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Since each algebra of finite rank can be monomorphically immersed in
some complete matrix algebra, this caused, so to speak, an inverse ap-
proach to the construction of new algebras. A certain subalgebra stands out
from a complete matrix algebra, which is a matrix representation of an al-
gebra of finite rank. It is the implementation of such an approach that
makes it possible to endow elements of algebra of finite rank with matrix
characteristics, in particular, a canonical representation of algebra elements
is constructed through the spectral representation of a matrix, and the alge-
bra itself is endowed with a topological structure through one of the matrix
norms. At the same time, an additional condition is often imposed, that it
be an algebra over the field of real or complex numbers.

The article constructs a real algebra of finite rank, the elements of
which are matrices of the second order with the same sum of rows and col-
umns. We endowed it with a norm and a scalar product, demonstrating that
it is a Euclidean space. This algebra is a matrix representation of the alge-
bra of hypercomplex numbers, which we called binary in our research [4].
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The article considers one of the possible variants of the linear
integro-functional equation. A method of transforming such equa-
tion into a Fredholm integral equation of the second kind is pre-
sented. Approximate solutions of this equation are constructed us-
ing collocation and collocation-iterative methods.
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Introduction. In the study of different problems of a theoretical and
applied character of differential, integral and integro-functional equations
are totally used [3, 4, 6]. As the construction of exact solutions of such
equations is possible only in separate cases. Therefore, methods of con-
struction of approximate solutions of these equations are of great im-
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portance. One of these methods is the collocation method and one of its
generalizations, is collocation-iterative method [1, 2, 5].

This article considers the possibility of applying these methods to
one type of linear integro-functional equation.

Main part. One type of linear integro-functional equation is conside-
red. Equations of somet simpler structure were considered by the author in
[3, 4]. We will construct approximate solutions of such equation using
collocation and collocation-iterative methods.

Linear Integro-Functional Equation And Its Transformation. In the
space L,[a,b] of real and measurable functions on interval [a,b], which

are equivalent in the square, let's consider the integro-functional equation
of the next form:

b b
Y09 = P09y (NC)) = 09+ [HixDYOdt+ [Ha (DY (hD)dt. )

Xe[a,b],
y(x)=w(x),x¢[ab], )
where f(x),y/(x) are the known functions set on the [a,b] and outside
the interval [a,b], appropriately; y(x) is the sought function from
L,[a,b]. Regarding functions h(x), p(x), H;(x,t), H,(x,t) we assume
that they, respectively, on the interval [a,b] and in the square

[a,b]2 =[a,b]x[a,b] satisfy the conditions:

[p(x)|<P<on, 3)
h(x) — differential on the interval [a;b] and
h'(x)=1>0,x—h(x)> 0o >0, (4)
bb
[[HZ(xtydxdt = H <o0,i=1,2. (5)

aa
Let us show that equation (1) under conditions (3)-(5) can be reduced
to Fredholm's integral equation of the second kind [3, 5]. To do this, we
will rewrite the second integral of the right-hand side of equation (1) ta-
king into account condition (2) as follows:

h™(a) b
IH (x,t)y(h(t))dt = j Hy (x)y(h))dt+ [ H,(xt)y(h(t))dt =
h™(a)
h™(a) b
= [ H(xty (h®)dt+ [ H,(xt)y(h)dt=
a h™(a)
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=p(x)+ [ Hy(xt)y(h@)dt

h™(a)
h(a)
where ¢(x J' H, (x,t)y (h(t))dt —the known function.

Due to condltlon (4), the continuous function s = h(t) will be increasing

and there will be inverse function for it t = h™(s), dt = _ o . The new

h'(h-l(s))
limits of integration will be the values: a,h(b). Then the last integral will
take next form:

h(b)
T H, (x,t)y(h(®)dt = | (();h e ;S))) (S)dS=EI:|(x,S)y(S)ds,

h™(a) a

H, (xh™(s))
H(x,s) = h’(h‘l(s)) - se(an(e)] (6)

0,s€(h(b),b], xe [a, b].
It should be noted, that the operator H defined by equality

b
(Fiv)(x)= j H (x, tv(t)dt,vv(x) € L, [a,b], ©)

taking into account conditions (4)-(5) will be Fredholm.
Really,
b H2 (x h™(s))

