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KuiBcpkuit HamioHampHUN yHIBepcuTeT iMeHi Tapaca Illepuenka, M. Kui

Y3ATAlIbHEHHA HETATUBHUX PE3YJILTATIB ANA
IHTEPNONALUIMHOIO ONYKNoro HABNMXEHHA ®YHKLIN,
LLO MAIOTb APOBOBY NOXIAHY B MPOCTOPI COBOJIEBA

Po3ristHyTO MUTaHHS 1HTEPHOIALIHHOTO HAOIMKEHHS (QYHKIIIH
3 xiacy CoboneBa anrebpaivHuMu mosiHoMaMu. [IuTaHHs MO3UTH-
BHOI ampOKCHMAIii IIé NUTAaHHA AampOKCHMAIli MO3UTHUBHUX Ta
r-pasiB HemepepBHO AWQepeHIiHoBaHNX (QyHKIIH anreOpaidHIMH
nomiHoMamu. OniHky Ty (1) U1 TO3UTHBHOI alpoKCUMaIii po3-
IIsIaoThes B poboTax [1, 2]. I[InTaHHS MOHOTOHHOI anpoKcuMaril
1I¢ TIUTaHHS HaONIMKCHHSI MOHOTOHHUX (yHKIIH 3 Kiacy Cobonera
MOHOTOHHUMH airedpaiyaumu noixiHoMamu. Ouinku tumy (1) mms
MOHOTOHHOI ampokcuMarii Oyiau noseaeHi B podorax [3, 4, 7]. B
pobotax [3, 4] po3rismaeTbCcsi HaTypalbHHH iHAEKC B MPOCTOPi
CoboneBa, kUil He DOPiBHIOE oAUHULI. B podoTi [7] po3risgaeTs-
cs1 mificHnit innexc npocropy CoboreBa, sIKH CTPOTO OLIBIIMIL 3a
nBa. JloBeneHo, mo oIiHkK THIY (1) He BUKOHYIOTBCS IS JIHCHO-
ro inaekcy Oinpinoro 3a aBa. [InTaHHs OMyKJI01 ampoKcUMAIii e
MUTaHHSA anpokcumarii onmykiaux ¢yHkuii 3 knacy CoboseBa omy-
KIMMH noniHoMamu. [TuTaHHs OmyKJI0i anpoKcUMaIil po3risiaano-
cs B pobortax [8-10]. B pobori [8] posrisigaBcs HaTypalbHUHA iH-
nekc npocropy CoboneBa, sIKMi He HOpiBHIOE oguHUII. Y pobo-
Ti [9] posrmsmascst nificHuit iHmexc mpocropy CobomneBa, sKmit
cTporo Oinpmmii 3a 1Ba. Byno noBeneHo, mo IS OMyKJIOl anmpok-
cuManii ominku Tuny (1) € xubHUMYU 115 nificHorO iHAEKCY Cobo-
neBa, SIKUH OinbImii 3a 1Ba. Y poboti [10] po3risiaeTbest MUTAaHHS
omykJI0i anpokcuMarii ¢pyHkuii 3 npoctopy CoboneBa OmyKIUMH
anreOpaiYHUMHU TOJiHOMAaMH, SKIIO iHAEKC mpocTopy CoboneBa
3HAXOAUTHCS B 1HTEpBAN BiJ TPHOX 10 YOTHPHOX. [loBemeHO, 1110
OIIiHKa, siKa y3arajbHioe (1) € XxubHoM0. Y poOOTI ITOCTIHKYETHCS
MIUTaHHS HAOMIDKEHHS OIMyKJINX ¢yHKOiKH 3 mpoctopy Cobomnea
ONYKJIUMH anreOpaiYHUMH TOJTIHOMaMH Ui JAIHCHOTO iHAEKCY
npoctropy CoboseBa 3 iHTEpBaIy BiJX JABOX JO TPbOX. AHAJIOTIYHO
po6orti [10], moOya0BaHO KOHTPIPHKIAJ, KA MOKa3ye, MO OIliH-
Ka, sika y3arajabHIoe ouiHKy (1) € xubHoto. Ll pobota € y3aranb-
HEeHHsIM pe3yibraty pooit [9] Ta [11]. OcHoBHHMIA pe3ynbTar € aHa-
morom teopemu 2.3 B [11].

