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OOCNIMKEHHA KONOKALIMHOIO TA KONOKALIMHO-
ITEPATUBHOIO METOAIB PO3B'A3YBAHHA OOHOIO
TUNY IHTErPO-®YHKUIOHAIIbHUX PIBHAHDb
3 MAJIOIO HENMIHIAHICTIO

MaremMaTHIHIME MOJEAMU 0araTboxX 3a1ad MPpUPOJ03HABCTBA i
TEXHIKU € Di3HI TUIMH JU(epeHIiaTbHIX, IHTEerPaTbHUX, IHTErpo-au-
(epeHIiaNbHNX, IUdepeHIiaTbHO-QYHKIIOHAIBHUX, 1HTErPO-QyHK-
IIOHATIBHUX PIBHSAHB Ta 1XHIX cucTeM. [Ipu jocmikeHHI MaTeMaThy-
HHUX MOJENEeH MIUPOKO BUKOPHCTOBYIOTHCS AKICHI i aHANITHYHI METO-
I Teopil mudepeHNiaTbHUX PIBHSHD 1 METOAM OOYMCITIOBATIBHOI Ma-
TeMatukd. Cepel BEJUKOT KiTbKOCTI HAOMMKEHUX METOJIIB, IO MaloTh
IIMPOKY 00JacTh 3aCTOCYBAaHHS IPH PO3B’S3yBaHHI Pi3HUX MPHKIA/-
HHX 33184, CIIOCTEPIraeThesl CIUTHHUIN HEIOMIK, XapaKTepHa prca sSKO-
TO CTeneHeBa 30DKHICTh Ta OOYHCIIOBANIbHA HECTiHKicTh. Kpim Toro,
3HAXOKEHHsI JIOCTaTHHO TOYHMX HAOJIDKEHb 32 JIOTIOMOTOIO IIPOEK-
IIHHAX METOJIIB YacTo TMOB’sI3aHE 3 HEOOXITHICTIO PO3B’SI3yBaTU CHUC-
TEMH PIBHSHb BHCOKUX IOPSZKIB, IO BUSIBISIETHCS JTOCTATHBO BaXK-
KoI0 3a/a4ero. [IparaeHHs cpoCTHTH TPOMI3/IKI OOUHCIFOBANIBHI CXe-
MU NIPUBOJUTH ZI0 PO3BUTKY Ta JIe/aji IIMPIIOTO 3aCTOCYBaHHS METO-
Ty KOJIOKAIIii Ta KOJIOKAIIiifHO-ITEPAaTHBHOTO METOTY.

[HTerpo-(GyHKIiOHANBHI PIBHSIHHS JOCUTH IIMPOKO 3aCTOCO-
BYIOTBCSl B PI3HHX 0ONACTSIX HayKH, 30KpeMa, 10 TaKWX PiBHSIHb
3BOJIATHCS PIBHSHHA 3 BiIXWICHHSIM apryMEHTY K HEHTpaabHOro
TUITY TaK i3 3aMi3HEHHSM.

VY crarTi po3risiIaeThesi OAMH THUI iHTErpo-(yHKIIOHAIBHUX
PIBHSHB 3 MAJIOX0 HENiHiMHICTIO. J[eTambHO OMHMCaHWN TPOILeC Ie-
PETBOpEHHS TAKOTO PIiBHSHHSA 110 PIBHAHHS 3HAYHO IPOCTIMIOL
crpykrypH. ITokazaHo, 110 TPY BUKOHAHHI NEBHUX YMOB I10YaTKO-
BE Ta OTPHMAaHE ICJISl CIIPOLICHHs PiBHSAHHA piBHOCHIBHI. Cdop-
MYJILOBAaHO TEOPEMY ICHYBaHHSI PO3B’SI3Ky BHIE 3a3HAUCHOTO PiB-
HSTHHS, OIMCAaHI i1ei 3aCTOCYBaHHs KOJIOKALIHOTO Ta KOJIOKAIliii-
HO-ITEPaTUBHOTO METOJIB JI0 OJHOTO TUILY IHTErpo-(QyHKI[IOHAb-
HHX PIBHSHB 3 MaJIOIO HEJHIHHICTIO.
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MaTtemaTtunyHe Ta KOMI'I'K)TepHe MoAentoBaHHA

