MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

This article considers the inverse theorem — based on the properties of
the sequence of best approximations, a conclusion is made about the prop-
erties of the element f of some Banach space X and its generalized deriva-
tives. As well as the relations between Szego constants for different equiv-
alent systems of elements of the Banach space are established.

Keywords: the best approximations, generalized derivatives, inverse
theorems, Szego constants, differential characteristics, Banach space.

Otpumano: 14.11.2023

VJIK 517.5
DOL: 10.32626/2308-5878.2023-24.108-118

B. A. Copwnu, xauz. $hi3.-Mart. HayK,
H. M. Copuy, kanz. ¢i3.-Mar. HayK

Kam’ ssaenp-Tlominecekuit HalliOHATBHUHN YHIBEPCUTET
imeni IBana Orienka, M. Kam’staers-ITominbcpkui

108

EKCTPEMAJIbHI 3HAYEHHS HAUKPALLMX HABJINXKXEHb
NIHIMHUX KOMBIHALLIM TAPMOHIYHUX ®YHKLIN

ExcTpemanbHi 3a1adi Ta iX IpakTHYHI 3aCTOCYBaHHS 3HAXOAM-
JIUCS TiJ] TIAIBHOI0 YBarow MaTeMaTHKIB 3 JaBHIX 4aciB. Baxim-
BUI KPOK B PO3BUTOK eKCTpeMaibHuX 3azxad 3pobus I1. JI. YeOu-
mreB, sxuit me y 50-x pokax XIX cTONITTS 3aKi1aB OCHOBH PO3ILTY
KOHCTPYKTUBHOI Teopil QyHKIiH — Teopii HaOIMKEeHHSI.

CyTTeBy ponb y (hopMyBaHHI Teopii HAOMIDKEHHST (YHKIIH Bi-
nirpana teopema Kapma Beitepmrpacca mpo 30DKHICTE 1O HYJIS
TIOCJTITOBHOCT] HaHKpaIuX HaONVKeHh MHOTOWICHAaMH HeElepepB-
Hol yukuii. Sk Bimomo, Teopema Beiiepiurpacca € HEKOHCTPYKTH-
BHOIO — BOHA HE MICTHUTb OL[{HOK IIBUAKOCTI HAOMMKEHHS. 3aBASKI
po6otam /[I. xexcona, C. H. beprmreiina, Bamne-Ilyccena ta in.
TaKi OLIHKY CTaJN 3’ ABJIATUCS B pOOOTaX MO TeOpil HAOIKCHHS.

[Tpn upoMy Ha HepHIMX eTamax PO3BUTKY Teopil HaOIMKEHHS
HPOBOJMIIOCH BHBYCHHS HAOMKeHb OKpeMux ¢yHKUiH. [TouaTok
HOBOTO TIepiofay, OiTbII TIHOOKOTO JOCTIKEHHS BEIHMYHH BiIXH-
JIeHb (PYHKIIHA Bij] 1X HAOMMKAFOUMX MHOTOWICHIB, BIIHOCUTHCS 10
30-40-x pokiB XX ctouiTT4 i OB’ s13aHuit 3 imeHamu A. M. Konmo-
ropoBa, C. M. Hikonscekoro, JK. ®amapa, H. 1. Axiesepa,
M. I'. Kpeitna, b. Hans. 3aBasxu iXxHiM mpansM OCHOBHHI aKIEHT
B Teopil HaOMMKEHb 3MINYeThCS B OiK BUBUCHHS HAMKpammux Ha-
OJIMDKEHB M 1HIINX alPOKCUMALIHHUX XapaKTepPUCTUK VIS KIIaciB
(byHKLIH, sSKI MalOTh IEeBHI AM(epeHLialbHO-PI3HALEB] UM TIIAIKi-
cHi BiaacTuBOCTI. 30Kpema, y 1936 poui XK. daBap o6uncauB To4HI
3HAUYEHHs HAMKpamuX PiBHOMIPHUX HAaONMKEHb TPHTOHOMETPHY-
HUMH MHOTOYJIEHaMH HOpSAKY He BHIIOro N — 1 Ha kiacax aude-
PEHLIHOBHUX 27-TIepioquyHuX (YHKIIH, -Ti (I — HaTypanbHe) o-
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XiHI SKAX 3HaXOIATbCS B OJMHUYHINA cdepi MpocTopy CyTTEBO
obmexxkeHnx (yHkuiid. [IuTaHHS OTpUMAaHHS TOYHHX 3HAYECHb Hal-
Kpamux HaOJIVDKEHb B PIBHOMIpPHI Ta IHTETpalIbHIN METpUKaX JUIS
PI3HOMaHITHUX (YHKIiIOHAJBHUX KOMIIAKTiB 3HAXOJWIOCH y MO
30py 0araTboX BUJATHUX MAaTEeMaTHKIB XX CTOpPIUUL.

