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METO[ R-®YHKUINA ANA PO3B’A3AHHA 3ALAUI
MACOOBMIHY UUNIHAPUYHOI O TINA
3 TBIPHOIO Y BUIrNAAQlI KPUBOI NAME
3 B’A3KOIO HECTUCITUBOIO PIAVUHOLIO

3ajava 1po CTalioHapHUHA MAacOOOMIH ITIHAPUYHOTO Tija 3 Io-
TOKOM B’S13KOi HECTHCIIMBOI PIAMHU 3BOJWTHCS JO PO3B’S3aHHA piB-
HSHHS 11 KOHLEHTpAIii 3 BiAMOBITHUMH KpaliOBUMH yMOBaMH Ha
MOBEPXHI TiJIa Ta HA HECKIHUEHHOCTI. 3aCTOCYBaHHS KOHCTPYKTHBHOTO
amapara Teopii R-yHKIiiT 103BOJIsIE TOYHO BpaxyBaTH T€OMETPit0 00-
JIACTi, a TAKOXK KPafoBi YMOBH Pa30M 3 YMOBOIO Ha HECKIHYEHHOCTI.

Merox R-¢ynkuiit 6ymo 3anpononosaHo akanemikom HAH Ykpa-
inm B. JI. PBagoBum. Jlnst kpaifoBux 3aad MaTeMaTUaHOl (Pi3uKH Lel
METOJI JO3BOJIsIE TOOYAYBaTH TaK 3BaHy CTPYKTYPY PO3B’s3KY Kparo-
BOI 3az1a4i, TOOTO KMYTOK (DYHKIIIH, III0 TOYHO 3aITOBOJIBHSE BCI Kpa-
HOBi YMOBH 3a/1a4i 1 3aJIGXKUTH BiJ IESIKNX HEBU3HAUCHUX KOMIIOHEHT.
Bubip 11X HeBH3HaYEHUX KOMIIOHEHT BUKOHYETHCS TaK, 100 3a10BO-
neHuTH (Y TIeBHOMY ceHci) audepeHmianbpHe piBHSIHHS 3amadqi. s
IIbOT0 MOXXHA BHKOPHCTOBYBAaTH CTAHAAPTHI YHMCENbHI METOAW Mare-
MataHO! izuku (Meron Pitma, merox ['ambopkina, MeTon HaiiMeH-
IIMX KBaZIparTiB, Kookawii Tomo). Citijy 3a3Ha4uTH, 110 TEOMETPist 00-
JIACTI TIPU IFOMY BPaXOBYETHCS TOYHO, TOOTO, 30KpeMa, HEMA€E 3aMiHK
KPUBOJIHIHIX AUITHOK MEXI Ha BOHCAaHI B HUX JIaMaHi, K e po-
OUTHCS, HAPHUKJIAJI, Y METOII CKIHICHHHX CJIEMEHTIB.

Mertoro 1i€i cTarTi € 3acTocyBaHHA MeToxy R-dyHKOiit mo
PO3B’s13aHHA 3a/1a4i MacOOOMIHY IMITIHAPUIHOTO Tija 3 TBIPHOIO Y
BUIIIAAI KpuBoi Jlame npu Horo oOTiKaHHI B’S13KOK0 HECTHUCIIHBOIO
pinuHOM0. J{7s JOCATHEHHS MMOCTABICHO! METH Ha MiJCTaBi METOJIB
Teopii R-¢pyHKIi TOOYIOBaHO MTOBHY CTPYKTYPY PO3B’S3KY JiHiH-
HOI KpaioBOi 3amayi JIs KOHIIEHTpAIlii Ta AJst 11 po3B’s3aHHs 3a-
CTOCOBAaHO YHCENBHHWH aJrOPUTM Ha OCHOBI Merony ['ambopkiHa
IUTS alPOKCUMAIlil HEBU3HAUCHUK KOMIIOHEHT CTPYKTYpH. Y POOOTi
HE PO3IIIANAETHCS CTYMIHb CTPOTOCTI, YMOBH 3aCTOCYBaHHS BHKO-
PHCTaHHX PiBHAHBb PyXY PiZIMHH, BOHU PO3IIISAAIOTECS SIK MaTeMa-
THUYHI MOJIEINI, 10 Mi/IJISATaf0Th YUCEIbHIN aaropuTMizaii.