Beryn. IIpu nocnipkeHHI pisHUX THITB 3a]a4 TEOPETUYHOTO 1 MPHKJIa-
JIHOTO XapaKTepy IIMPOKE 3aCTOCYBAHHA MaioTh JMdepeHLianbHi, IHTerpatb-
Hi Ta 1HTerp0 q)yHKuloHam,Hl piBHsIHHSA [3, 4, 6]. OcKijbKy MOOYI0Ba TOYHUX
PO3B’SI3KIB TaKHX PIBHSIHb MOYKIINBA JIMIIIE B OKPEMHUX BUIIAJIKaX, TO BEJIUKOTO
3Ha4YEHHS! HaOyBalOTh METOIM MOOYAOBU HAOMMKEHUX PO3B’S3KIB LIMX DIB-
HstHb. OJTHUMU 3 TAKUX METOAIB € KOJIOKALIHIH METOI Ta OJHE 3 HOTO MOXK-
JIMBUX y3araibHEeHb, — KOJIOKaMiiHO-iTepaTiBHU MeTon [1, 2, 5].

VY miff cTaTTi pO3rNAArOTHCSA THTAHHA MOXMIIMBOCTI 3aCTOCYBaHHSI
3raflaHuX METOMIB 0 OAHOTO THUILY JIHIHHOTO iHTErpo-(yHKIIOHATBHIX
PIBHSIHB 3 MAJIOIO HETHIHHICTIO.

OcHoBHa 4YacTHHA. PO3IISIHEMO OMH THI IHTETPO-(YHKIIIOHATBHOTO
PIBHSHHS 3 MaJIOK0 HENiHIMHICTIO. PiBHSHHS AEIIO MPOCTIMIOl CTPYKTYPH aB-
Top posrisinas y [1, 3, 4]. Tlobyayemo HabIMKeHi PO3B’SI3KH TAKOTO PiBHSHHSI
3a TOTIOMOTO0 KOJIOKAIIMHOTO Ta KOJIOKAI[IHHO-ITepaTHBHOTO METO/IB.

IleperBopeHHs1 iHTErpo-GpyHKUiOHAIBLHOIO PIBHAHHS 3 MAaJIOK
HeJiniiinicTio. ¥ mpocropi L,[a,b] — mificaux i BUMipHHX Ha IPOMDKKY
[a,b] dyHkumifi, cymoBHMX 3 KBagpaToM, pO3IJISHEMO IHTETPO-
(yHKIIOHATIbHE PIBHSIHHS BUTIISLY

b b
Y= Py (h(x)) = F )+ [H () y@)dt+ [Ho (x, 1)y (h(t) ) dt +
A a a (1)
+&[G(x,t)F (t,y(t))dt, xe[a,b],

a
y(x)=w(x), x¢[a,b], )
ne f ( X), w(X) — 3agani BianosigHo Ha [a,b] Ta 3a #oro mexxamu Bimomi
dynxuii, a y(X) — mykana dysxuis 3 Ly[a,b]. Bimsocso dymxuiin h(x),
p(x), H;(x,t), Hy(x,t), G(x,t) npumyckaemo, IO BOHH, BIANOBINHO, HA

npomixkky [a,b] i B kBagpari [a,b]2 = [a, b]x[a, b] 3a/I0BOJIGHSIOTH YMOBH:

[p(x)|<p <o, ®
h(x) — mudepenniiiobua na [a,b] i
h’(x)zl >0, x—h(x)=0>0, (4)
”H (x,tydxdt = H,? <0, =1,2, (5)
bb
[]6% (xtydxdt = G* < co. (6)
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®ynkuis F(t,y) B obmacti D={a<t<hb,—0<y<oo} BumMipHa 3a
t npum Bcix Yy 1 HenepepBHa 3a Y mpu Bcix t (ymoBa Kapareonopi) i 3a-
JOBOJIbHsIE YMOBY JIinmiuiist
|F(t.y)|<at)+Alyl,
[F(t.y)-F(t.y)<L]y-9] @
ne B,L — nesxi nonatwi crami, a(t) € L,[a,b].

IMokaxxemo, mo piusaHs (1) npu BukoHaHHI yMOB (3)-(7) MoxHa
3BECTH JI0 1HTETPaTbHOrO PIBHSIHHS 3 MaloO HemiHiiHicTio [2, 3, 5]. dust
IIFOTO HEOOX1THO BUKOHATH A IIEPETBOPEHB.

