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ESTIMATION OF THE BEST APPROXIMATIONS
FOR THE GENERALIZED DERIVATIVE IN BANACH SPACES

The main task of the theory of approximation is to establish the
properties of the approximation characteristics of this function on
the basis of its investigated properties. Functions with the same
properties are grouped into classes, and then the facts established
for a particular class apply to each of its representatives. This
makes it possible to formulate new problems, in particular mathe-
matical modeling problems for whole classes of functions that de-
scribe the studied processes.

If the statements allow on the basis of information about the
generalized derivative of the element f to draw a conclusion about
the rate of approach to zero of the sequence of the best approxima-
tions of this element by polynomials of degree n, then in the theory
of approximations they are called direct theorems.

In the given article the inverse theorem is considered — per
properties of sequence of the best approximations we draw a con-
clusion about properties of an element f of some Banach space B
and its generalized derivatives. That is, according to a given se-
quence of the best approximations of the vector f by polynomials of
degree n establish its differential characteristics.

The first inverse theorems were considered at the beginning of
the last century by S. N. Bernstein. The main point of their proof is
the inequalities between the norms of polynomials and their deriva-
tives. Such inequalities are called Bernstein inequalities. As a par-
tial case, they can be obtained from the theorem considered in the
article.
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tics, Banach space.

Introduction. The main task of the theory of approximation is to es-
tablish the properties of the approximation characteristics of this function
on the basis of its investigated properties. Functions with the same proper-
ties are grouped into classes, and then the facts established for a particular
class apply to each of its representatives. This makes it possible to formu-

90 © O. I. Radziyevska, I. B. Kovalska, 2021



Cepig: ®isvko-maTemaTnyHi Hayku. Bunyck 22

late new problems, in particular mathematical modeling problems for
whole classes of functions that describe the studied processes.

Consider the problem of the properties of the best approximations for
a generalized derivative in Banach spaces.

Problem statement. Suppose that in Banach space B a complete

minimal system {gom}z is given, and {gp;zl}w ) is its conjugate system
m=.

=1
belonging to B, {2m }:=1 — a sequence of complex numbers.

Definition. If for the element f B the sum of the series

> A (f.0m) @n is some element g < B, then the vector g is called the
m=1

derivative of the vector f and is denoted by 62 , hamely
a;fzzzm(f,go;)gom. (1)
m=1

The subset of all vectors f e B having aj, — derivatives will be
denoted by V (47,).
Vector

n
Tn (¢) = Z Cn®Pm > (2)
=1
where c,, are arbitrary complex numbers, let's call a polynomial of degree

n according to the system {(pm}m , - Note that due to the minimality of the

m=.

system {%}?:1: the coefficients c,, in (2) are uniquely determined by the

vector T, (¢) and ¢, =(T, (). o/ )-
We enter values
E,(f.0n)=inf [f-T (o)), n=12.., ©)
T.(9)

which are called the best approximations of the vector f by polynomials

of degree n over the system {¢,,}~ . We will consider Eq (f)=|/f].

m=

It is obvious that E, (f)>E,,;(f),n=0,1,... and due to the com-

pleteness of the system {¢ } is a valid statement E (f)—0 if

0
m=1

n—>o,ie E,(f)40, n>w.
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If the statements allow on the basis of information about the general-
ized aj, -derivative of the element f to draw a conclusion about the rate
of approach to zero of the sequence of the best approximations of this el-
ement by polynomials of degree n, then in the theory of approximations

they are called direct theorems.
In the given article the inverse theorem is considered — per proper-

ties of sequence of the best approximations E, (f) we draw a conclusion
about properties of an element f € B and its generalized 6$ -derivatives.
That is, according to a given sequence E, (f) of the best approximations
of the vector f by polynomials of degree n according to the system

{(pm} , establish its differential characteristics.

The first inverse theorems were considered at the beginning of the
last century by S. N. Bernstein [2]. The main point of their proof is the
inequalities between the norms of polynomials and their derivatives. Such
inequalities are called Bernstein inequalities. As a partial case, they can be
obtained from the theorem considered in the article.

Due to the linear independence of vectors ¢,, , steels exist

w(2h)= Tn(s;m;;l“aj, T (0n )” n=12.., ()

which we will call the Szego constants for the 62 -derivative (see [1, 3, 7]).