Kiawuosi cioBa: memoo R-gyukyiil, 8 ’a3xka necmuciusa piou-
Ha, 3adaua macoobminy, memoo Ianvopkina, Kpaiiosa 3adaua,
mamemamuymne MoOeNOBaANHS.

Beryn. 3amaui po3paxyHKy B’S3KMX Tedil, 0 yCKJIaJHEHI MacooOMi-
HOM, 3HAXO/ISITh 3aCTOCYBAHHS Y PI3HUX Tally3six, 30KpeMa, B TEIIOCHEPIeTH-
11i, Ta3oHadTonepepoOIli, B XiMIUHIM Ta Xap4OBii TEXHOJOTISX, re0- Ta acT-
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POGIBMYHUX TOCIIHKEHHSIX, OXOPOHI HABKOJHMIIIHROTO cepenopuina [1]. Po3-
poOKa HOBHX, a TaKOX YJOCKOHAJIEHHS ICHYIOUMX METOIB MaTeMaTHYHOIO
MOJIETIFOBAaHHSI T4 YMCEJILHOTO aHalli3y CTAl[lOHApHUX 3a7ad OOTIKaHHS Till
B’SI3KOI0 HECTHCIIMBOIO PIJIMHOIO 3 ypaxyBaHH;IM MacooOMiHy meronoMm R-
(YHKLIH € aKTyaJbHOI HAyKOBOIO NpOOIEMOI0. 3aBISKM BHKOPUCTaHHIO
amapaTty Teopii R-(hyHKIIN MOKHA 3aJI0BOJIBHITH PIBHSHHS 33]a4i Ta TOYHO
BpaxoBYBaTH FeOMETPIir0 00iacTi Ta BCi KpalHoBl yMOBH 3a/1adi.

Merton R-pynkmiit [2] w1 3a3HadeHNX 3a1a4 BUKOPHCTOBYBABCS Y PO-
6otax [3, 4] ma Tin obepranHs (chepu Ta emirncoina) B chepudHiil cucTeMi
KOOpAWHAT Ta ITIHAPUYHHUX TiT (KPYrOBOTO Ta EIMINTHYHOTO IWUIHAPa) B
T HAPWYHIN CHCTEM] KOOpIMHAT. Y MM CTATTi pO3MIIHYTO 3a1ady Macoo0-

MiHY HWIHAPUYHOTO TiJIa, PIBHSHHS TBIPHOI SIKOTO Mae BHIJISA X8 + y8 =1
(xpuBa Jlame st a=b =1, N=8), B npsIMOKyTHili CHCTEeMi KOOpIHHAT.

IocTranoBKa 3axayvi. Po3risHeMo MacoOOMIH IMIIHAPUYHOTO Tila,
nepepi3 AKOTro € CKIHYEHHOK 00JacTio (2 3 KyCKOBO-HEIEPEPBHOI Me-
ke OC2, 3 MOTOKOM B’SI3KO1 HECTUCIMBOL PiIUHU.

Jli1st ommucy pO3MIISAAYBAaHOTO MPOILIECY A MauX Yucen [1exiie BUKo-
pucToByeThcsa HaOmmkeHHA O3eeHa:

Ac =PeU,, o 30BHI Q. 1)
OX

VY 3arampHOMY BWITAKy MaTEeMaTHYHA MOJENb 3aladi MacoOOMiHY
IITIHAPUIHOTO TiJIa 3 TIOTOKOM B’SI3K0i HECTHUCIIUBOL PiIWHI Ma€ BHUTIIS;

Ac =Pe oy e _dy o 30BHI Q, 2
oy OXx Ox oy
¢|., =Co> (3)
lim c¢=0, 4)
X2 +y? —>+o0

ne C=C(X,Y) — KOHLEHTpawis, C, — 3a7aHa KOHLEHTPALlis Ha Mexi OC)

: . % o%
Tira oOTiKaHHS, AC= —t
oX~ oy
apamerp, 10 XapakTepU3ye Mipy BiJHOIICHHS KOHBEKTHBHOTO IIEPEHOCY
PO3YMHEHOT B piguHi pedoBuHU 10 maudysiiiHOTO MIepeHocy, ¥ =w(X,Y) —

Pe — uucno Ilekne — Ge3po3mipHuMit

(hyHKIiS Teduii, MoB’s13aHa 3 KOMIIOHEHTAMH BEKTOpa IIBHIKOCTI CIiBBif-
oy oy
— Vy=——, U,
oy OX
Ha HECKIHYEHHOCTI.

