MatematuyHe Ta KOMI'I,I'OTepHe Mo entoBaHHA

The problem of convex approximation is that of estimating the degree of ap-
proximation of a convex function by convex polynomials. The problem of con-
vex approximation is consider in [8-10]. In [8] is consider r is natural and r not
equal one. In [9] is consider r is real and r more two. It was proved that for con-
vex approximation estimates of the form (1) are fails for r is real and r more
two. In [10] the question of approximation of function of Sobolev's space and
convex by algebraic convex polynomial is consider, if the index of the Sobolev
space is in the interval from three to four. It is proved that the estimate that gen-
eralizes (1) is false This paper investigates the issue of approximation of con-
vex functions from the Sobolev space by convex algebraic polynomials for a
real index of the Sobolev space from the interval from two to three. Similarly to
the paper [10], a counterexample is built, which shows that the estimate that
generalizes the estimate (1) is false. This paper is the generalization of results
papers [9] and [11]. The main result is the analog of the theorem 2.3 in [11].
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EXACT CONSTANTS OF THE BEST ONE SIDED
APPROXIMATIONS OF THE SUM ANALYTIC
FUNCTIONS FROM DIFFERENT CLASSES

The task of obtaining the exact values of the best approxima-
tions by trigonometric polynomials of continuous or summable
functions originates from the works of P. L. Chebyshev, who, back
in the 1950s, posed the problem of finding the polynomial, that de-
viates the least from a given continuous function. Subsequently this
direction in the theory of approximation got further development
thanks to the works of K. Weierstrass, D. Jackson, S. N. Bernstein,
Valle-Poussin and others. On this time there is an increase attention
to problems of one-sided approximation of individual functions
and their classes in the metric space L. Problems of this content
arise up in number theory, coding theory, and other areas of math-
ematics. The first results of this direction were obtained in the
1880th by A. A. Markov and T.Y. Stieltijes. In the future, these
studies were continued in the works of J. Karamata (1930),
G. Freud and T. Hanelius (mid-20th century).
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General issues related to the problem of the best approximation
of classes of functions by trigonometric polynomials: the existence
of the best approximation polynomial, its characteristic properties,
one sided approximations are detailed in many works, in particular,
for example, in the book of M. P. Korneychuk [1], the works of
T. Ganelius [4], V. G. Doronin, A. A. Ligun [5].

The exact constants of the best one sided approximation of the
sum of the majorant functions of the classes that allow analytical
extension into a strip of fixed width and of functions harmonic in a
circle of radius 1 have been found in this work.

Key words: harmonic in the circle functions, analytic in the
strip functions, the best joint one sided approximation.

This article is devoted to solving one extreme problems started in the
works of T Ganelius, in particular the calculation of the exact value of the
best joint one sided approximation in integral metric of the sum of func-
tions generated by Poisson kernels and analytic functions on the real axis
that allow regular continuation into the strip.

Formulation of the problem. Let L, 2 — space of 2z -periodic
measurable  significantly  limited  functions with the norm
f =[], =ess sup|f(x), C— space of continuous on real axis 2z -

periodic functions f (g) with the norm f. = max|f (x)|, L — set of 27 -
X

periodic summons on (0;2z) functions f(g) with the norm

2
I, =190 = J I ()]ax.
0

Trough I°” (F{’), (0< p<1), denote the classes of continuous 27 -

periodic function served as f (x)=U (r,x), where is function U (r,x) is
harmonic in the circle r<1 and  satisfies  inequality
ur.o)l, s1(||U(r,g)||1 sl) at 0<r<1. Itis know, that (see, for exam-

ple, [1, p.186]) classes of functions I'2 (I} are sets of functions repre-
sented as subsequent convolutions

127r
f(X):—j;(p(X—t)(p(t)dt, 1)
4 0
where y,(x) are Poisson kernels:
1 0 " 1_p2
Z,(X)==+)> p" coskx = . (2)
o () 2 kZ::l 2(1—2pCOSX+p2>
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Through A" (A") (—o<h<w) denote the set off all functions
that allow an analytic continuation to a function f (z)= f (x+iy), analyt-
ic in the strip |y|<h, and such, that with all |y|<h |Re f(g+iy)| <1

(|IRe f(g+ iy)[, <1).

