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BEPLUWHHO-3BAXEHA MNOTE3A CEAMYPA

lmote3za Ceiimypa — oxHa 3 HaifBizoMimux y Teopii rpadis
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OpieHTOBaHUI Tpadh) MOIECIIOE COLaTbHY MEPEeXKy, y sKiil xko-
JIHI JBI JIIOAMHKM OJHOYACHO HE 3HAIOTh OOUH ofHOro. L{g rimoresa
CTBEPJUKYE, 110 3HaieThCst Xoua O 0JjHa JIFOJMHA, U SKOi 3Haifo-
MHX 3HaiioMux OyJie He MeHIIe, HiXK 3HAHOMHUX.

OsnaueHHs Ta 6a30Bi Teopemu Teopii rpadis onucasni B [1-3].
Jns nosinbHOTO Tpada rimoreza CeiiMypa 3alUIIAETHCS HEBUPI-
IICHOIO, POTE BXKE ICHYIOTh JIOBEJCHHS ISl YACTKOBHX BHIIAJIKIB
Ta IS esIKuX BUIIB rpadis, siki HaBeeHi y [4-6].

Seacrest Tyler [5] nocnigus rinmoresy Ceiimypa mis rpadis 3i
3BaAXXCHUMU JyramMu,

B [6] moBeneHo, 110 KOXKEeH opieHTOBaHMM rpad Oe3 meTenpb Ta
LIUKJIIB JTOBKHWHU JBa MICTHTh BEPIIMHY V, JJIS SKOI APYTHH OKLIT
Oinbiie abo piBHE 3a NEPIINii TIOMHOKEHUH Ha IIEBHY KOHCTAHTY.

B [7] HaBeneHo qOCTaTHI yMOBH, 3a SIKMX MOXE iCHYBaTH Bep-
mrHa Cefimypa v € V(D), a Takox po3rISIHYTO BIACTHBOCTI MiHi-
MaJIHOTO Tpada, SIKHi He Ma€ Takoi BepIIMHU. JJoBeeHO, IO SK-
110 iCHy€ OJIMH TaKuil rpad, TO iCHy€ HECKIHYEHHA KUJIbKICTh CHIIb-
HO 3B’s13HUX rpadiB, sSKi HE MAIOTh TaKOi BEPIIUHH.

AKTyaJbHICT 00paHOi TeMH JOCIIDKEHHS! BU3HAYAETHCS CTPi-
MKHMH TEMIIaMH PO3BHUTKY CydacHOi Teopii rpadis, ski HOB’s3aHi
13 po3MWHUpeHHIM 11 cepr BUKOPHCTaHHSA: Oi3Hec, JIOTiCTHKA, TY-
PH3M i, TOJIOBHE, MOJICIIOBAHHS PI3HUX MEPEK.

OmHUM 13 TPOJOBXKEHb TiNOTE3H € PO3MIA BEPLIIMHHO-
3Ba)KEHHX OpieHTOBaHHX rpadis. Y wmiil crarTi MU mpeacTaBUiIn
BEPCIIO TINOTE3H I BEPIIMHHO-3BAKCHUX OPi€EHTOBAHUX TpadiB i
noBenu, mo rimoreza CeliMypa eKBiBaJeHTHA TiMOTe31 I Bep-
IIMHHO-3Ba)KCHUX OPIEHTOBAHUX rpadis.
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Kurouosi caoBa: cinomesza Ceiimypa, opienmosanuii epag,
36 "A3HULL epag, opieHmosanull epagh 6e3 Yuraie 008X*CUHU 08d.

Beryn. Yci po3risiHyTi ¥ po6oTi rpadu — opieHTOBaHI rpadu 6e3 1me-
TeNb Ta KpaTHUX pedep, Mo He MAloTh HUKJIIB JOBXHHH ABa, TOOTO rpad
HE MOXe MiCTHTH OJIHOYaCcHO /Bi ayru (V,u) Ta (u,V).

I'inore3a Ceiimypa. Y Oynp-skoMy opieHTOBaHOMY rpadi D 06e3
UMKTiB  JOBKMHH 1Ba icHye BepmmHa VeV (D), mms  skoi
d™(v)=d"(v).

Taky BeplIuHY V Ha3uBalOTh BeplinHO0 Celimypa.