3aranbHi HWTaHHSA, TTOB’S3aHi 3 BUBUCHHAIM (YHKLIOHATY Haii-
Kpaloro HaOJWKEHHs: iCHyBaHHS MHOTOWICHA HAaKpalloro Ha-
OMIDKEHHS, HOro XapakTepUCTHYHUX BIACTHBOCTEH, NETAIBHO BH-
KIajeHi y Oaratb0X MOHOTpadisx, 30KpeMa, HalpHKIal, B KHHU31
M. II. Kopreituyka [1]. ¥ 80-90-x pokax XX cropivqus O. I. Crena-
HUeM (uB., Hanp. [2, po3n. II1] 6yB po3pobneHuit HOBHIT miaxin 10
kiacudikarii nmepiognyHNX (QYHKIIH, SIKUH JTO3BOJUB 3/IHCHIOBATH
JIOCUTBH TOHKY KJ1acu(ikaliio HaJ3BHYaiHO MIMUPOKUX MHOXHH Iepi-
onnyHuX (yHkuii. [Ipy nboMy oTpuMaHi pe3yabpTaTé A BKa3aHUX
KJIaciB 3 OHOro 60Ky MaroTh 3arajbHUI XapakTep, a 3 HIIOro — Ja-
FOTh IIUTy HU3KY HOBHX, HEBIJIOMHX JIO IILOTO Yacy, pe3yJIbTaTiB, sKi
Ha BIIOMHX paHille Kjacax OoTpuMaTH Oyino HeMoxiuBo. [Ipurpu-
MYIOYHCH MiIXOIB J0 BUMOT KiacH]ikamii (yHKIiHA, MH MOKEMO
pO3mIISATH JIHIHHY KOMOIHAIFO KIaciB (QYHKIIH SK AEsKHil OIvH
KJ1ac — OUIBLI CKJIQIHILIOTO XapakTepy. I Toal 3aiada 3HAXOMKECHHS
TOYHMX 3HAYCHb BEPXHIX IpaHell HafKpalux CyMiCHHUX HaOJIiKeHb
3BENIEThCS A0 3a]adi HaWKpamoro HaOJIIKEHHS IbOrO CKIIaAEeHOTO
KJIacy, IO BiATIOBIAE 3rOPTKAM 3 TBIPHUM CKJIQICHUM SIAPOM.

KimouoBi cinoBa: xuac ¢pynkyitl, naiikpawe Habaudicenns, 2ap-
MOHIYHI 8 Kpy3i (hyHKyii, AiHiliHI KoMOTHAYIT 2apMOHIYHUX 6 KpY3i
@yuryit, ymosa Haos.

Beryn. Y piBHOMIpHII MeTpulli 3aja4a Mpo oJep>KaHHsI TOYHUX 3Ha-
YeHb HalKpaluxX HaOMDKeHb Ha Kiacax (YHKIH, TOOTO Ha MHOXHHaX
(hyHKIIH 00’ €MHAHMX 32 X MEBHOK CHUTFHOI 03HAKOK (HalJacTilie Ju-
(epeHUIifHUMHU BIIACTHBOCTSMHM), BIepiie po3B’sizaHa Oyma y 1936 p.
XK. ®asapom [3]. Li mocmimkenns Gynu nmpomoskeni H. I. Axiezepom Ta
M. T. Kpeitnom [4, 5], b. Hanem [6]. B mpuBeneHux TeopeMax BCTaHOB-

moBanacs ymoa Hans N: JUTA Siipa 3TOPTKHU JOCTIHKYBaHUX (YHKIIN 1

Ha I[iifi OCHOBI OTPUMYBAJIMCS TOYHI 3HAYCHHS BEJIMYMH HaWKpalinxX Ha-
OKeHb HellepepBHUX (PyHKIIIH.