Jnst movarky, TMepenuuieMo APYTuil iHTerpana mpaBoi YacTHHHU PiB-
HsaHHA (1) 3 ypaxyBaHHSAM yMOBH (2) Tak:

b h™(a) b
[H2(x)y(h®)dt= [ Hy(xt)y(h®)dt+ [ Hy(xt)y(h(®)dt=
a a h™(a)
h™(a) b
= [ Ha(xt)w(h®)dt+ [ Hy(xt)y(h®)dt=
a h™(a)

b
“p()+ | Ha(x1)y(h)at
h(a)
h(a)
e qo(x): I HZ(X,t)t//(h(t))dt — BiZloMa (pyHKIIisL.

V cuny ymoBu (4) neriepepsra dyrkiis S =h(t) 6yme 3pocrarodoro i
ds ' Ho-
h’(h’l(s))

BUMH MEXaMH IHTETpyBaHHS OyAyTb 3HAYCHHS a,h(b). Toni ocranHii

Uit Hel icHyBatuMme oOepHeHa (QyHKiis t= h_l(s), dt =

iHTeTpay Habepe BUTILIAY

b "0) H, (x,h7(s)) b _
H, (x,t)y(h(t))dt= | ———2y(s)ds = | H(x,s)y(s)ds,
hJ@ Ley(n)a= | h'(h(s)) J

H, (xh7(s))
A -{ i) O

0,5 (h(b),b], x €[a,b].

(®)
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MaTtemaTtunyHe Ta KOMI'I'K)TepHe MoAentoBaHHA

Ciig BIOIMITHTH, 110 onepaTop I:| SIKMI BU3HAYAETHCS PIBHICTIO
(Fv)(x j H (x,tv(t)dt, Wv(x) € L,[a,b], 9)

3 ypaxyBaHHsIM YMOB (4)- (5) oyne ®peAroabMOBUM.
HiticHo,

”H X, S dxds—”

(xh (s))
: (v(n @)
_hiz;[‘!sz(x,h‘l(s))dxdssl_r:—?j@o.

3 ypaxyBaHHSM NpPUBEACHUX MipKyBaHb piBHSHHS (1) 3 ymMoBOIO (2)
3aIHIIETHCS TAKUM YHHOM

b
y (%)= pOQy(h) = £ (x)+ [Hy (x,t) y(t)dt+

(x h7(s))

xds =

——————dxds < ”

b b
X)+ [H (x5)y(s)ds+&[G(x,t)F (t,y(1))dt,
a0o Tak :

b b
y(X) = p(X) y(h(t)) = fl(x)+_[T(x,t)y(t)dt+gIG(x,t)F(t,y(t))dt, (10)

e
h™(a)
B)=F(+p(t)=fM+ [ Hy(xt)y(h)dt, (11)
T(x,t) = H; () + A (), (x.t) e [a,b]. (12)

PosrnsHeMo iHTerpanbHHI IiNKOM HemepepBHHI omepatop H,,

SIKUM Ma€ BUTJISJT
b

(Hy)(x)= IHl(x,t)v(t)dt, w(x)elL,[a,b],
a
ioneparop S Takuii, 110

(3V)(x) = v(x), XG[a,h‘ (a)}, )

v(x)-p(x)v(n(x)), xe[h™(a),b],

Je V(X) — noBinbHA QyHKLiA 3 L, [a, b] .
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3asHaunuMo, 1o Lel omeparop, sk i oneparop Hy, mie 3 L,[a,b] B
L,[a,b]. Jlerko nokasaru, mo omeparop S mimiinmii. Ymosu (3), (4)

rapaHTyloTh HOro ooMexeHicts. JlilicHo,

(), [0 s
vy Ih'(x)| =
ne sup Geperses mo V(X) € Ly [a,b], v(x)=0.

I1i >x yMOBH TOBOPSTH PO T€, 110 oneparop S obopoTHuil. ObepHe-
HHH IO HBOTO OIIepaTop Ma€ BUTIISA

v(x), xe [a,h‘l(a)]

sy (x) = s .4
( )() V(X)Jr;v(h'(x)gp(hk(x))’

S =sup

(14)

XeAs, s=1m.
Tyr, gk i Hagam,
As=[cs1,C,] o =a, ¢ =" (Cey), Cp =b, (x):h(hk‘l(x)), s=1,m.