Kuwuoi caoBa: wabnuscennss ¢ynxyii, npocmip Cobonesa,
aneebpaiunuil NOAHOM, MOHOMOHHA QYHKYIS, ONYKIA QYHKYISL.
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Beryn. Hexait W',reN kmac ¢ynkuiii f e C[0,1], Takmx, mo

MaroTh a0COJIIOTHO HemepepBHY (r—1) moximHy i | fO(x)|<1 maibxe
ckpiss Ha [0, 1].

Temskosebkuit [1] mist r =1 1a Tonenrays wist r e N [2] mocusmwm mipst-
My TeopeMy Hikombcbkoro-TiMMaHa JOBIBILM, O KOXHY (yHKIi0 f eW '

MOKHa Ha6ﬂI/I3I/ITI/I aJm era'l'lIHI/IM MHOI'OYJICHOM pl’] CTCIICHAI < N Tak, 10
r
X(1— X
| £(0)— pp (%) mm[—“n)J et )

Jie ¢ — abCoJIOTHA CTaja.

DeVore ta Yu [3] noBenu, mo mpu r = 1, 2 orinka (1) crpaBemiusa i
npyu HAOMMOKEHHI MOHOTOHHOI ()YHKINT MOHOTOHHHM MHOTOYICHOM. A
caMme, SKIIO0 MOHOTOHHA (yHKiis f e W ", To icHye MOHOTOHHUI MHOr0OY-
JeH p,, Takuii, mo mae micue (1). B po6oti [4] noBeseHo, O M HATY-
panpHOro r >2,r € N orinka (1), B3araigi kaxydu, XuOHa IS MOHOTOH-
HOTO HaOMMKeHHs. [ OmyKI0ro HabmmKeHHs pu r > 2,1 € N nosene-
HO [5], mo orminka (1) TakoX € HeBipHOIO.

Jlns re R Beenemo xiac dynkmiii W [0,1], takux, mo Dj;*f a6-

r—lf

COJIFOTHO HENepepBHa i ‘D(Lf <1 wmaiixe ckpi3b Ha [0,1] (TyT D

JiBOCTOpOHHA JpoboBa moxinHa [6]. Bynemo mnosnauatu wepes [I, —

MHOKHHY BCIX anreGpaiuHux MOMiHOMIB cTemens <n i uepes A® mHO-
XKHUHY ormykiux Ha [0,1] GyHKITH.

OCHOBHHUM pEe3yJIbTaTOM € TEOpeMa, SIKa y3aralbHIOE pe3ysbTaT po-
6it [5, 9, 11] Ha knacu W '[0,1]nA% 3 r e (2,3),reR.

OcHOBHi 03HaYeHHA Ta JTonMoMixHi TBepI:KkeHHs. CrloyaTKy Hara-
JTAEMO OCHOBHI O3HAYCHHS Ta (PaKTH, SIKi BHKOPUCTOBYIOTHCSA B POOOTI.

Oznauenns 1. Hexail ¢(x) € L, (a,b) . Interpanmu

o(t)

def
. = 2
(15 9)(x) = e )j(x = dt,x > @, )
o (ﬂ() 3
(12000 = @ )j( ~ e dtx<b 3)

ne « >0 Ha3uBaIOThCA IHTErpajlaMH JIpoOOBOro mopsaky « . Ilepmimit
HA3WBAIOTh JIIBOCTOPOHHIM, a Apyruil npaBoctopoHHiM. II{o crocyerscs
JIpoOOBOTO TU(EpEeHIIIFOBaHHS, TO HOTO CIIiJ] BBECTH, SIK OIMEparito odep-
HEeHy ApoOOBOMY iHTErpyBaHHIO [7].
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Osnavenns 2. Jlns dynxuii f(x) , mo 3anana Ha Bigpisky [a,b]xo-

JKeH i3 BUpa3iB

« 1 d of@ 4
(OZ D0 = Ty ax e dt, 4
. 1 d ot 5
(Dbif)(X)_l—‘(l—a) dX')[(x-t)“ dt Q)

Ha3MBAETHCS IPOOOBOIO MOXiTHOIO MOpsnKy «,0 <« <1 BiAMOBIAHO Ji-

BOCTOPOHHBOIO T2 PABOCTOPOHHBOIO.
[epetigemo 10 APOOOBHX MOXITHUX MOPSIKIB a >1

a =[a]+{a},
ne [a] — mina gactuHa wncna o i {@} — mpoboBa yacTWHA YUCTA « .