Osnauenns 1. Kaxyts, mo cymoBHa 27-niepiognyna gpyskitist K(t),

AKa TOTOXKHO HE JODIBHIOE HyIO, 3aJ0BoibHsE ymoBy N,

neN (KeNj;), saKmo icHyroTs TpuroHometprunmii moninom T, (t)

crenenst N—1 itouka & € [O,E[ Taki, wo pisauus K (t)—T,; (t) 3minioe
n
kz .
3HaK Ha [O, 271'[ y Toukax t, = §+7, k=0,1,..,2n-1 iaume B HUX.
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C. M. Hikoabcbkuii [7] MeTogaMu IBOICTHX CIIBBIJHOIICHL OTPH-
MaB TOYHI CITIBBIAHOIICHHS BEPXHIX MK HAHKPAIIMX HAOIMIKCHb Ha KJa-
cax nudepeHIifoBHUX (YHKIIH TPUTOHOMETPUYHUMH IOJIIHOMAaMHU B Me-
TPHULI MPOCTOPY IHTETPOBHUX B MepiioMy crerneHi GpyHkuiid. Hikonbchbkum
Ta OaraTbMa IHIIMMH BUAATHUMH MaTeMaThkamu (muB. Hamp. [8-10])

. * .
BCTAHOBJICHO BHUKOHAHHS YMOBH Hikonbcekoro A1 (,Z[CH.IO mupiIo1 3a

* . o o
YMOBY Nn) 1 TUM CaMHUM 3HAWACHO BCJIIMYMHHN HAWKpPAIIUX HaOJIMKEHD

pi3HUX (QYHKIIOHATHHUX KOMIAKTiB. Taki 3amadi po3B’s3aHi Takox 1 B
IHIIUX BXJIMBUX BHUIAIKAX (HB., 30Kpema, [11-15]).

3aBmsixu (yskuii KpeitHa mocuTs mpocTo BOaeThes MOOYIyBaTH TPHU-
TOHOMETPHYHHI MHOTOUJICH, IKii iHTepromtoe sapo K(t) B 2N piBHOMIp-

HO PO3TaIlIOBaHUX Ha MepioJli TouKax. TpyAHOII BUHUKAIOTH IIPU JTOBE/ICH-
Hi TOTO (haKTy, MO OiTBIIIE TOYOK CITIBIIAAIHHS SApa Ta MHOTOWICHA T:_l (t)
He icHye. BnacHe, Bci poOOTH B IIbOMY HampsiMi NMPHUCBSYEHI ITOJOJAHHIO
1iei mpoGiremu. AJie € Taki sapa, U SKUX MHOTOUICH T:_1 (t) criBmazgac i3
spoM Ounbie (a OyBae MeHIe) aHik B 2N Toykax Ha mepioai. Tomy aHa-
JIOTIYHO JI0 BUKOHAHHS yMOBHU N: 3aIpONOHYEMO TaKe O3HAYEHHSI.
O3HaveHHs 2. bynemo kasarty, 1o CyMOBHa 27-TiepiofndHa (GyHK-

miss  K(t), sika TOTOXHO HE JOPIBHIOE HYJIO, 3aJ0BOJIBHIE YMO-

*

BY Nn'p,

npeN (Ke N:’p) , SIKIIO ICHYIOTb TPUTOHOMETPHYHHI MOJIi-
* . 7[ . .
HoMm T, (t) cremens n—1 i Touka &e|0,——— | Taxi, mwo pisHuLsS
n+p

kz
n+p’

K(t)-T,1(t) smimoe smak ma [0,27] y Toukax t =&+

k=0.1..,2n+2p -1, inuiie B HUX.

MocranoBka 3agaui. Hexait L, — mnpocrip BuMipHUX 27 —

00

NepioJUYHUX 1 CYTTEBO OOMEXKEeHHUX OYHKIIH ¢ 13 HOPMOIO

||(/)||L :||g/)||00 = esssup|¢)(t)| , C— mpoctip HemnepepBHUX Ha BCIi AiIMCHIN
- t
oci 2z-nepiognyHuX (QYHKIIH ¢ 13 HOPMOIO ||go||C = mtr’:1X|(0(t)|, L—- 2z

nepioznyunmx cymoBHuX Ha (0,27) dyHKLUiH ¢ i3 HOpMOKO
2

el =, = _f |o(t)[dt .
0
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Yepes I'2(I'7), 0< p <1, (nuB. [5]) mo3HaYMMO KIIacH HeNepepBHUX

TapMOHIYHHX B Kpy3i 27-TIepiogugHIX (YHKIIH, 0 MOJAIOTHCS Y BUTIIAII
sroptku (muB. [2, rmasa 1])

2z
F(x) = % +i [ P, Op(x-tydt, )
0

e
1—p2
2(1-2pcost+ p?)’