[Hmumu croBamu, Bupas (14) — me po3B’s30K (PyHKIIIOHATEHOTO PiB-
HSTHHSI

y(x)=p(x)y(h(x))=u(x), x[a,b], (15)
y(x)=w(x), x2[ab],
(me u(x) — Bizoma, y(X) — mykana dyHKuii) sKuii OyMyeThes 3a 10TO-

MOTO0 METOIy KpOKiB. YMoBa (3) rapanTye Toi (akT, o0 KiJIbKICTh Kpo-

. . . b-a
KIB M CKIHYeHHa1 M < ——.
o

-1 .

HeBaxxko nepekoHaTHCh B TOMY, L0 OMEpaTop S, Tak sK 1 onepa-
Top S, MiHINHHKHK 1 oOOMexeHui. TakuM 4MHOM, BpaXOBYIOUH BUIIE CKa3a-
HE, MU MOKEMO PO3TIISIIATH PiBHAHHA (1) sIK omepaTopHe piBHSIHHS

(Sy)(x) = T (x)+(Ty)(x)+ (Fy)(X), (16)
ne f(x)-sanana, y(x)- myxana gynkuii s L,[a,b].
Hexaii (Sy)(x)=u(x), toxi y(x)= (Sflu)(x) 1 MU BiJ piBHSAHHA
(13) mepexoaumMo A0 piBHIHHSI
u(x)=f (x)+('fu)(x)+g(d)u)(x). (17)
Baysaxumo, mo D(t,u(t)) = F(t, (Su)(t)), a omeparop T =TS =

= Hlsf1 +HS™ ®pexronsmis sk cynepnosuis OpeAroapMOBOro i iHiii-
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HOro 00MexeHOro orepatopis [2]. IHiuMu cl0BaMH, 3aCTOCYBABIIH 3rajaHy
BUIIE 3aMiHy, MH TEPETBOPIOEMO iHTEerpo-(yHKIioHaNbHE piBHSAHHA (1) B
IHTEerpabHE PIBHAHHS 3 MAJIOIO HENiHIHHICTIO
b
u(x) =1 (%) + [T (x,t)u(t)dt + e(Du)(x). (18)
a
3 IIJTKOM HeNepepBHUM iHTErPaIbHIM OIIEPaTOpoM T , SIPO SKOTO
m-s k
T(xt)+>T (x,(h’l) (t)), teAs,
i=1
T(xt), te(cyq,b), s=1Lm-1 xe(a,b),
k k-1
-1 -1 (-1
se () (t)=h ((h ) (t)).

CnpaseuiBa Teopema.

T(xt)=

Teopema 1. Pignauns (1) 3 ymogoro (2) npu euxonanni ymos (3)-(7) €
PIBHOCUILHUM THMESPATLHOMY PIGHAHHIO 3 Manoio Hexiniunicto (18) 3 yin-

KoM HenepepsHum onepamopom T .
Meton kosokamii. Ines meroxy konokanii cTocoBHO piBHsHHA (1)
THOJIATaE B TOMY, IO HAOMIKEHHH PO3B 30K VY, (X) LIYKAEMO y BUTIISII

Ym (X) = Zajwj (X)
j=L

1 BU3HAYAEMO 3 QYHKI[IOHATEHOTO PiBHSIHHS
b

Y (X)= P(X) Y (h(X)) = f (x)+J'Hl(x,t)ym (t)dt+

+[H, (1) Y () dt+ £ [G (x,t) F (t, ¥ (1)) dlt, x e [a,b],  (19)

a
Ym (X)=w(x), x2[a,b],
e {(oj (X)} — CHCTEMA JIIHIMHO HE3aJeKHUX Ha [a, b] byHKii, | :L_m,

a HeBinomi mapametpu @; =a;(N) 3HAaX01MMO 3 YMOBH

Ym(%)=0,i=0,n, (20)
o (K= Y () D)o (1(30) £ () (50) v (1)
b X : (21)
—IHZ (%) Y (D(t))dt —ng(x,t) F(t v (t))dt.
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JL1st 3HaXO[KCHHS apaMeTpiB a8 OACPIKUMO CHCTeMy JIHIHHUX ajl-

reOpaigyHIX piBHIHB
n

> fijaj=b,i=1n, 22)

i=1
B KA f; o0uncimoeTsest 3a popmyInoro

By =0;(x)-Tj(%). b =f(x),i=1n, (23)

T (x)= Tf(x,t)qa,- (t)dt.