Classes of functions A" (A") (see, for example, [1, p. 186]) coin-
cide with sets of functions that are convolutions

2z
1
f(x):;j‘l’h(x—t)(p(t)dt, ®)
0
where the kernel ¥ (x) has the following form
1 & coskx
== : 4
2 kZ chkh “)

In this case in correlations (1) ta (3) [¢| <1 (|of, <1 and
2
j¢(t)dt =0, i.e. function ¢(+) belongs to single ballet of space L, (L),

which we will further denote through U2 (U;).
The classes, that are considered, can be considered as special cases
introduced (see, for example, [2, 3]) functional classes C¥ (L"/’g,l).

Through =, (¢:t, 1;;%), ;i=12, denote sum
zn(¢;tn—l,i;x) = <<¢*Zp)(X)_tn—l,l(x))_'_(((o*\ph)(X)_tn—l,Z(X))!

where * is the symbol of convolution of function y, and ¥, view (2)
and (4) respectively with function ¢(g).
In this article, similarly to the reasoning presented in the works [4-6],

the values E,, (UO) = sup |nf ||2 (Pito1ii0), — the best joint one
UO
sided approximation is mvestlgated.

The purpose of the work. To get in the problem the exact constants one
side approximation of the sum of functions given as convolutions (1), (3) in
the metric of space L, namely, to find the exact values of the quantity

En» (UO) = sup inf ||2 (pit,_ lI,x|| (5)
PE

ot1

where
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thos (X)> ((o *20)(X) s than (X)2(9* ¥, )(x), 0<x<27, (6)
which we call the values of the best joint one sided approximation of clas-
ses I'fand A .

In addition to appearance limitations (6) in (5) sometime consider
opposite limitations

thas ()< (0 %2, ) (%) tiaz (X)<(@*W4) (0, 0<x<27, (6)

in a similar formulation of the problem.
Revelance of the topic. Exact values of the upper borders of the best
approximations of classes A" i I'? by trigonometric polynomials in uni-

form metric are obtained in the works of Ahiezer N.l. [7] and
Crane M. G. [8]. Using this results, Nikolsky S. M. [9], obtained the exact

upper limits for the best the approximations of classes A" i Iy by trigo-

nometric polynomials in integral metric by methods of dual ratios.

The exact values of the best joint approximations in uniform and in-
tegral metrics of the sum of functions from classes of harmonic functions
and Poisson integrals where found by authors in [10]. Based on this re-
sults, we will find the value of the quantity (5) forany ne N.

Auxiliary statements. The Poisson kernel (see (2)) reaches the max-
imum value at points x = 2mz(m=0,+1,%2,...), and the minimum — at

the points x =(2m+1)z (m=0,11,+2,...). Denote by

= Lyg[rs 27
gn(f,t)_nkzlf[u ; ) @

At work [10, p. 78] it is shown, that

. 11+ p"
“‘?Xgn<lp't>=gn(zp-o)zal_pn : ®)

. o ) 11-p"
min g, (z,t) = gn[xp,ﬁ]_alwn . 9)

Similarly, for the kernel ¥, (x) of (4), for which the development
into infinite product is known

wy(0)=af]| — 22 i les0, o)
1L 2Ch2(m_;jh_(1+cost)

we will have such extreme values
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1 & 1
max Y. it)= ¥, :0)=—+ , 11
0 (¥it) = 0n (¥1:0) 2 kzzlchnkh (1)
k
. ) 1 & (-1
min Y oot)= Yo ==y —L 12
t 9 (¥nit) g"( " nj 2 & chnkh (12)
2k +1
Let x =27 (k=0.,...,n-1), g = ZDT 0 o1y,
n n
From the ratios (7)-(9) for the Poisson kernel z, (<), and accordingly (7),
n-1
(11), (12) for the kernel ¥, (+) we get, that > y (x)=0,
k=0
n-1 n-1 n-1
DL (%) =0, D x, (V) (Y) =0, > ¥i(yk)=0,andwhyand
k0 k=0 k=0
n-1 n-1
Z(Z,')(Xk)*'q’ﬁ(xk)):ov Z(Z;(yk)*'q’ﬁ(yk)):o-
k=0 k=0

From work [7, p. 120] we obtained, that there are only trigonometric
polynomials ty 1, (7,:%), thas(2,0%)s thaa (PniX)s tha, (Whix)
order not higher than n — 1, for which equalities hold
th 11 (Zp Xk ) =2, (%) (Zp Xy ) =7, (%),

tr:—l,l(lp Yk ) =%, (Yi): t_’n—l,l(lp 1Y ) =%, (%) (k=01,....n-1),
thz2 (Prix ) = Pn (%), non2 (Fnixe) =¥ (%),

oo (PriYe) =Wn(Ye) s taoaz (Prive) = Ph(y) (k=01...,n-1).