Pp(t)=%+2pkcoskt= )
k=1

— saapo Ilyaccona.
[pn wpomy y cmiBBimHOmeHHI (1) "50"00 <1 ("(p”l < 1) Ta
2

J p(t)dt =0, Tobro QyHKIIs (o(e) OPTOTOHAJIbHA KOHCTAHTI 1 HAJIE)KUTh
0

OIMHWYHIHN Ky mpoctopi L (Ll) , AKy Hajaxi OymeMo mo3HauaTH yepes
u?(ur).

Yepes X (@, T,1,t) HMO3HAYMMO pi3HHINO

iai (50* P )(t) -Toa(t),
i=1

Jie CUMBOI «*» — 3ropTKa dynkuii P, (t) Burmsay (2) i3 pynkmieo @ .

JlociKy0ThCsl eKCTpeMallbHI BETUUUHA
En,m (Ug)c = sup I_I_nf "Zn,m (@aTn—lvt)"C ) (3)
(peug n-1

En,m(Ulo)L = SUpO I_I_nf "Zn,m ((0:Tn—1’t)"|_ ! )
@elU; Tn1

SIKi Ha3BEeMO BEJTMYMHAMH HAMKPAIIOTro HAOIMKESHHS JIIHIHHIX KOMOiHAMiN
KJIaciB TapMOHIYHMX B Kpy3i (DyHKIIl B HemepepBHIH Ta IHTETrpaibHii
METPHKAX.

VY po6oti Mu posrisgaemo JiHikHi komGinamii K (t, &) rapMoHidHHX

m
¢yukuiin Burmsany K(t, o) = Zai P, (M), o e(0,1), a=(a,ap, . atyy) —
i=
JIOBIJIBHUI YMCIOBUI BEKTOP PO3MIpHOCTI M. Y BUMAAKY KUIBKOCTI 02~
HKiB M = 1 Ha knacax ¢pyukuiii 'Y, 0< p<1, ToYHi 3HAUEHHS BEPXHIX
MeX Haikpaimux Habmmwkens Burisiny (3) orpumani M. I'. Kpeitnom [5],

Ha knacax I’ — C. M. Hikomnbcbkum [7].
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JlonoMixkHi TBepIKeHHS.

Jlema 1. Bynp-sxuii TpuroHomerpuuHuit monisom T, (t) mopsaky
n—1 cmiBnagae i3 ¢ynkuieo K(t,«r) Ha mepioni He Oinpmoie HiK B
2(m+n-1) Toukax.

Josenenns. B cuny cmissinnortrens (2) mus ¢pynaxuii K(t, &) cmopa-

BCIJIUBEC TaKC IOJaHHA:

Kt,a)= - 1 i(l o, )H(l 2pkcost+pk)

2\ i1 k=1
21;!(1—2/3i cost + p; ) ' -

_ -Fm—l ®

lm[(l—pi cost+pi2)

i=1

e Tm-(t)— meskuit TpuroHOMETpUYHHUIA MHOTOWIEH Topsaaky m—1. To-

ni piBricts K(t, ) —T,_;(t) =0 mosximBa yuie npu BUKOHAHHI CIiBBif-
_ m
HomreHHA Tm-1(t)-T, (t)H(l— 2, Cost + p? ) =0.
i=1

OCKIiJIbKY J1iBa YacTHHA OCTaHHBOI PIBHOCTI € TPUTOHOMETPHYHHUM
MHOTOYWICHOM MOPSAKY HE BUIIE M+ N—1, skuil MOXKe MaTh Ha MEPiofi

He Ginmpine 3a 2(M-+N—1) HyniB, TO JieMa J0BeAeHa.

Bimomo, mo mis poBinbHuX Touok t, € (0;7), K=1Ln, mis Oynms-
sikoi dynkiii K(t) icHye mapHuii TpUTOHOMETPUYHHN MHOTOYICH TTOPSII-
Ky He BuIIe 32 N—1, SKuil iHTEPIIONOE M0 QYHKINIO B 3aJaHAX TOYKAX.