H A A
Obviously . ()= 4, (95)>0.
In the accepted designations the following statement takes place.
Theorem. Suppose that for some increasing sequence of natural
numbers {n, }~ the series

Zﬂnu<ai) (f.0) )
convergents. Then f e V (a(/,)and
En, (05 f¢)<2§ 0 (95 )Eq (fr0). (6)

I=j

Proof. For an arbitrary & >0 we choose the polynomials T, (¢) for
which

"f -T, ((p)"£(1+£n)En(f,¢) @)
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and we show that the sequence &,,T, () is fundamental.
Let s> j, then

s-1
03T (0)= 03T, (0) = 205 (T, (0) =Ty (9)), (®)
I=]
where T, (¢)—Tn, (o) is a polynomial of degree n according to the sys-

tem {(pm} . Then from (4) and (7) it follows that:

”82 T, (co)—T o))< 4, (22) [T, (0)-To (0)] <

<t (05)(|F =T, @)+ -Ta (o)) <
Synm(8¢)(1+5)(Enm(f,(p)+Enl(f,(p))s

<2uy, (82)(1+ €) En, ( f ,(p).
Substituting the obtained inequality in (8) we have an estimate

”65,Tns “ (1+2)- ZZ,un (07)E, (f.0) 9)

Given the convergence of the series (5) and relation (9), we conclude
that the sequence aan (¢) is fundamental. Therefore, there is an element

g < B, for which “g A ((0)” — 0, and which by definition is called a

o7, -derivative of the vector f .
Passaging to the limit in the inequality (9), when s — oo, we obtain:

ozt -aiT, (0)] <2+ 2) 22 s, (02)E, (f.0), (10)
Since angJ () is a polynomial of degree n; according to the sys-
tem {¢p,} " , we have:
E,, (05 F.0) <ol f =0T, (0)] < 2'(1”)2%.“ (07)E, (f.0)-

Taking into account the arbitrariness of ¢ , we obtain the estimate (6).
Theorem proved.

If

2r
B=Lp, Lp =Lp[0:22], 1< p<oo, [f] =[f] =([|f®)|° dny?
0
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imx i%ﬁsignm
on(x)=e", meZ, i, =¢e

v (ml)

here w (Jm|) — a sequence of nonnegative numbers, 4 is some real num-
ber, then the series (1) coincides with the Fourier series of the (v;p) -
derivative of the function f , introduced by Stepanets [4]. In this case, the
set V (a;) becomes a class of functions L', and the vector T, (¢) (2)

becomes a tr igonometric polynomial

E,(f.,p,) for this case will be the best approximation of the function f

by trigonometric polynomials:
E,(f)=_inf f —Tn_l(-)P , 1< p <o,
T,

n71€ 2n-1
here 7,, , — the set of trigonometric polynomials of degree not greater
than n-1. From condition (4) it follows that

ang (o)< (SUF; aiTn (@m) =ty (62 )Tn (2)).
T (0.)=L

o\ @

In the above notations 6$Tn((pm) coincides with the polynomials

Tn(-)z and for ,u:O(l)z//_l(n), where O (1) is a quantity uniformly

bounded with respect to n, we have the inequality:
v -1
1T, () =0 @)y ™ ()T, (), (11)
If inequality (11) holds for an arbitrary trigonometric polynomial
T, () of degree n, then we say, that the pair (y; ) belongs to the set
B, ([5, p. 115]) If the space L, isreplaced by C, y (k)= ktk=12...,
and g =1, then relation (11) becomes a known inequality of S. N. Bernstein
(init the value of O (1) can be replaced by 1).
And if the pair (y; p) belongs to the set B, we can conclude that

from the theorem, proved above, the statement 1) of Theorem 9.1 (5,
p. 120]) follows. This is the so-called inverse theorem, which establishes
the differential characteristics of the function f with C or L, 1<p<w

for a given sequence of best approximations of this function. Also from
the theorem follows the corollary proved as a separate statement in [6].
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Corollary. Let f belong to Lp[0;27], 1< p<w and E,(f) be

the best approximation by trigonometric polynomials of degree not greater
than n-1. Then, if the pair (y; g)eB, and the series

ZlEm (f), (t//(m))_l convergents, then in the function f there exists a
m=.