Skmo o — mine 9ucIo, To mia APOoOOBOIO OXITHOKO MOPAIKY @ OymemMo
PO3yMIiTH 3BHUaiiHe Au(epeHIiIOBaHHS:

d\* d\*
D =|— |, DI =|-—], =12.3,.. 6
R - ©
SKmo )X o — He 1ije, TO IPaBUIBHO BBECTH 3a (hopMymamu:
. 1 d\'F  f()
Dff=—" | —| [——2—dt,n= 1, 7
a+ F(n—a)(de _E[(X_t)a—nﬂ n=[a]+ (M
n nb
DY f :&(iJ J‘¢dt,n=[a]+l. 8)
T'(n—«a) dx o (t— x)”‘_n+l

HactynHa Teopema nae mocraTHi yMOBH Uil iCHyBaHHS JpoOOBHX
NOXIZHUX OY/b-SIKOr0 MOpSAKy «,a >0 [6].

Teopema 1. Hexaif « >0 Ta ¢pynkuis f(x) mae abconroTHO Here-
pepBHY MmoxiaHy nopsaky n,n=[a]+1.

Tomi D7, f icHye maiixe ckpi3b i MOXe OyTH MpE/CTABICHA Y BHT-

TSl
v o %a a 1 ¢ ¢
DI f=Y @) (x—a) % + j a(_?m }
ol @+k—-a) Fr(h—a); (x-t)

OcHoBHHI1 pe3yJbTaT.
Teopema 2. Hexaii r e (2,3). Toxi ans koxxuoro ne N, mis 6ya6-
sxoi nogataoi Ha (0,1) dyskmii  Takoi, mo limy(x)=0 i limy(x)=0
x>0 x—>1
icHye Taka QyHkuis F = Fen eWr[O,l]mAZ , 110 Ut OyJb-SIKOTO TMOJIi-
HOMa P, eIl N A? CIIPaBEIJIMBA OJIHA 3 TAKUX BJIACTUBOCTEH:
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— |F(x) = Py ()]
=+,

lim 9)
x>0 9% (X)y (X)
a0o
ﬁ|F(x)— pa ()] _ o (10

=1 9% (X)y (X)

e o(x) :,/x(l—x) .

Hoenennst. Hexaii r € (2,3) i m =[r]+1 =3 . Po3rsHemMo QyHKIIiO:
4 14 1 4
©=0 s 7)b @ x) 4 @oxyp — 22 co.b],
F(0) = 4 24

Lope 1 4
b*(x+7)-b*@+x) P +b7(1—x)b —15lf , xe (b1,

ne b= 5
468n

Tomi

3 1,

[ (h_ )3 1
_(b=x) -~ @02, xe[ob]

f'(x) = J

1
=1
+b* +p3(1+x) P

1 3 £
b* +b3(1+x) P —bT(l—x)b . xe(b1]
1

(b-x)? 52, biA-b)
4

1
—b%(b+1)A+x) b 1-x" " xe[0.b]

f"(x) =

1,
@-x)® , xe(b1]

1 2
—b%(b+1)(1+x) ® ’ +@

1
J—b FX+bb+D b1t x) o —2AZPI=20) bz(l‘ 20)

3 b(L—b)(L- 2b)
4

1
(1=x)> " xe[0,b]
f"(x):=

1 1
blo+1)(2b+)L+x) b — =% . xe(b1]
0 (x):=

1
1-(b+1)(2b+ D30+ DL+ x) O — & b)(l_jb)(l_sb)
1

(b+1)(2b+1)B0+DA+x) ° — (1-b)@- jb)(l—?,b)

1,
(1-x) , xe[0,b),

1,
1-x)2 , xe(b1].
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3 sBHoro Bumsiny ¢ysknii f(x) Ta i moXigHHX, MOXXHA OTPHUMATH
HepiBHOCTI:

f(0) =0, f (b) ~ 7b* _ 3 pe >0;
de

1 1 4
f1)~8b*—pt2 b _Lps _ AT ey AW 25
24 24 24 4
3 3
f'(0):—b—+b4+b3—b—:b4+lb3>o;
6 4 12

3

fio)~b*+b%e -2 et opt e 2pr - B3y,

4 4e 4e
Y
f'@)=b*+b%2 5 >0
2 2 2 2
f7(0) = b —b (b+1)+ M~b?_b2+b_:__bz
2

f"(b) ~ -b*(b+1)e " + b’(1-b) el b26_1+b—e‘1=71b2<0;