Let

ths (lp;\Ph;X) :trT—l,l(Zp;X)_"trT—l,Z (Fn:x),
t,;l(;(p;‘I’h;x) = tr:—l,l(Zp;X)_'_tr;—l,Z (‘I’h;x).

Lemma 1. Functions z,(x)+¥,(x) - toy(z,:¥yix) and
X, (X)+ ¥ (X) =ty (7, Whix) acquire the values of one sing through-

out the interval [0;27].

Proving the validity of the lemma, we will repeat reasoning of
Tikhomirov V. M. [1, p. 189]. Put Ay (x)=z,(X)~tyq1( 7,:X),
Az (X) = ¥h (X) =gz (Wi %)-

110



Cepis: ®isnko-maTemaTnyHi Hayku. Bunyck 23

Suppose a function A, (x) change sign on [0;27]. Obviously, the
difference A;(x) is an even function, and therefore, due to parity, it
changes the sign inside the intervala (0;z). We get, that
5 (t)= A, (arccost) has at least (n+1) zero on the interval [-1;1], if

each of zero lying inside the interval (-1,1), take into account so many

times what its multiplicity is, and the zeros at the end of the interval (if
there are any) are counted only once. Applicable to the function &§(t) n

times Rolle’s theorem and we obtain that function 5" (t) has at least one

zero in interval [-1,1]. And this is impossible, because
(2p)" (1-p?)n!

1
2(1-2pt+ p?)

They came to contradiction. So, the function A, (x) does not change the

s ) = And, therefore, 5" (t)>0, te[-11].

sing on the period. For a function x,(x)—t,, constancy of sign estab-
lished similarly.

Consider now the difference A, (x). Since the function ¥, (x) is
even, the polynomial — t;,, (¥,;x) is even too. From equality (10) it
follows, that all derivatives of function

2ch(2m-1)h 1
¥, (arccost) H( ch(2m-1) -1],a>0,

LZchz(m —;jh—(l'i’ cost) J

are positive on interval [-11]. This means that the function

(m)

(¥ (arccost)—t, ; , (arccost) ) >0, te[-1;1]. So, the function A, (x)

is one sing on period also. For a function ¥, (x)—t,_;,( ¥,;x) constan-

cy of sign established similarly.
Since the functions A, (x) and A, (x) on the period and at zero have

the same sing, the lemma hold for the function
2, () + ¥, () ~tay (7,:¥h:x) . Similarly, lemma takes place for a

function z, (x)+¥, (x)—t;_l(;(p;\l’h;x) .
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Main result.

Theorem. Let 0< p <1, —o<h<ow,n=1,2, ..., then fair equality
~ -1 © 1
E,(U) =2p"(1- p") +2 . 13
n2(U7) =20"(1-0") kZzlchnkh (13)

Proof. To find the exact values of the lower limits of the best one
side approximations of the sum of majorant functions from classes 77/

and A", we establish some equalities.
Lemma 2. The following correlations are valid:
En. (;(p +¥, )

) o th11 + - 14
t,_. 11( )>((/’*Z )(*) ||(lp h)( ) (n 11 ( )
thao (*)2(p*W ()

_l o0
=2 n 1- n +2 :
i ( P ) ”g‘lch nkh
En,Z(Zp"'\Ph)L =
- tnfn(‘)Si?(/‘)r*;( )) "(lP +Wy)() - (tn—l,l +tn—1,2)(')"1: (14"
tigo(*)< (@ *¥h)(*)
_1)k—1

-1 © (

=2zp" (1+p") +2x .

o (1) 2. chkh

Proof of lemma. Let t,_;,(x), t,_;,(x)) — arbitrary trigonometric
polynomials of order not higher than n — 1, different from trT—l,l( ;(p;x)
(respectively t, ,,(¥,;x)), and such that for all xe[0;27]
tha1(X)=2,(x)20 and t, ;,(x)=¥,(x)>0. Due to the only one of
trigonometric polynomial tgfl(;(p;\lfh;x) order not higher than n— 1, we
will have that at least one point x, [0;27] inequality

(tag2 (%) a2 (% ))_(Zp (X ) +¥h (X )) >0
is satisfied. And therefore, taking into account (7), we get
gn(tn—1,1+tn—12;o)_g (}(p +¥,:;0) =
12 2kz. 1Q 2k

:HZ( NPT 12)(O+T)——Z(;(p + ‘I’h)(0+—)

k=1 k=1
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Taking into consideration that for any trigonometric polynomial
t,_1 (+) of order not higher than n— 1 function g,(t,_,;x) =const, the
correlation

O (th1 +th 123 X) =0, (tn—l,l RLETY O) (15)
takes place.