Cuctemy piBHSIHB (22) IOUIIBHO 3alKMCATH Y BEKTOPHOMY BHIJISII
Aay =by.

Teopema 2. Axujo mampuys A nesupoddicena, mo icnygamume €ou-
HULl P0O36’S130K cucmemu pigHsaHb (22) [ HAOAUdICEHULl PO36 130K ym(x)
3HAXOOUMBCL OOHO3HAUHO.

3ayBameHHs1. Yacmo 3a 8y3iu Koiokayii 6epymv pieHOMIPHO pO3No-

Oineny Ha NPOMINCKY [a, b] cucmemy mo4oxk, moomo X; =a+i—.
n

Konaokaniiino-itreparuBuuii Mmeroa. 3actocyemo mo piBusHHS (1)
KOJIOKaIlifiHO-iTepaTHuBHUIA MeTo. Habmmkenuit po3s’s30k Y, (X) Bu3Ha-

4aeMO 3TiTHO POpMyIT
b

Y ()= p(X) Y (h(x)) = f (x)+jH1(x,t)zk (¢)dt+

b b ) (24)
+J.H2 (x,t)zk (h(t))dt+£jG(x,t)F(t,yk_l (t))dt, xe [a,b],

a

Y (X)=w(x) ,x¢[a,b], k=12,..
Z (X) = Yia (X) + e (X)), (25)

n
o (x) =Y ajn; (x),
j=1
73 (%) = (875 ) (%)
Hesigomi mapamerpu a'j( = a‘j‘ (n) 3HaxoamMmo 3 yMOBH (Xi):O,

ne X €[a,b], i=1,n — By3ma konokauii Ta
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7 (x)=f (x)+TH1(x,t)zk (t)dt+lJ1H2 (x,t)z, (h(t))dt—
¢ (26)

=Y (¥)+ (%) i (h(x +ng X,t)F (t, Y1 (t))dt, xe[a,b].

3a mo4aTKoBe HAOIIMKEHHS 6yaeMo OpaT po3B’SI30K TAaKOTO (hyHK-
I[IOHAJILHOTO PiBHSHHS

Yo (%) = P(X)¥o (N(X)) = $p(x), x €[a,b],
Yo(X) =0, x¢[a,b],
B AKOMY S,(X) — moBimbHa dikcoBana dyHkmig 3 L, [a, b], JUTSL 3pYYHOCTI
MOXHa B3ATH Sy(X) =0ab6o sy(x) = f(X).
Cuctema GpyHKIIH {77 j (X)} ITYKAETHCS 3 PIBHSIHHS
17; (x)= p()7; (h(¥)) = 1 (%), x e[a,b],
n;(x)=0,x¢[a,b],i=1n,
ne cucrema dynkuiii {@ (X)} € L, [a,b] 3anana i niniitno nesanexmna.
3uaueHHs (QYHKILT {77 i (X)}, j :].,_m y TOYKax Cg = hfl(csfl) Oyne-
MO OpaTH cepelHe apu(pMETHYHE OJHOCTOPOHHIX I'PaHULb, SKIIO BOHU
iCHYIOTB, @ B TOUKaX Cy =a, C, =D — OHOCTOpOHHI IpaHUIl CIpaBa Ta
371iBa Bi/IIOBI THO.
VBIBIIM O3HAYCHHS

& (X)=f(x jHl 1) vy ( dt+jH2 X,1) v (h(e))dt -

~Yia (X)+ P (X) Vi (M (X)) + SJG (X t)F(t,y, 1 (t))dt, xe[a,b]

1 mifcTaBiAodd QYHKIIO Z) (X), BH3HaueHy (opmynoro (24), y Bupas
(26) mis 3HAXOMKEHHS TTApaMeTpiB a‘} OJIEPXKIMO CHCTEMY JIHIMHHX ai-

reOpaluHUX PIBHSHB.
Zﬂij alj( = bik, | :l, y (27)

B SIKIHA
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Hy (%)= fH (587, () i, (1), (), =

a
-1
7i () =(5"0; ) (%),
k
b =& (%)-
Cucremy piBHAHb (27) MoxHa 3anucaté y Burimami Aa, =by, ze
b, &, — 3amucaHi y BEKTOPHOMY BUIVIANI Ta A — 3rajaHa BHILE MaTpPHIL,

CKJIaZIEHa 3 €JIEMEHTIB ﬂij .