”H xsdxds-jjwdxd ” s =

o2 (w0 ))
- hizﬁHg (x5 e < ;'—222 <o

Taking into account the above considerations, equation (1) with con-
dition (2) will be written as follows
b b
y(x)= p(x)y(h(t)) = f (x)+IH1(x,t) y(t)dt +go(x)+jl-] (x,5)y(s)ds,
a a
or
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b
y(x) = p(x)y(h(t)) = f,(x) + j T(x,)y()dt, (8)
where ’
h™(a)
()= F()+o(t)= F () + j H, (x,t)w (h())dt, 9)
T(x,t) = Hy (6 t) + H(x,1), (x,t) e [a,b]. (10)

Let's consider the integral completely continuous the operator H,,
which has the form

(Hw)(x)= .[Hl (x;t)v(t)dt,wv(x)eL,[a,b],

and the operator S such that

v(Xx), xelah?(a)l,
o] 2 (2)]
v(x)—p(x)v(h(x)),XG[h (a),b],

where v(x) is an arbitrary function of L, [a,b].
Note that, this operator likes the operator H,, functionate from

L,[a,b] in L,[a,b]. It is easy to show, that the operator S is linear.
Conditions (3), (4) guarantee its unlimited. Really,

0y [ e,
v TN T
where sup is taken by v(x) e L,[a,b],v(x)=0.

The same conditions indicate that the operator S is reversible. Its in-
verse operator has the form
v(x),x e [a,h’l(a)],

v(x)+§;v(hi (x)i;ip(hk (x))

k=0

(1)

S =sup

(S‘lv)(x):

(12)

XeAs,s=1,m.
Here, as in the future,
As =[cy_1,6,],Co = a,¢s =™ (cy_y),Cy =b,h* (X) =h(hk‘l(x)),s =1,m.

On the other hand, the expression (12) is the solutions of the func-
tional equation
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y(x)-p(x)y(n(x)) =u(x).x <[a b], (12%)
y(x)=w(x), xe[a,b],
(where u(x) — known, y(x) — searched function) using the method of

steps. Condition (3) guarantees the fact that the number of steps m is lim-

ited and m < E.
o

It isn't difficult to make sure that, the operator S™*, as well as the op-
erator S, linear and bounded. So, considering the above, we can hold
equation (1) as an operator equation

(Sy)(x) = f () +(Ty)(x), (13)
where f(x) is given, y(x) is the desired function in L, [a,b].
Let (Sy)(x)=u(x), then y(x)= (s7'u)(x) and we pass from equa-
tion (13) to equation
u(x) = (x)+(Tu)(x). (14)
The operator T =TS™ =H,5™ +HS™ Fredholm as a superposition
of Fredholm's and linear bounded operators [2]. In other words, by apply-

ing the above-mentioned substitution, we transform the integro-functional
equation (1) into Fredholm's integral equation of the second kind

u(x):f(x)+Tf(x;t)u(t)dt (14%)
with the completely continuous integré;ll operator T,
T (x,t)+ mZ_ZST (x,(hl)k (t)), t e As,
i=1
T(x,t),te(Cpy;b),s=L,m-1 xe(ab),

where (h’l)k (t)=h" ((h’l)kf1 (t)j
The following theorem is true.

Theorem 1. Equation (1) with condition (2), when conditions (3)-(5)
are fulfilled, is equivalent to the integral equation(14*) with the complete-

ly continuous operator T .

Collocation Method of Solving Linear Integro-Functional Equation.
The idea of this method in relation to equation (1) is that we look for an

approximate solution vy, (x) It has the next form

T(xt)=
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m
Y (X) =D 2;0; (%),
j=1
and we determine from the functional equation

Yan (X) = P(X) Y (N (X)) =

=f (x)+]).H1(x,t)yrn (t)dt-i—j)‘Hz (x,t) Y (h(t))dt,x e[a,b], (15)

a a
Ym (X) =w(X), x2[a,b],
where {q;j (x)} is a system of linearly independent [a,b] functions, j=1m,
and the unknown parameters a; =a;(n) are found from the condition
Vm(%)=0i=0,n, (16)

7 (X) = Ym (X)= P(X) Y (P (%)) -
—f (x)—J'Hl(x;t)ym (t)dt—_[H2 (x;t) v (h(t))dt.