4 4 de

f"(1) = —b(b +1)2 b " <0

f"(0) =—b+b(b+1)(2b+1)—w~ —b+b—%=—9< 0;
f"(b) ~ b(b+1)(2b+1)e* —We‘l ~be? —%e‘l = %b >0;
e

1
F7(1) ~ b(b+1)(2b+1)2 ® >0,

Ouesnano, mo f @ (x)>0vxe[0,b) i f®(x)<0Vxe(b1]. Toxi,

3 HEepIBHOCTEH HaBeACHWX Bumle OaumMo, mo ¢yHkmis f(X) 3pocTae Ha

[0, 1] i f(x)>0vxel0,]]. Takox 6aunmo, 110

vxe[0,1]: f"(X) <0= f'(x) cmamae na [0,1]. Po3rmsHemo ¢yHKIiO

X

F(x) = Itz f (t)dt, x €[0,1]. JoBegemo, mo F eW [0,11n A% Crnouarky
0

HOKaXKeMO, 110

FeA?: F'(x)=x2f(x), F"(x) = 2xf () + x*f'(X) 20 = F e A%
Tenep mosenemo, mo F e W '[0,1] . 3a Teopemoro 2.3 B pobori [6] 3a do-
pmynamu (7) abo (8) maemo:
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L () 1 ¢ F™M@
r k—r

Dp,F(x)=>" ks X" o~ —
STa+k-1) (M=1)3 (x—1)

X

i FO0) er, 1 I V)
= (1+k—r) r@-r)g (x-1)?
Mmaibke ckpisb Ha [0, 1].
Tak six F(k)(O):O, npu k =0,1,2, To

1 }F(S)(t)
r@-rgx-n?
maibke ckpisp Ha [0,1]. OueBumuo, mo 3Ic>0,ceR Taka, o
vx e[0,1]: F®(x) < c.
Toni

Dy, F(X) =

T dt c X' c
<

C
r(3-r) { (x-t)"2 T@-r)3-r (B-nr@-r)’

| Dy, F(x) |

Takum uunom, Dy, F(X) icHye maibke ckpisb Ha [0,1]. OueBumHo,

1 TF(Z’(t)
r@2-r)y(x-1)?

o D(;;lF(X)z dt Oyzme abCONOTHO HEMEPEPBHOIO.

Takum unHOM F eWr[O,l]ﬂ A? . Hexait icHye ONyKIMii MHOTOUIEH d,

Ut sikoro ymoBa (9) He BUKOHYyeThCs. Tomi s geskoi cramoi B maemo:
|F(X)—0d,(X)|<Bxy(x), 0<x<h.

3Bigcu Bumusae, mo d,(0)=F(0)=0 i q;(0)=F'(0) =0. Taxk sk

0,(x)=0,xe[0,1] i @,(0)=0 s3ymosmoe ¢;(x)=0,xe[0,1]. Toxi

d,(x) 3pocrae mHa [0,1]i q,(x)>0,x€[0,1]. Toxmi mMHOrowien ¢, Mae

BUTIAL (,(X) = X -hnl (x), nme hnl MHOTOWIEH CTE€HNEeHd <n;,n <n-2.
Posrmstremo muorouneH G, (X) =d,(x)+ f(0)+ f'(0)x .

b3

18

3 nobynoBoro MHOrowieHa ¢,(x) Oaummo, mo BiH 3poctae. Toni

1, , , N
<b* 4200 = (0 H G (0) k<20’ 11, .

Ilq,, II=d,(2). Omke Maemo

b® . . b3
—<2n 1) = 1) >
18 CNOE RN 26n?

(11)
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3 inmoro 60Ky,
45b*  45p°-b-36n° b’

f()< : = ——-45n°364 =
36n° -4 36n
1 (12)
45 36
b3 468n2 n _ b3 405< b?
36n2 4 36n% 468 36n2

3 wmepiBrocreir (11) 1 (12) maemo, mo f(@)=q,(1), a came

f(@) <q,(@). Ham posrmsiHemo ¢, (1) =q, @)+ f'(0)+ f(0). Ipumycru-
Mo, o d, (1) = f (D).

Tomi q,Q)=f@Q+f'©O)+f0)= f@Q)=q,Q)-f'(0)—f(@©0). Mu

HpHUITyCcKaeMo, o 0, (1) >0, 60 B NPOTUIEKHOMY BHIIAJKY TBEPKECHHS

npo 1e, mo f (1) # g, (1), oueuaHo. Maemo:
1
- . 7 ~
41b* —b*2 ® = §, (1) -b* —EbS = q,(1) =

1 1
41 7 65 ., 7 -
=—b*+b*+—b*-b*2 b = —b*+—p3-b*2 b
24 12 24
. s 7 ,
Toni oueBuano, mo q, (1) ~ c-b® ne c> E,c = const. 3 ocTaHHIX
MIpKyBaHb BUILTHBAE, 110

7
9,1 ~c-b®-b* —Eb3 ~¢;b%,¢, = const, ¢, > 0.