(w; p)-derivative f;, belongingto L, and for which there is an inequality

E,(f¥)y <K T Eq(f), (w(m) ", neN,

here K is a value that may depend on v (-) .

Conclusions. In the given article the inverse theorem is proved —
per properties of sequence of the best approximations E, (f) we con-

cluded about properties of an element f B and its generalized 62 -
derivatives. That is, according to a given sequence E, ( f) of the best ap-
proximations of the vector f by polynomials of degree n according to

the system {¢m}::1, established its difference — differential characteris-

tics. For separate values of the considered parameters, some results for
(v; B) -differentiated (according to Stepanets) functions follow from the

theorem, as well as the known Bernstein inequality follows.
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OUIHKA HAUKPALLMX HABJIMXXEHb
Anga Y3ArAnbHEHOI NOXIAHOI
B BAHAXOBUX NMPOCTOPAX

OcHoBHa 3a7a4a Teopil HaOMMKEHb MOJATae B TOMY, 100, TPYHTYIO-
YHCh Ha JOCIIJUKYBaHHMX BIIACTUBOCTSX HaHOI (yHKIN{, BCTAHOBUTH BIIac-
THBOCTI 11 alPOKCUMAIIHIX XapaKTePHCTHK.

ODyHKIIT 3 0JHAKOBUMH BJIACTUBOCTSAMH 00’ €IHYIOThCA B KJIacH, 1 TOA1
(axTh, BCTAaHOBICHI ISl IEBHOTO KJIACY, BIAHOCITHCS 1 JO KOXKHOTO HOro
npeacraBHuKa. [Ipu npoMy 3'IBIS€THCA MOKIMBICTH (OPMYIIOBATH HOBI
3amayi, 30KpeMa, 3aJadi MaTeMaTHYHOTO MOJETIOBAHHS BXKe UL IUTHX
KJaciB (QyHKIIH, SIKi ONMHUCYIOTH JOCHTIIKYBaHI IPOIIECH.

SIKIO TBEpIDKEHHS JAl0Th MOXKIMBICTE 3pOONTH BUCHOBOK IIPO IIBHI-
KICTb NPSIMYBaHHS 10 HYJs IOCTIJOBHOCTI HaWKpallux HaOJV>KeHb ee-
MeHTa f monmiHOMamu cremens N 3a iHpopMALi€l0 PO y3araabHEHY MOXij-
Hy IBOTO €JIEMEHTa, TO iX B Teopil HaOMIDKEHb MPUHHATO HA3UBATU Hps-
MHMH TE€OpEMaMU.

VY crarTi po3rimsgaeThesl 00epHEHa TeopeMa — 3a BIACTUBOCTSIMHU IOC-
JTOBHOCTI HaMKpammx HaOMMKeHb pOOMMO BHCHOBOK IPO BIACTHBOCTI
camoro enemenra f neskoro 6anaxoBoro mpocropy B i fioro y3aranpHeHHX
MOX1THUX, TOOTO 32 3aJaHOKO MOCTITOBHICTIO HAlKpaIIuX HAOIMKCHb BEK-
topa f momiHOMamu cTerneHs N BCTAHOBIOKIOTHCS HOro AuQEpeHIialbHO-
PI3HHMIIEBI XapaKTEePUCTHKY.

Ilepmri obepHeHi TeopeMu Oyl pO3TISHYTI 1€ Ha MOYaTKy MUHYJIOTO
cromitts C. H. beprmreiinoM. OCHOBHIM MOMEHTOM iX OBEICHHS € He-
PIBHOCTI Mi>XK HOPMaMH IOJIHOMIB 1 iX moximHux. Taki HepiBHOCTI Ha3W-
BalOThCsl HepiBHOCTSAMH bepHmTeliHa. Sk 4acTKOBHII BHUITaIOK, BOHH MO-
JKYTb OyTH OTpPHMaHi 3 TEOPEMH, PO3TIITHYTOI B CTATTI.

KiouoBi cioBa: naiikpawi Habaudicenns, y3aeanibHeHi noxioui, obep-
Heni meopemu, HepigHocmi beprwimetina, Jughepenyianvui xapaxmepuc-
muxu, 6anaxie npocmip.
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