To find the parameters, a; we obtain the system of linear algebraic

(17

equations
n —
Zﬂ”aj =bi,i=1,n, (18)
j=1
inwhich £; is calculated according to the formula
By =0 (%)-T;(%).b = f(x).i=Ln, (19)

T (x) =TT~(x,t)<pj ()dt.

the system of equations (18) in vector form is Aa, =b,.

Theorem 2. If the matrix A is nondegenerate, then there will be on-
ly one solution of the system of equations (18) and the approximate solu-

tion y,, (x) is unequivocally found.
Remark. Often, collocation nodes take uniformly spaced [a,b] sys-

tem of points x; = a+i2=?,
n

Collocation-Iterative Method of Solving Linear Integro-Functional
Equation. Let's apply the collocation-iterative method to equation (1). We
determined the approximate solution y, (x) according to the formulas
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Vi ()= P(x) i (h(x)) =

=f (x)+J‘Hl (x,)z (¢)dt+ sz (x.1)z (h(0))dt,x €[a,b],

a

(20)

e (X)=w(x) , x¢[ab],k=12,..
74 (X) = Yia () +x (%), 1)

wk(x)=ila?m (x),
n; (x)=(S70;)(x).

the unknown parameters af =af(n) will find from the condition

7 (%) =0 where x €[a,b], i =1,n —nodes of collocation and

7 (X)=f (x)+_THl(x,t)zk (t)dt+j'H2(x,t)zk (h(t))dt—
=Y (x)+ P(x) ¥ (h(x)). x <[a,b].
(x)=f1 (X)+_[H1 () Y (’)dZ+IH2 (x.t) yia (A(0))dt -

a a

Vi (X)+ P(¥) Vit (h (X)), x € [a,b]
and substituting the function z(x) defined by formula (20) into expression (22)
to find the parameters a'} we obtain the system of linear algebraic equations.

Zﬁija,K =bf,i=1n, (23)

(22)

in which
Bij = ¢ (Xi)_Hj (Xi),b|k =& (Xi):
b b
H; (%) = [Hy (x,t)7; (t)dt+ [H, (x,t)n; (h@®))dt, j =1n,
a a
7 (x)= (575 )(x),
b = & (%;)-
The system of equations (23) can be written in the form Aa, =D,

where by, ,a, are written in the vector form and A — the matrix mentioned
above, composed of elements £3; .
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Note that in the role of approximation to the desired solution, you can
take both the function y, (x) and the function z, (x). Attention should be

paid to the fact that based on the analysis of formulas (20)-(22) at
@ (x)=0,k=1,2,3,..., approximation y, (x) is by the method of suc-

cessive approximations.

Algorithms (15)-(17) and (20)-(22) for constructing approximate so-
lutions of equation (1) are equivalent to the appropriate algorithms of col-
location and collocation-iterative methods for Fredholm's integral equation
of the second kind.

Conclusions. The article considers the problem of constructing ap-
proximate solutions of one type of linear integro-functional equation. It is
shown that, under certain conditions, this equation can be reduced to
Fredholm's integral equation of the second kind through some transfor-
mations. Collocational and collocational-iterative methods of finding ap-
proximate solutions were applied to the mentioned integro-functional
equation.
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_METOAM PO3B'A3YBAHHA OOHOIO TUMY
NIHIMHOIO IHTEMPO-®YHKLUIOHAJIBHOIO PIBHAHHA

Y  crarTi  po3mIAmAEThCS  OAMH  THII  JIIHIMHOTO  iHTErpo-
(byHKIIOHAIBHOTO piBHAHHA. HaBeneHo croci® nepeTBOpeHHs Takoro pis-
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HSHHS JI0 iIHTErpabHOTO piBHAHHI Ppearonbma apyroro poxy. Habmmxke-
Hi PO3B'SI3KM IBOTO PIBHSAHHS MOOYIOBaHI 32 JOTIOMOTOI0 KOJOKAIiHHOTO
Ta KOJOKAIIIHO-ITepaTHBHOTO METO/IB.