Using the formula (7), we are also convinced that the equalities are true:

1 0
gn(;(p;x):E+Zp”k cosnkx:;(pn(nx), (16)

k=1

1 Z cosnkx

Y i X)=—+) ——— =¥ (nx). 17
gn( h ) 2 kzzlchnkh nh( ) ( )

In force (15), from correlations (16), (17) we get
2

J |:(tn_1,1 +tn_1'2)(x)—(;(p +‘Ph)(x):|dx =

0

= f |:gn (tn—l,l +tn71’2;x)—gn (75,0 +‘Ph;xﬂ dx >

(18)
2
> j[gn(lp+kl’h;0)— gn(;(p+‘l’h;x)de:
0
=2zp" (1—pn)_ +27p" (1+pn )_l.
Since
90 (th 10+t 2:%) = ( n-11tlho12; ):gn(Zer‘Ph?o)l
then
2
[ [tz #8502 ) () = (0 ) () [ ax =
0
2z
= J.|:gn(tn—l,l+tn—l,2;x) ( +‘Ph)( )J
0
2
= J.|:gn(tn—1,l+tn—1,2;x)_ gn (;(p+‘}‘h;x)}dx: (19)

0
2

= [ [ 90 (2, +¥130) =90 (2, +¥hix) Jdx =
0

=27p" (1—,0”) +2zp" (1+pn)71.
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Taking into account lemma 1 and comparing the correlations (18),
(19), we are convinced of the fairness of equality (14). Equality (14") is
installed similarly.

We continue to prove the theorem. When proving equality (13) for the

upper border of the best approximation on the function class U we consider
any function ¢(x)eU, . By f,(x) denote the convolution of that function
with Poisson kernel, and by f, (x) — the convolution with kernel ¥, . De-
note ¢, (x)=max[¢(x),0] and accordingly ¢_(x)=max|-¢(x).0].

Let’s choose a trigonometric polynomial of this form

2z
* 1 *
to (Fix) =ty (f,+ T, ;x):;_[tn_l(;gp+‘lfh;x—t)(p+ (t)dt-
0

“L 6 (2 + Paix =)o (), Ty(+)e IL, fy(+)e 4l
T

Obviously,
toa (fo+ f2 )= (fi+ F)(x) =

:i f[t:71(1p+‘{’h ;x—t)—(;(p+‘{’h)(x—t)J¢+ (t)dt+

2z

Jé [ {2, +¥0) (=t =t (2, +‘Ph:X—t)]<p, (t)dt > 0.

And for each sum of functions ( f, + f,) (F" + A ) we will have
<

Ién,z(f1+f2)|_—| nl(f+f) ( +f)"L

1
<ol o2+ w0 =G+ w0+

+o [Lltia(x, +¥0) - (2, +‘{‘h)||L = i"(/u"L ((Zﬂpn)<1_pn)-1 +

o _ w [ qyk-1
27y 1 Hi"(p’"L((z”pn)(“pn)1+27TZ( 1) <

= chnkh = chnkh

0

20" L& 1 ; L 1
< 2 <2 1- 2
<[1—pn+ kzlchnkhJ("%”L+"¢_"L)< g ( g ) i kZ:1Chnkh

So, we got an estimate from above of the value En‘z (Uf)L in

task (5), namely
114
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2 0 n n -1 > 1
En, (Ul)L <2p (1— P ) +2échnkh. (20)

Forany 6 >0 let’s choose the following functions f19 (x), fzﬂ (x):

2z 27

f, (x):% [ 2, (x=)8, (1)t T, (x) =§ [, (x=1), (t)dt,

where &, (t) — 27 -periodic function, that coincide with the value v if

0 . . 0 .
|t|sE, and is equal to O, if E<|t|£”' With values 6: 0<0<r,

5, (t) Uy, therefore functions fi, (x) and f, (x) will belong to the

classes accordingly: f, (x)e I, f, (x)e Al. And for such a sum of

functions we will have

0
X+—
én,z(flo(x)nza(x))f%énz %j (2, +%,)(t)dt| =
Lo
2 L

2 L

1 n n\ L > 1
:;Enyz(;(er‘Ph)(X)L+o(9)=2p (1- ") +2kz:1chnkh+o(9)'(21)

If we will go to limit in (21) under the condition & — 0, then we will
obtain the inequality

Ién,z (Uf)l_ 2 ALmO EAn,z( flg (X)+ fZH (X))L =

:an(l— p”)_l+2§ !
k=1

(22)

— chnkh

If we compare the ratios (20) and (22), then we will be convinced of
the correctness of the theorem.
The given work can be extended to the case of an arbitrary the num-

ber of terms in the linear combination Zn’m((o;tnfl’i;x), i=Lm.