3adikcyemo toukn t, €(0;7), k=1Ln, i mmt OGymap-sIKOro BEKTOpa
a=(o;a;...;ay) Uepes Tn(f’l) (t)=T,_,(t,@) mo3Haummo napHuii TPUro-
HOMETPUYHHI MHOTOYJIEH, KN IHTEPIIONIOE (byHKITLIO

K(t,a)zZaiPpi (t) Broukax t, € (0;7), kz]?], a

Apata) =KEa)-TE ).
3ayBaxkuMoO, SIKIO MHOrowIeH T, 4(t,¢q) inTepmomoe ¢yukuito K(t,oq) B
Toukax t, € (0;7), k =1;n, amuorounen T, ;(t,a,) iHTepromOE B THX %e
toukax K(t,a,), To moorowren 4T, 1 (t, )+ AL,T, 4 (t, @) Oyze inrepmo-
moBatu ¢yskuito K(t, 4oq + hay), 4,4, €R, B mux toukax. [Tokaxemo,
o ¢yHkiioHan A, (t, ) niniiiauii o o .
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Maemo
m (1) (2)
Apat 4 +2,0P) =3 (4a® + 2,a@ P, O-TE (1) =
i=1

= K ta®)+ 2K (G a®) (AT, (6 a®) + 4T, 4t a?)) =

= AAn 1 (ta®)+ LA, 4t a?).
CHI/IpaIOlH/ICL Ha z[aHy BJ'IaCTI/IBiCTL, JOBEACMO CHpaBe):[J‘II/IBiCTL Ha-
CTyr[HOFO TBep,I[)KeHHSI.

Jlema 2. Ina Oynp-saxux uucen p; € (0;1),i :];_m, UL OYIb-SIKHX

touok t, €(0;7), k=Ln+l, me 1=12,..,m-1, icHye niniitna xoM0i-

m
HaITis Zai* P, () Ta napHuil TPUrOHOMETPUYHMI MHOTOWIEH Toa (),
i=1

SIKUH cHiBIazae i3 miero kombinamieto B Toukax t, € (0;7), k=L n+I.

JoBenennsi. Ockinbku | <M, To iCHYIOTh JiHIHHO He3anexHI M-

BHUMIPHI BEKTOpHU a® ,a(z) ,...,a(”l) . JI71st KOYKHOTO 3 IIMX BEKTOPIB 3HA-

# # (J) # i
JeThCsl TIAPHUH TPUTOHOMETpUYHMIT MHOrowneH T, (t), skmii iHTepmo-

moe ¢pyuxuio K(t,a) :Zai(J)Pp (t) B Toukax t, €(0;7), k=1Ln,
i=1
10670 A, 4 (t,@P)=0,k=1Ln, j=LI+1.
ITo3nauumo uepes
Cip =Apa(thy @), cjp = A4 (t0.0 D), € = A4 (1, 0D,
j=Ll+1,
oynemo matu (| +1) takux | -po3mipHHX BEeKTOpiB:
€1 = (C11:C12:1Cy) s € = (Co11Cop11Co1 ) oo Cpyg = (Cryn1 Crin2n Gy -

I cucTema BEKTOpIB JiHIHHO 3aJIe)KHa, TOMY ICHY€E 1X HETpUBiaJlbHA
1+1
JiHiifHa KOMOiHAIis, IO PiBHA HYIIb-BEKTOPY: Z Bjcj =0, Tomy BuKO-
i=1

HYIOTbCSI HACTYIIHI PIBHOCTI
BiCi1 + BaCor + oot B111C1ia1 =0,
BiCia + PoCop + ot Bi1aCiia 2 =0,

BiCy + BoCy + .ot B11Cigy =0.

(5)

113



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

1+1 .
Hexait a* = Z,Bja(” =(aq,5,.., ) (B cuiy JiHilHOT He3aexK-
=t
1+1
HOCTi BekTop @ HeHyboBHil), Ty (1) =" B jT(Ji ().
=1