KawuoBi ciioBa: ooun mun ninitino2o inmespo-@yHKyioHaIbHO20 pi6-
HAHKA, pigHsanHs Dpedeonbma Opy2o2o poody, YIIKOM HenepepeHuli onepa-
mop, obepHeHuil onepamop, HAOGIUNCEHUL PO38 530K, KOIOKAYIUHUl ma
KOJIOKAYIIHO-IMepamueHuil Memoou.
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UepHiBeUbKUI HALlIOHAIBLHUN YHIBEPCUTET
imeHi IOpis deapkoBuya, M. YepHiBii

NOBYNOBA OBINACTEW CTIMKOCTI NIHINMHUX ABTOHOMHUX

ANSEPEHLUIANBHUX PIBHAHD I3 3AMISHEHHAM

MeToro 11i€i CTaTTI € TOCIIIKEHHsI CTIHKOCTI PO3B’SI3KIB JiHIM-
HHUX aBTOHOMHHX IHM(EpEeHIla]bHIX PIBHSAHB i3 3ali3HEHHSAM ap-
rymMeHty. JlocmiKeHHs CTIHKOCTI MOXKHA 3BECTH JIO MPOOIEeMHU Po-
3MIIEHHS KOPEHIB XapaKTepUCTHYHOTO piBHAHHA. [ miHiitHOTO
nudepeHIiaTbHOTO PIBHSAHHS 13 KUTbKOMA 3alli3HEHHSAMH OJepiKa-
HO HEOOXi/IHi 1 TOCTaTHI yMOBH, MPHU SKUX BCi KOPEHI XapaKTepuc-
THUYHOTO PIBHSHHS MAlOTh BiZl’€MHI AiHCHI 4acTHHM (OTXKe, HYJIbO-
BUI PO3B’SA30K BiAMOBITHOTO AH(EPEHINIATEHOTO PIBHAHHSI € acH-
MITOTHYHO CTilikuM). [ ckajspHOro AudepeHHialbHOro piB-
HSHHS 13 3ali3HEHHSIM OJEp:KaHO 00JIACTh CTIHKOCTI Ha TUTOIIHMHI
nmapametpiB. JlocmimkeHo yMOBH 0OMEXeHOCTi 1 moOyaoBaHo 00-
JacTi CTIMKOCTI JIIHIHHOTO aBTOHOMHOTO IU(EpeHLIaIbHOTO PiB-
HSHHA 13 KUJIbKOMa 3ami3HeHHIMU. [ moOypoBu obmacTi criiikoc-
Ti BUKOPHCTAHO NPHHIUII apTyMEeHTY, MeTol D-po30uTTiB 1 uncio-
Bi MeTOAM. Y Wil CTATTI MU IOCTIHKYEMO CTIHKICTh PO3B’S3KIB JIi-
HIHUX aBTOHOMHHX Au(epeHIiaJbHuX PIBHSAHB 13 KUTbKOMA 3aIli-
3HeHHsIMU. OziepkaHO HEOOXiqHi 1 TOCTaTHI YMOBH, IIPH SIKHX BCI
KOPEHI XapaKTepHCTHYHOTO PIBHSIHHS MAalOTh BiJ €MHI IiHCHI Jac-
tuHU. OzfepKaHo OOMEXXCHHS Ha KOe]IilieHTH PIBHSIHHS 3a JOIO-
MOTOI0 MPHUHIMITY apTYMEHTY i 00y 10BaHO 00JacTh CTIHKOCTI Ji-
HIIfHOTO aBTOHOMHOTO JH()epEeHITiaIbHOTO PIBHAHHS 13 JBOMA 3arli-
3HEHHSMHU. Bukopucrano nmpuHIum aprymeHrty, meron D-po3out-
TiB 1 YHCIIOBI METOMH Ui TOOYAOBH OOJNACTI CTIMKOCTI JIHIHHOTO
ABTOHOMHOTO JH(epeHIiaIbHOTO PIBHSHHS 13 JBOMaA 3alli3HEHHS-
M. B meroni D-po30uTTiB MM IIykaeMo 3Ha4€HHs IapaMeTpiB,
JUISL SIKUX XapaKTepUCTHYHE PIBHSHHSA Mae Xoda O OJWH HyJb Ha
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