Fisher [4] moBiB, M0 OCTaHHS TiMOTe3a BHKOHYETHCS, SKIO D €

TypHipHUM rpadoM. Kpim nporo, Oyio po3misiHyTO y3arajabHEHHH BapiaHT
rimore3n CeliMypa AJst 3BaXKEHUX Opi€HTOBaHUX rpadis [5].

BepmmmHo-3BaxkeHa rimore3a Ceiimypa. ['imore3za Ceiimypa Moxe
OyTH pO3IIISIHYyTa Ha BEpIIMHHO-3BaXEHHX OpieHTOBaHHMX rpadax. Taxi
rpadu MalOTh BaroBy (YHKIIIIO 77, sIKa TMPUCBOIOE KOXHIHM BEpIIHHI 102~

THe jificHe 4yucio. lle MOKHA pO3LUIMPHUTH A0 3HAXO/PKEHHS BaroBoi (yH-
KIIii Ha MHOYKUHI BepIiuH S , e

n(8)=2n(v)

veS

Bepumny Vv, mis skoi 77( N** (V)) >7 ( N* (V)) , Ha3BEMO BEpIIU-
Howo Celimypa.

I'imore3a 1 (BepmmHoO-3BaxkeHa rinoreza Ceiimypa). Koxuuii Bep-
[IMHHO-3BAKCHUN Opi€HTOBaHWH Tpad Oe3 IUKIIB JOBKUHH J[BA MICTUTh
BepmuHy Ceiimypa.

Teopema 1. I'inote3a CeiiMypa ekBiBaneHTHa rinoresi 1.

Hosenennsi. [IpumycTumo, 10 BHKOHYETHCS BEPIIMHO-3BAYKEHA Ti-
nore3a. Toai icHye rpad i3 3BaykeHMMH BepliMHamMu D , y skomy € Bep-

muna CeliMypa, JUist SIKOi BUKOHYETHCS 77( N** (v)) > 77( N* (v)) . Sxmo
B3SITH Bary ycix BepuIuH pisHiii 1, To6T0 7(V) =1, T0 3 momepeanboi He-

pisrocti crinysatume d**(v)>d”(v), Tomy v- Bepumna Ceiimypa

3BuuaitHoi rimoresn Cefimypa. OTke, 3 CIpaBeUIMBOCTI BEPUIMHHO-
3Ba)KEHOI TI0TE31 BUILIUBAE CIIPABEIINBICTh 3BUUYAMHO.

Temep mpUITyCTUMO, III0 BUKOHYEThCS 3BHUYaliHa rimore3a CeliMypa,
Ta JIOBEAEMO, III0 BHKOHYETHCS BEPIIMHHO-3BaKeHA. Hexail BepmnHHO-
3BakeHMi rpadp D wmae BaroBy ¢QyHKHilO 77 Ta N BeplIuWH,

V(D) ={v,Vp,....Vy } -
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CrioyaTKy pO3IJITHEMO BHIAJOK, KOJIM 77 TpHilMae HaTypajbHi 3Ha-
enns, 10610 7(v) € N . TloGyayemo HesBakennit rpa D, sxuit ckiaja-
etbest 3 N miarpadis S;,S,,...,S,, npudoMy miarpad S; CKIATAETHCS 3
17 (v;) i301b0BaHKX BepuIMH (I\/ (S )| =n(v )) . STkimo (vi WV ) e A(D), 10
3 KOXKHOI Bepuiuy miarpada S; iie ayra B KoXHy BepimHy minrpada S .
Sxmo (vi WV ) 3 A(D) , To y Tpadi D" Hemae OHOI JIyTH, sIKa TIOYMHa-
€TBCs1 y BEpLUKHI miArpada S; Ta 3aKiH4yeThCs y BeplunHi miarpada S .

OckibKn 3BMUaiiHa rioTe3a BUKOHYEThCs, TO Tpad D~ Mae Bepum-
uy Ceitmypa v . Hexait v' eV (Si), Tomi d** (v*) >d* (v*), TOOTO TI0-
BepTarounch 10 rpadga D, omepkumo, 10O 7 ( N* (v, )) >n ( N (v; )) ,

ToMy rpagp D mae BepmmHy CeiiMypa V;, OTXe, BEPIIMHHO-3Ba)KE€Ha Ti-

II0TE€3a BUKOHYETHCA.
Posrasaemo BUIIAJIOK, KOJIH 7} HpHﬁMa€ Z[OI[aTHi paHiOHaJ’ILHi 3Ha-

uenns, T06to 77(v) €Q, . Hexait n(vi):ﬂ,Ta p=HCK (ny,ny,....n ).
n.