3ayBaxMMo, W0 32 HAOJM)KEHHS J0 HIYKaHOTO PO3B’S3KY MOXHA
B3sTH AK QyHKIiO Y, (X), Tak i pyHkmio z, (X). Cuix 3BepHyTH yBary
Ha TOM (akt, 1m0 Ha OCHOBI aHamizy dopmyn (24)-(26) mpu
a (X) =0,k =123,..., HabmmKeHHS Y, (X) 3HAXOAUTHCS METOIOM I10C-

JIIOBHUX HAOIMKEHB.

Anroputmu (19)-(21) i (24)-(26) moOynoBH HAONMMKESHAX PO3B’SI3KIB
piBHsiHHS (1) € PIBHOCHJIBHUMH BiJIIOBIIHUM alIrOPUTMaM KOJIOKAI[IHHOTO
Ta KOJIOKALiHO-ITepaTUBHOIO METOMIB /s IHTErpajbHOTO PIBHSHHS 3
MaJIOl0 HEeiHIHHICTIO.

BucHoBkH. VY CTaTTi po3mISIHYTO 33/ady MOOYHOBH HAOIMKEHUX
PO3B’S3KIB OJTHOTO THILY 1HTETPO-(QYHKIIIOHATEHUX PIBHSIHB 3 MAlOF0 He-
niniiHicTIO. [loKa3aHO, MO0 MpPW BUKOHAHHI TIEBHUX yMOB Ii PIBHSHHSI
HIISIXOM JIeSIKUX TePETBOPEHb MOXHA 3BECTH JIO IHTErPalbHOTO PIBHSHHS
3 MaJor HeniHikHicTIO. Jlo 3rajjaHux iHTerpo-(QyHKI[IOHAIBHUX PIBHIHB
3aCTOCOBAHO KOJIOKAIIIHUII Ta KOJOKI[IHHO-ITepaTUBHUNA METO/AN 3HAXO-
JUKEHHST HAaOJIMKEHNUX PO3B’S3KIB.
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RESEARCH OF COLLOCATION AND COLLOCATION-ITERATE
METHODS FOR SOLUTION OF ONE TYPE OF INTEGRO-
FUNCTIONAL EQUATIONS WITH SMALL NONLINEARITY

Different types of differential, integral, integro-differential, differen-
tial-functional, integro-functional equations and their systems are mathe-
matical models of many problems of natural science and technology. In the
study of mathematical models, qualitative and analytical methods of the
theory of differential equations and methods of computational mathematics
are widely used. Among the large number of approximate methods that
have a wide range of application in solving various applied problems, a
common drawback is observed, the characteristic feature of which is pow-
er-law convergence and computational instability. In addition, finding suf-
ficiently accurate approximations using projection methods is often associ-
ated with the need to solve systems of high-order equations, which turns
out to be quite a difficult task. The desire to simplify cumbersome compu-
tational schemes leads to the development and increasingly widespread use
of the collocation method and the collocation-iterative method.

Integro-functional equations are quite widely used in various fields of
science, in particular, such equations are reduced to equations with a devia-
tion of the argument as a neutral type and with a delay.

The article considers one type of integro-functional equation with
small nonlinearity. The process of transforming such an equation into an
equation of a much simpler structure is described in detail. It is shown that
under certain conditions, the initial equation and the equation obtained af-
ter simplification are equivalent. The existence theorem of the solution of
the above-mentioned equation is formulated, the ideas of applying colloca-
tion and collocation-iterative methods to one type of integro-functional
equation with small nonlinearity are described.

Key words: one type of integro-functional equations with small non-
linearity, Fredholm equation of the second kind, integral equation with
small nonlinearity, functional equation, completely continuous operator,
inverse operator, approximate solution, collocation and collocation-
iterative methods.
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