-
JIbHI MaTeMaTH4HI MOJEI, SIKi BOJOMIIOTH BUCOKOI OOYHCIIIOBa-
JBHOIO CTIHKICTIO. B iHTerpanpHiif MOCTaHOBII Taki HEKOPEKTHi
obepHeHi 3a/1adi YCHIIIHO PO3B’SA3YIOTHCS 3a JOMOMOTOI0 METO/IB
perymspusanii. ¥ craTTi po3riITHYyTO JBa BapiaHTH OOEpHEHOI 3a-
nadi. B meprmoMy BapiaHTi 3BOPOTHA 3a/ada pO3IIISIA€THCS B TIOC-
tanoBUi /[lipixie, a B IpyroMy BapiaHTi pO3MJISAAEThCs 3ajada
Heiimana. B 000X BapiaHTax 3BOPOTHI 3ajadi, 110 MojaaHi B aude-
peHIIATBHIA QOpMi MUITXOM EKBIBaJCHTHHX IEPETBOPEHb II0jIa-
IOTBCSL Y BHITIAAl IHTErpaTbHUX pIBHSAHB Tepmoro poxy. st
OTPHUMAaHHX IHTETPaJbHUX MOJeNel MOKa3aHo, IO PO3B’SI3KH PiB-
HSHBb €quHi. [lepeBarol OTpUMaHHUX iHTErpalibHUX MoJeJed € 1X
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BITHOCHA MPOCTOTA 1 IIMPOKHH CIEKTP PO3POOJICHHUX METOIIB iX
YHCIOBOi peanizalii Ha OCHOBI 3aCTOCYBaHHS Pi3HUX KBajaparyp-
HUX Qopmyn. Kpim Toro, simpa oTpuMaHuX iHTErpaJbHUX PiBHSIHB
MOXXYTh (I3HIHO IHTEPIPETYBATHCS SIK IMITYJIECHI IIEPEXiHI Xapa-
KTEPHUCTHKH TEIUIONPOBiTHOTO cepenoBumia. Lle mae 3mory ix ineH-
Tudikamii 3a MepexiTHUMU XapaKTePUCTHKAMHU TEIUIONPOBITHOTO
CEepeoBHIIA, K MOJKHA OTPHMATH €KCTIEPUMEHTAIBHUAM IIIIXOM.
Kawuosi ciioBa: menionpogioni 06'ekmu, ¢ynxyis po3nooiny,
inmezpanvui MoOeni, hepemaopeHHs MoOei, 360pOMHI 3a0aui.

Beryn. V mpakTHdHEX JoAaTKax 3HAYHE Micle 3aiiMaroTh 3amadi
BiTHOBJICHHS (DYHKIIH HKEepeIT TeIuia Py JOCTiHKSHHI MPOIECiB TETIIOoN-
poBigHOCTI. PO3B’13yBaHHs TaKuX 3a/1a4 € aKTyaJlbHHUM SIK B TeOpil 1 mpak-
TUI TEIUIOBUX BUMIpIOBaHb, TaK 1 IPH MONIYKY KEPYIOUHX BIUIMBIB IPHU
KepyBaHHI PI3HUMHU BUIAMHU TEILIONPOBiAHUX 00'ekTiB [1-3]. CriamHicTh
PO3IIISIHYTHX 3a7[ay MPHUBOJb J0 HEOOXIIHOCTI 3aCTOCYBaHHS KiTbKICHHX
METO.IB 1 3ac00iB. Y 3B'A3KY 3 LIMM iCTOTHOTO 3HA4Y€HHs HaOyBae MOUIYK
MOJKJIMBOCTI CIPOIICHHS MOJIENI, 1[0 PEATi3y€eThCsI.

IMocranoBka 3aga4i. Po3risgaioTeest ciocobu mepeTBOpeHHs 10 iH-
TErpajbHOrO BUIY OOCPHEHHX 33714 ISl PIBHSAHHS TEIUIONPOBiAHOCTI [4]
2 OU

ot
B MIBIUIOIIKHI, SIKi MOXHA y3arajJbHUTH Ha BHIAJ0K N-MIPHOTO MiBIPOC-
TOpPY, IPUUOMY

a =AT + f, a = const Q)

F (X, X0 X o 1) = (1) T (X, Xy, X)),
ne ¢(t) — Bigoma (yHKIS.
1-ii BapianT obepHeHoi 3amaui. Busnauaetbes pyukmis f(x,y) i3

PIBHSHHS
aZZ—l::AT+(p(t)fl @
B MIBIUIONMHI Y > 0 MpU HACTYIHUX YMOBAaX:
T(x,y,0)=0,
T(x,0,¢) = h(x,1), 3)