. 41
Ane, 3 igmoro 6oky, f (1)~ Zb4'
TakuM 4YWHOM, MAaEMO CYyMEPEYHICTh 3 MPUMYIHICHHSM, IO
6y () = F(1), a came g, (1) > f (1),

1
F@Q) = j tzf(t)dt. 3a TeopemMOl MpO  CepeAHE  3HAUCHHS
0

36 [0,1]: F(1) = 021 (0). Tak sk f(x) 3pocrae,  TO
F)<0’f@<f@Q)< g, = F@) = q,(1). Teopema noBeneHa.

BucHoBkn. [100y10BaHO KOHTPIPHUKIIA, SIKUH TOKA3YE, IO PE3YJib-
TaT, JOBeJIeHUH y poOoTi [5], MOXXHaA y3araJlbHUTH BBEJCHHSIM JIOJaTKOBO-
ro MHOXKHUKa /(X) y 3HaMeHHHKY B ymoBax (9), (10) teopemu 2, mns

Bunajaky W Ir[O,l]r] A% re(2,3).
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GENERALIZATION OF NEGATIVE RESULTS FOR

INTERPOLATION CONVEX APPROXIMATION OF FUNCTIONS

HAVING A FRACTIONAL DERIVATIVE IN SOBOLEV SPACE

We discuss whether on not it is possible to have interpolatory estimates in
the approximation of a function of Sobolev's space by polynomials. The prob-
lem of positive approximation is to estimate the pointwise degree of approxi-
mation of a function of r times continuously differentiable and positive func-
tions on [0, 1]. Estimates of the form (1) for positive approximation are known
([1, 2]). The problem of monotone approximation is that of estimating the de-
gree of approximation of a monotone nondecreasing function by monotone
nondecreasing polynomials. Estimates of the form (1) for monotone approxi-
mation were proved in [3, 4, 7]. In [3, 4] is consider r is natural and r not equal
one. In [7] is consider r is real and r more two. It was proved that for monotone
approximation estimates of the form (1) are fails for r is real and r more two.
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The problem of convex approximation is that of estimating the degree of ap-
proximation of a convex function by convex polynomials. The problem of con-
vex approximation is consider in [8-10]. In [8] is consider r is natural and r not
equal one. In [9] is consider r is real and r more two. It was proved that for con-
vex approximation estimates of the form (1) are fails for r is real and r more
two. In [10] the question of approximation of function of Sobolev's space and
convex by algebraic convex polynomial is consider, if the index of the Sobolev
space is in the interval from three to four. It is proved that the estimate that gen-
eralizes (1) is false This paper investigates the issue of approximation of con-
vex functions from the Sobolev space by convex algebraic polynomials for a
real index of the Sobolev space from the interval from two to three. Similarly to
the paper [10], a counterexample is built, which shows that the estimate that
generalizes the estimate (1) is false. This paper is the generalization of results
papers [9] and [11]. The main result is the analog of the theorem 2.3 in [11].

Key words: approximation of function, Sobolev space, algebraic poly-
nomial, convex function.
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EXACT CONSTANTS OF THE BEST ONE SIDED
APPROXIMATIONS OF THE SUM ANALYTIC
FUNCTIONS FROM DIFFERENT CLASSES

The task of obtaining the exact values of the best approxima-
tions by trigonometric polynomials of continuous or summable
functions originates from the works of P. L. Chebyshev, who, back
in the 1950s, posed the problem of finding the polynomial, that de-
viates the least from a given continuous function. Subsequently this
direction in the theory of approximation got further development
thanks to the works of K. Weierstrass, D. Jackson, S. N. Bernstein,
Valle-Poussin and others. On this time there is an increase attention
to problems of one-sided approximation of individual functions
and their classes in the metric space L. Problems of this content
arise up in number theory, coding theory, and other areas of math-
ematics. The first results of this direction were obtained in the
1880th by A. A. Markov and T.Y. Stieltijes. In the future, these
studies were continued in the works of J. Karamata (1930),
G. Freud and T. Hanelius (mid-20th century).
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