Conclusion. The exact value of the value of the best joint one sided
approximation above the sum of functions from the classes of harmonic
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functions in the circle and Poisson integrals by trigonometric polynomials
of order no higher than n—1 in integral metric for each ne N is found.

Remark. Applying similar consideration, we can solve the problem
of the best joint one sided approximation the sum of functions from the
classes of harmonic functions in the circle and Poisson integrals by trigo-
nometric polynomials of order no higher than n—1 in integral metric from
below, that is the problem of finding the exact value of the quantity

Enz (V1) = sup inf [2a(@itasii )],
where 1
tha1 (X) < (@ *2,) (0, tha, (0 <(@*¥,)(x), 0<x<27,
If the conditions of the theorem are fulfilled, the equality

(-y**

hnkh -

u, (Uf’)L =2p" (1+ p”)71+2i
k=1
is valid for each ne N .
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TOYHI KOHCTAHTU HANKPALLIMX
OAHOCTOPOHHIX HABNIM)XXEHb CYMU
AHANITUYHUX ®YHKUIN 13 PIBHUX KITACIB

3ajaya OTpUMaHHS TOYHMX 3Ha4YeHb HAaHKpalnX HaOIMKeHb TPUTOHO-
METPHYHIMHI MHOTOWICHAMH HENepepBHUX a00 CyMOBHMX (YHKILIH Oepe
cBii moyatok y poborax II. JI. YeOumiea, sikmit me y 50-x pokax
XIX cTOMITTS MOCTaBUB 33ady IPO 3HAXO/DKCHHS MHOTOWICHA, KUK Haii-
MEHIIIe BiIXHISEThCS BiJ 3aJaHoOi HemepepBHOI (yHKmii. 3rogom e Ha-
IpsAM B Teopii HaOIbkeHHs Ha0yB MOJANBIIOrO PO3BUTKY 3aBISAKH podoTaM
K. Beitepmrpacca, J. xxexcona, C. H. bepumreitna, Bame-Ilyccena ta iH.
Ha nanwmit gac cnocrepiraeTses MiIBUINEHA yBara JI0 3a4ad OJHOCTOPOHHBO-
TO HaOIWDKeHHS OKpeMHX (YHKIIH Ta iX KimaciB B MeTpuii npoctopy L. 3a-
Jladi TaKoro 3MICTy BHHHKAIOTH B TeOpii Ymcel, Teopii KOAyBaHHS Ta HIINX
obnacTsx MateMaTuky. [lepii pe3ysIbTaTH Takoro HarpsIMKy OyJn OTpUMaHi
B 1880-x pokax A. A. Mapkosum ta T. M. Crintbecom. B MOJANBIIIOMY ITi
JocimKeHHs Oy/u npoorxkeHi B poborax M. Kapamaru (1930), I'. ®poiina
i T. l'aneniyca (cepeanna XX CTOMITTA).

3aranpHi MHTaHHS, TOB’sI3aHi 13 33Ja4el0 HAWKpaIoro HaOIMKEHHS
KJaciB QyHKI[IH TPUTOHOMETPHIYHUMH MHOTOYJICHAMH: iICHYBaHHS MHOTO-
YJIeHa HaWKpaIoro HaOJIMbKeHHs, HOT0 XapaKTePHCTHYHHX BIACTUBOCTEH,
OJHOCTOPOHHI HaOJIIKEHHS JeTaJbHO BUKIAJEH] y 6araTbox Ipariix, 30K-
pema, Hanpukiaa, B kau3i M. I1. Kopaeituyka [1], mpausx T. Tanemiy-
ca [4], B. T. loponina, A. A. Jliryna [5].

B nawniii po6oTi 3HalEHO TOYHI KOHCTAaHTH HAMKPAIIOTO OJHOCTO-
POHHBOTO HAONMKEHHSI CYMH Ma)XKOpaHTHUX (PyHKUIH KiaciB, IO JOMyc-
KalOTh aHAIIITHYHE TIPOJIOBXKEHHS B CMyTy (bikcoBaHOi mMpHHH, Ta QYHK-
il, TapMOHIMHUX B Kpy3i paziyca 1.

KirouoBi ciioBa: eapmoniiini 6 kpy3i ¢hyukyii, ananimuyni 6 cmysi @y-
HKYII, HalKpawe cymicHe 0OHOCIMOPOHHE HAOIUNCEHHSL.
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