I
[ToGyayeMO HOBY BAaroBy (YHKIHO 77 (v;)=pn(v;). 3posymino, mo
n (vi ) e N, tomy 3a monepeanim Bumaakom y rpadi D 3 BaroBoro ¢GyHK-

. * . * .
1€ 77 1CHYE BEpPIIUHA V , JUIA AKO1

N™(v . .

(N ()2 ()

p

Otxe, nouaTkoBuii rpad D 3 dyHkuiero 7 mae Bepunny Ceiimypa.

PosrisiHemMo BHIaOK KOJMM 77 TpUMae JOJaTHI MiHCHI 3Ha4YEeHHS,
10670 77(V) € R, . IIpumycrimo nporunexue, mo rpadp D 3 dyHKieo 7,
He Mae BepiuHu Ceiimypa. Tozi st JOBUIBHOT BEPIIMHU V BHUKOHYETHCS
n ( N* (v)) >7 ( N** (v)) . osmaummo

&= min {n(N+(v))—n(N++(v))} @)

VeV(D)
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. x & . .
Hexait ¢ =—, 77(vi ) = @; . OCKIIbKM MHO)KMHA paliOHAIbHUX YH-
n

CeJl € BCIOAM L[IJbHOK MHOKHHOIO B MHOKHMHI JIMCHHX YHCEJ, TO MIK
o . * o .
JBoMa JifiCHUMHU 4nCIaMu & 1 & +& 3aBKAu 3HallIeThes palioHanbHe

yuciio. ITo3HauuMo Take 4uciIo uepes ¢ , TOAl & < g; < @ +& . [oByxy-
€MO HOBY BaroBy (yHKII0 7" (vi)=0q.

3a momepeHiM BumagkoM, rpad D i3 yHKImiero 7 Mae BepmmHY
Ceiimypa Vv, A5 SIKO1

77*(N+(V))377*(N+Jr (v))<:>77*(

(
(" (N ()= (N7 () <’ =2
Omxe, ry(NJr (v))—n(N++ (v)) <& . OTpumanu cynepeusicTs 3 ¢o-

pmydoro (1), Toxi mouaTkoBuii rpad D mae BepmmHy Celimypa. Teopemy
2 IOBENIEHO.

BucHoBkn. Po3rnsHyTo y3aranpHeHy Bapiamito rimote3u Ceiimypa, y
AKif KO’KHa BepILIMHA Ma€ NeBHY JOAaTHY Bary.

JloBeieHO eKBiBaJIEHTHICTh MO4aTKOBOI Tinore3u CeiiMmypa BepLIMH-
HO-3BaXKeHii rirmore3i CeliMmypa.
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SEYMOUR'S VERTECES-WEIGHTED CONJECTURE

Seymour's conjecture is one of the most famous unsolved mathematical
problems in graph theory, which was formulated by Paul Seymour in 1990.

This problem is also known as the «second neighborhood problem». A
directed graph models a social network in which no two people know each
other at the same time. This conjecture states that there will be at least one
person for whom acquaintances of acquaintances will be no less than ac-
quaintances. Definitions and basic theorems of graph theory are described
in [1-3]. For an arbitrary graph, Seymour's hypothesis remains unsolved,
but there are already proofs for partial cases and for some types of graphs,
which are given in [4-6].

Seacrest Tyler [5] investigated Seymour's conjecture for graphs with
weighted arcs.

In [6] showed that every simple digraph without loops or digons con-
tains a vertex v for which the second neighborhood is greater than or equal
to the first multiplied by a certain constant.

In [7] provided sufficient conditions under which there must exist some
v e V(D), as well as examine properties of a minimal graph which does not
have such a vertex. We show that if one such graph exists, then there exist in-
finitely many strongly-connected graphs having no such vertex.

The relevance of the chosen research topic is determined by the rapid
pace of development of modern graph theory, which is associated with the
expansion of its scope of use: business, logistics, tourism and, most im-
portantly, modeling of various networks.

One extension of the conjecture is to consider vertex-weighted di-
graphs. In this paper we introduce a version of the conjecture for vertex-
weighted digraphs and proved that the Seymour conjecture is equivalent to
conjecture for vertex-weighted digraphs..

Key words: Seymour's Conjecture, oriented graph, connected graph,
directed graph.
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