[okaxeMo, o BekTop ¢ i MHorownen T, (t) mykaui. B cumy mi-
HiitHocTi Qynkuionana A, 4(t,a) maemo: muorownen T, (t) inTepmo-
moe gynkuito K(t,a") B Toukax

t e(0;7), k=Ln,

1+1 i 1+1 .
At @) =M |t Y BiaV |= Y B (. aP) =0 .
j=1 j=1

A B toukax t, €(0;7), k=n+Ln+l, 3 ypaxyBaHHAM piBHOCTEl
cucteMu (5) oJIepKUMO, M0
141 1+1 1+1
An—l(thrs*O‘*) = An—l tn+3’zﬁja(j) = ZﬂjAn—l(tms'a(D) = Zﬂjcj,s =0,
j=1 j=1 j=1
s=12,..,1
Tomy muorownen T, (t) Ta dynkuis K(t,a") cniBmagatumyts i B TOY-
kax t, €(0;7), k=n+Ln+1. Jlema noBenena.
3ayBa:kennsi. Jlema 2 Oyne cripaBeiMBOO JUI JOBUIBHUX HAapHUX
suep Pi(f).
Haiikpame HaOau:keHHs1 JiHiIHHUX KomOiHauiii rapmMoHiuHmx
¢yukuii. CnpaBeayuBi TBEpIKCHHS.
Teopema 1. [Ins nosineHOro HarypaigbHoro N € N icHy[OTH Taki
uncna a; , i =Lm, mssxux K(t,a") e N, , npu oMy

1
En,m (Uo%)c = En,m(Ulo) = ;

(2v+1)n (6)

Z:Z()2+1

”_1 v=0

JoBenenns. /s BigmrykaHHS TOYHHX 3HAYCHb BEPXHIX MEX Haii-
Kpamux HaOImKeHb JIIHIHHIX KOMOIHAIIH TApMOHIYHHUX B KPYy3i QyHKITiH
B 3aJa4ax Io Biz[myKaHH}o BenmmuuH BUNAY (3), (4) creprny ckopucTae-

Mocsi ymoBoto Hapst N , @ caMe¢ BHUIAJKOM KOJIHM YHCJIO HYJIB PI3HHUIL
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A, () =K(t,a)-T, ,(t) ua nepioai pisae 2n. Jlo snep K(t,a) 3acro-
cyemo ¢yukmito Kpeiina [5]
_ 2n-1 vr —
G,(K(La) = 3 (-1)'K [t+—,aj -
= n
" ()

m 0
=Dy pPrn cos[(Zv +1) %j

i=1  v=0
BuGepemo B (7) Bei 4ncna @ ORHOIO 3HaKy (HANpUKIAL, TOJATHI),
IIPU bOMY 3HAWAETHCSA €JUMHUH IONIHOM T:_l (t) SIKU{ criBmagae 3 QyH-
kuieto K(t,a") B Toukax £+k—”, k=0,1,..,2n-1.
2n n
IMpu upomy, mus. [16, mynkr 7.4], pisHui A; (t) 3aMUIICThCS Y
BUTIIAIL
K(t,a") =T, (t) =2cosntW, (t), (8)
ae

v=0

W, (1) = ia{* [l + i Pk cos ktJ i (=1)Y p2in =
i=1 2 k=1 (9)

n

m
* Pi
=Yaiz, -
~ I Ap l+p-2n

B cuny Toro, mo ¢yskmii P, (t) momaTHi, TO P HEBiN’ €MHUX 3Ha-
YeHHsAX uucen «; Oymemo maru, wo W, (t) >0, Vt. Omxe, B cuny (7)
anpo K(t,a") € N, . Jaxi, na migcrasi piBHoCTi

sign(K(t, a”) —Tn*,l(t)) = gysigncosnt, g, = +1,

OJICPIKYEMO

E, (K), =[K(t.a") -0 = i [K(t.a") =Ty 4 (0]t =
0

)
27 2
= j(K(t,a*)—Tn*_l(t))signcosntdt = j K(t,a")signcosntdt|.
0 0

Posknanatoun dynkii K(t, 5*) Ta sign cosnt y psiau Oyp’e:
LI < . 4 & 2k +)n
> l+Z,oik coskt |, signcosnt=—" (-1)* M,
i=1 2 4 T 2k +1
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i 3actocoBytoun piBHicTh [Tapcesaist i3 (9) orpumyemo piBHicTh (6). OT-
e, TeopeMa JIOBe/ICHa.
Teopema 2. Jlna noButbHOrO HarypaibHOro N € N, IOBIIBHOTO
me N icHyrots Taki uncma o ,i=Lm, ws sxkux K(t,a')eNp g,
TIPH [[LOMY
EnmU2)c = Enm (U7 )— E,(K). =
@ Dnim-Y (10)
=||K(t,a")*signcos(n+m -1t e
|K(t,a") *signcos( 1, = ZZ() T
(2k —1)7z
2(n+m-1)"