T(x,yp,t) = r(x,t).
SIKI10 MO3HAYUTH

v(X,y,4) = '[e’ﬁT(x,y,t)dt ,
0

To B cuy (2) 1 (3) dynkuis v(X,y,A) 3an0BONbHSAE AU(EPEHIIATLHOMY
PIBHSHHIO

20



Cepig: ®isvko-maTemaTnyHi Hayku. Bunyck 22

Av-a®2Pv=—p ()T (xY), w(2) = [e " p(t)dt. 4)
0
3anexxHocTi (3) MepeTBOPIOIOTHCS MIPH IIHOMY 10 BUAY:

V(% ¥, 4) = [ r(x,t)dt = £ (%, 2),
0

v(x,0, 1) = Ie"/ﬁh(x,t)dt =y (X, A).
0
PiBusHHS (4) Mae dyHIaMEHTaNbHUI PO3B 30K y BHUIIIsAI QyHKIIT

XaHkens
1 . 1
Py Hél) (iadr) = P Ko(air), r= \/xz + y2 ,
T T

sKa 3a/I0BOJIbHSIE IbOMY PIBHSHHIO BCIOJH, KPIM TOUKH =0 .
UYepes ¢yHnaMeHTaNbHUN PO3B’SI30K BUpakaeTbcs (yHKUis ['piHa
HEpLIOro Poay

G(x, yi&.m) = %[Ko(am) ~Ky(aiR,)],

R =[(x=&)" +(y=m°T"%, Ry =[(x=&)* + (y-m)’1"%.
Toxi po3B’sa30k piBHSHHS (4) MOKHA TIPEJICTABUTH Y BUIIISAL

vxy.2) = 22 [ 2k, @Ry (€, 1) +
T R,
) [ Gluy:&m f&n)dédn, 5)
0 -

2, 242
Ry =[(x-¢&)% + 212,
BBaxarour B OCTaHHii piBHOCTI Yy =Y, , OTPHMAEMO iHTErpanbHe pi-

BHSHHS TIEPIIOTO POy BiHOCHO HeBinomoi Gynkuii f(&,7) :
[ [ [Ko(aiRs) - Ko (@2R)If (&,m)dédn = g(x, 2)
0 —
Ry =[(x=&)" + (7 - y)'1"%, Ry =[(x= &)+ (n+ y)'T", ©)
2 !
g(x,ﬂ):m[arl(x,z)—aﬂyl_L — Ky (82RIN (¢, 1)dE]

R=[(x-&)%+y{T"%
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[IpaBy wactuny g(x,A) piBHSHHS (6) MOXXKHA MIATOPSIKYBATH TaKil
YMOBI, 11100 11e piBHSAHHS Majo po3B’s3KoM aesky ¢yHkuito f(X,y), Aka
3aJJ0BOJIbHSIE BUMOTaM:

1) f(y)=0 mpn y<y;, ¥ >0;
2) f(x,y)eL(D), D=(-0<x<®;0<y<oco0).

3acrocoByroun niepeTBopeHHs Dyp'e 3a 3MiHHOIO X 10 piBHAHHA (0) 1
BHUKOPHCTOBYIOUH PIiBHICTH [5]

[ Kolb(c? +t?)*]cos Trds = S — (7
0 2 b2 +T2
OTPHMAEMO
® [[2,2 2 ®
J’F(w,n){e—‘l]_yl“}azlerwz _e_"HleaZ)-Q*wz}dn _ a“A +o J' g(xyi)e—imxdxl
0 727 o

F(w.n)=%j f(E e de,

Bpaxosyroun, mo f(x,y)=0 npu y <y, , OCTaHHE PiBHAHHSA 3alH-
[IEMO Y BUTJIIL

[Flome ™7 dy = Q(w,2),
0

\/azﬂz +w?

Q(w,4) = G(w, 1), (8)
27 sh ylxialez +o°
G(w, 1) =%{Og(x,ﬂ)ei”’xdx.

IMokaxemo, mo npu cHOpMyJTHOBAHHX BHIIE MPUMYIIEHHIX OO0
¢ynkuii f(X,y) MoXHa 3aCTOCOBYBaTH IepeTBOpeHHs1 Dyp'e 3a 3MIHHOIO
X 110 piBHSHHA (6).