2 icHytoTh BekTOp @ Ta MHOTOWIeH T, (t) Taxi, mo ¢pynkuia K(t,a")

Josenenns. Hexaii t, = k=12,..,n+m-1. 3a nemMor0

Ta MHOrowteH T, ;(t) cmiBmazaTuMyTh y IuX TouKax. A 3a nemoro 1 pis-

winas K(t,a")—T, ;(t) =0 Ginbme 3a n+m—1 HyniB Ha miBnepioxni He
mosxe matu. OTxKe,

sign(K(t,a*) —Tn*,l(t)) = gosigncos(n+m—1)t, g, =1,

To6T0 K(t,0t*) € N:,m—l' ToMy, aHaJOriuHO A0 JOBEAEHHS IONEpenHbOL

Teopemu (nuB. (9)), cripaBeuIMBI Taki PIBHOCTI:

E,(K), =[K(ta)-T0)] = i [K(t.a") =Ty Ofdt =
0

27
= _[(K(t,a*)—Tn*_l(t))signcos(n+m—l)tdt =
0
27 . (2v+l)(n+m -1)
= J'K(t,a ) signcos(n+m —1)tdt|= 420: Z( i [
0 i 2v+1

Teopema noBeneHa.

BucnoBku. O0UnCiIeHO TOYHE 3HAUYEHHS BEPXHIX MEX HalKpalinx
HaOIMKeHb y PIBHOMIPHIN Ta iHTerpaibHii MeTpHKax JIiHIHHUX KoMOiHa-
Ii¥l KJTaciB TApMOHIYHUX (QYHKIIIH.
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EXTREME VALUES OF THE BEST APPROXIMATIONS
OF LINEAR COMBINATIONS OF HARMONIC FUNCTIONS

Extreme problems and their practical applications have been under the
scrutiny of mathematicians since ancient times. An important step in the
development of extreme problems was made by P. L. Chebyshev, who in
the 50s of the 19th century laid the foundations of a section of destructive
function theory — the theory of approximation.
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A significant role of the formation of the theory of approximation of
functions was played by Carl Weierstrass’s theorem on the convergence to
zero of best approximations by polynomials of a continuous function. As is
well known, Weierstrass’s theorem is not constructive — it does not con-
tained estimates of the approach speed. Thanks to the work of D. Jackson,
S. N. Bernstein, Vallee-Poussin and others, such estimates began to appear
in works on approximation theory.

At the same time, at the first stages of the development of the theory of
approximation, approximations of individual functions were studied. That
beginning of a new period, a dipper study of the deviation values of functions
from their approximating polynomials, dates back to the 30s and 40s of the
20th century and is associated with the names of A. M. Kolmogorov,
S. M. Nikolsky, J. Favard, N. I. Achieser, M. G. Crane and B. Nagy. Thanks
to their works, the main emphasis in the theory of approximations is shifted
to the study of the best approximations or other approximation characteristics
of functions that have certain differential-difference or smoothness proper-
ties. In particular, in 1936, J. Favard calculated the exact values of the best
uniform approximations by trigonometric polynomials of order no higher
than n—1 on classes of differentiable 2z-periodic functions, whose r-th (r —
natural) derivatives are in a unit sphere of the space of essentially bounded
functions. The problem of obtaining exact values of the best approximations
in uniform and integral metrics for various functional compacts was in sight
of many prominent mathematicians of the XX century.

General issues related to the study of the best approximation functional: the
existence of a polynomial of the best approximation, its characteristic proper-
ties, are destribed in detail in many monographs, in particular, for example, in
the book by M. P. Korneichuk [1]. In the 80s and 90s of the XX century,
O. I. Stepanets (see, [2, section 111]) developed a new approach to the classifica-
tion of periodic functions, which allowed for a fairly fine classification of ex-
tremely wide sets of periodic functions. At the same time, the results obtained
for these classes are, on the one hand, general, and on the other hand, they give
a number of new, hitherto unknown results that were impossible to obtain on
previously known classes. Following the approaches to the requirements of
function classification, we can consider a linear combination of function classes
of a more complex nature. And then the problem of finding the exact values of
the upper bounds of the best joint approximations will be reduced to the prob-
lem of the best approximation of this composite class corresponding to convo-
lutions with the composite kernel.

Key words: class of functions, best approximation, harmonic functions
in the circle, linear combinations of harmonic functions in the circle,
Nagy'’s condition.

Otpumano: 9.11.2023
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