HiiicHo, 3 piBHOCTI (7) BHIIMBAE, IO SIAPO IHTETPATIHLHOTO PiBHIHHA
(6) € abcomoTHO iHTErpoBaHOIO (QYHKINE. Tol 3 TEOpeMH MPO 3TOPTKY
JIBOX aOCOJIOTHO IHTErpOBaHUX (QYHKLIH BUILIMBAE, M0 ¢(X, 1) € Takox

a0CoIOTHO iHTeTpoBaHa (QYHKIliS 3MiHHOT X 1, oTkKe, G(w,A) icHye. Jlns

¢ynkuii G(w, 1) HEBa)XKO OTPUMATH OLIIHKY

hy,Na?i? +o® _, faiirar o
Y1 w e % a’A +w J.|F(w,77)|d77. (9)

Va24? + o "

16w, )| < 222

22



Cepig: ®isvko-maTemaTnyHi Hayku. Bunyck 22

I3 ymoBu f(&,77) € L (D) crinye:
1 0

NTS [t mlde,

|F(@.)| <

o0 1 00 00
F(w,7)|dy < f(&,m)|dédn = a < .
{I (o.7)| ﬂ<\/5£_£| (& m)|dédp =a <

[TigcTaBisroun OCTaHHIO HEPiBHICTH B (9), 0OCTaTOYHO OTPUMAEMO

(10)

an

Va’a?+ o’

t=n-y, p>=a’12+0’, F(ot)=F(ot+y,)=F,@t)+iF, (1),

|G (@, 2)| <

ITo3naunmo

1 .
Q (@, p) = e”Q(w,g p? — %) = Qu(w, p) +iQy, (o, p).

Toni piBHsHHS (8) po3MagaeThCs HA JBA HE3aJICIKHUX IHTETPATBHUX
piBHAHHS Jlannaca moao HeBigomux Gynkuid Fp i F,:

[ Fi(@.0e ™t = Q (@, p), i=12. (12)

0
Ouesunno, mo ¢yskuii F;, i=1,2, HenepepBHi i 0OMeXeHi, Tak K
f(&,n7) € Li(D) . 3Bincu, BUNiumBae, mo KoxHe 3 piBHAHb (11) Mae Tinbkn

OJIMH PO3B’sA30K, KUl MOKHA TIOJIaTH 3a JONOMOTrok (Gopmyi [5]

n+l n
(-1)" (n] %Qli (a),nj
z ap z

F(@,2) = lim Li=12. (12

n—ow nl

OCKUIBKH BiZIOMO, 110 SIKIIO ITepeTBOpeHHs Dyp'e
1 = ;
Flo.n)=—— [ f(&n)ede (13)
27 _'[O

¢ynxaii f(&,77), axa nigcymoByeThes (Ipu pikcoBaHOMY 77 ) piBHE HYIIO
st Beix @, 1o 1 f(&,7) =0 wmaibke Bcrogu. Tomy eanHU po3B’S30K

piBHsiHHS (13) Mae Takuid BUIIISIA:

F(o,n)e”do .

o
(&) = % [
o
TakuM yrHOM, CPOPMYITHOBaHA BUIIE 3BOPOTHA 3aj1a4a JJIsl PiBHSH-
HS (2) MOKe MaTH He OibIIe OZHOTO PO3B'SI3KY.
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2-ii BapiaHT o0epHeHoi 3agaui. ObepHeHa 3amada (2)-(3) 3BemeHa

o iHTerpaspHOTO piBHSAHHA (8) 3a momomororo Qopmymnu (5), ska mae

po3B’s30k 3amadi Jipixme ans piBHAHHSA (4). [HTErpansHe piBHAHHS, aHA-

JoriuHe piBHAHHIO (8), MOKHA OTPHMATH TAKOX, SIKIIO PO3TIIIHYTH 3a/1a-

yy Heifimana mnst toro x piBHAHHA. Hexail ¢ymkmis T(x,y,t) e pos-
B’SI3KOM pIiBHSHHSA (2) B MIBILIOMKHI Y > 0, AKIIO

T(x,y,0)=0,
T(x,0,t) = h(x,1), (14)

(%T(X,O,t) =r(x,t).

3actocoByroun reperBopeHHs Jlammaca mo t 1o mpOro piBHSHHA,
OTpUMaeMO PiBHAHHA (4) A PYHKINT V.
I'pannuni ymoBu (14) mepeigyTh IpH IEOMY B HACTYITHI:

v(x,0,4) = je*ﬁh(x,t)dt = o, (x,A),
0

9 vx0,2) = je*ﬂz‘r(x,t)dt = 0, (X, ).
oy 0

Jlerko mepeBipuTH, M0 QyHKITiSA

N (X, yi&,17) = i[%(amm Ko(aiR,)],

Ri=[(x=&)+(y=-m°T", Ry =[(x=&)" +(y+m)’T"
3aJJ0BOJIbHSIE JepeHIiabHOMY PiBHSHHIO (4) yCIOAH, KPIM TOUYKH X = &
y =7, B sKiii BOHa Mae jorapumiuHy ocobnmusicts. Hopmanbha noxinHa
miei (yHKIII HA TpaHWI TIBIUIONIMHU 3BEPTAEThCI B Hyb. OTKe,
N(x,y;&,n) € dyHKUiero ['piHa pyroro pory AJs IMiBILIONIHHU.
Tomy po3B’si30k piBHsIHHA (4) MOXHA NPEJCTABUTH B HACTYITHOMY
BUTJIS:

1 0
VY A) = = [ Ko (alRo)e, (6, 2)d¢ +

(W] [ N y;Em) f (& mdédn, (15)
0 -

Ry =[(x=&)* +y*T"%.
Baxaroun B (15) y =0, msa meBigomoi ¢ynkmii f(&,7) oTpumae-

MO iHTerpajibHe PiBHAHHA
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[ | K{aal(x-&)? +n* 1231 (£,m)d&dn = g(x, 2),
0 -

(16)
1 0
9(x,2) = — L7 (x, ) ~ [ Ko(ad|x—&]e, (&, 2)dE],
v () i
sKe Ticyst nepeTBopeHHs Dyp'e o x mepeiine B HACTYIIHE:
I eVt o' By n)dn = l\/axlz +0°G(w, 1),
T
’ (17)

G(w, 1) = g(x, A)e "% dx.

1=
&l
ITo3naunmo

p2 —al’+ coz,

o (p,w) :%pG(w,éJpz —a)zJ:CI)l(p,a))HCDZ(p,a)),

F(w.7) = Fy(0,7)+iF; (@,n).

Bimoxpemitoroun miicHy i ysiBHY 9acTHHH Y piBHsHHI (17), oTprMa-
€MO JIBa HE3aJICKHUX 1HTErpajbHUX piBHAHHS Jlamiaca BiJHOCHO HEBilO-
mux Gynkniit F i F,:

[e PR (@mdn =@ (o.p), =12, (18)
0

Jast Toro mo6 oOrpyHTYBaTH 3acTocyBaHHs nepeTBopeHHss Pyp'e 1o
x o piBasiHHA (15), MokHa (X, A) MiINOPSAAKYBaTH yMOBI, 1100 PiBHSIH-
H1 (14) wmamo po3p’sskoM gesky oyHkmiro  f(x,y)e L (D),
D=(-0o<x<w, 0<y<o). Ton enunuii po3s’si3ok piBHsHHA (17)
npezacraBumo ¢opmyioro (12). 3Bepratoun neperBopenHs Dyp'e (13),
OTpUMAaEMO euHMIA po3B’s130k f (X,y) obOepHeHoi 3amaui (2), (14).

BucHoBok. TakuM YMHOM, BHXIiJHI IMOCTAaHOBKH OOCPHEHHX 3a/1ad
JUISl PIBHSIHB TEIUIONPOBITHOCTI MOXKYTh OyTH 3BeJeHI 10 OiIbII MPOCTHX
MoJieNiell y BHTJIAAl IHTETPaJbHUX PiBHSIHD, SIKI JOIMYCKAIOTh OTPHMAaHHS
YHCEJILHUX PO3B'SI3KIB 3a J0MOMOI0I0 KBaJIpaTypHUX METoAIB. Snpa iHTe-
TPaJbHUAX PIBHAHBb NPH LBOMY MOXYTHh (PI3SHUHO IHTEPHpPETYBATHUCS SIK
nepexizHi (epeaaTHi) XapakTepUCTUKH TETIIIONPOBIIHOTO CEPeIOBHUILA.
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MATHEMATICAL MODELS FOR THE PROBLEM OF
RECOVERY OF THE HEAT SOURCE DISTRIBUTION FUNCTION

The article is devoted to the problem of obtaining mathematical models
in integral form for thermal objects from the initial equation of thermal
conductivity, given in differential form. The case of the inverse incorrect
problem for the thermal conductivity equation is considered. When solving
both direct and inverse dynamics problems using computational methods,
it is important to choose the form of mathematical description of the mod-
el. Even models derived from the original models as a result of equivalent
transformations in the numerical implementation give non-equivalent solu-
tions. Therefore, it is recommended to use integral mathematical models
that have high computational stability to solve inverse dynamics problems.
In the integral formulation, such incorrect inverse problems are successful-
ly solved using regularization methods. The article considers two variants
of the inverse problem. In the first case, the inverse problem is considered
as Dirichlet's task, and in the second case, as Neumann's problem is con-
sidered. In both cases, the inverse problems presented in differential form,
by equivalent transformations are given in the form of integral equations of
the first kind. For the obtained integral models it is shown that the solu-
tions of the equations are unique. The advantage of the obtained integrated
models is their relative simplicity and a wide range of developed methods
of their numerical implementation based on the use of different quadrature
formulas. In addition, the kernels of the obtained integral equations can be
physically interpreted as impulse transition characteristics of the heat-
conducting medium. This makes it possible to identify them by the transi-
ent characteristics of the heat-conducting medium, which can be obtained
experimentally.

Key words: thermally conductive objects, distribution function, inte-
gral models, model transformations, inverse problems.
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