3amava (1), (3), (4) Bin dQyHKIii Tedii He 3a1eXuTh. A s 3a1adi (2)-
(4) dynkuito Teuil MOXKHA 3HAWTH, HANPUKIA, K PO3B’SI30K JIiHEApH30Ba-
HOT 337141 MOBUIFHOTO OOTIKAHHS LMJITHAPUYHOTO TiJIa B’SI3KOI0 HECTHUCITH-
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BOIO pimuHor0 (HabnmxenHs O3eeHa) [5] a00 K po3B’A30K HENiHIIHOT 3a/1a-
9i 0OTiKaHHS [T HIPUIHOTO TijIa B’SI3KOK HECTHCIIMBOIO PiMHOIO [6].

Meton po3p’sizannsi. Hexaii ¢pynkuis Teuii w(X,y) Bimoma. ITixc-

TaBMBILIM 3HaiineHy (yHKuito Tedil B piBHAHHS (2), po3B’sDKEMO 3anadyi
(1), (3), (4) Ta (2), (3), (4) meromom R-¢ymxmiii [2]. Jst 1poTo 3a 00~
MOT'0I0 KOHCTPYKTUBHHX 3ac00iB Teopil R-dyHKLill OynyeTbes cTpyKTypa
PO3B’s3KyY KpaiioBoi 3a1adi, TOOTO KMYTOK (DYHKIIiH, IO TOYHO 3a70BOJIB-
Hsl€ KpaiioBl YMOBH i yMOBY Ha HECKiHUECHHOCTI, a HEBU3HAYECHI KOMITOHE-
HTH Y CTPYKTYpi 3a/1aui 3HaXOAAThCS 32 JIOTTIOMOTOI0 MeToy ['anbopkiHa.
besnocepenHb010 EepEeBIPKOI0 BCTAHOBIIOETHCS, IO 32 OyAb-SKOTO BH-

Oopy nocuts riaakux Gyskuin ¥, i ¥, (W, —» 0, xomn X2 +y? o> +0)
KpaiioBi ymoBH (3) i (4) TOUHO 3a10BOJBHSE (PYHKIIIS BUTIISITY

¢=Co (I~ )+ oy ¥y + oy d-oy)¥s, ®)
Ie

1-exp Ma'\)/l , 0fo< M,

1 o>M,

a @ — QyHKUIs, 1o OYIYETHCS 3a TOMOMOTOI KOHCTPYKTUBHOTO arapary
Teopii R-¢pyHKIi# Ta Mae BIaCTUBOCTI:

1) @>0 308Hi Q;2) @=0 Ha oQ; 3) g—ﬁz—l Ha Q)

JIe N — BEKTOp 30BHINTHHOT HOpMaTi 0 OC2.
Jnsa anpoxcumalii HeBu3HaueHuX komnonent ¥, i ‘¥, Bukopucro-
ByeThesi MeTos ['anbopkina. @ynkuii Wy i W, anpokcuMyroTbcs BHpasa-

MU BHTIISITY
W= A W= ATy
Je
{0 (p oy ={p™ coskp, p™ sinkof, {z;(p.0)}={1. p' coske, p’ sinke}
p= \/XZ + y2 1 @ BU3HAYAETHCS BIIHOIICHHIMH
y

X

3navenns koediuientis o (k=12,..,m) ta B; (j=12,..,m,)

cos @ = , Singp =

BIZIOBITHO 10 MeToay l'anbopkiHa 3HAXOAUTUMEMO 3 YMOBH OPTOTOHAJIB-
HOCTI BIIXWITy, IO OTpUMaHui mijgcraHoBKoto Qyskuii (5) B piBHsAHHSA (1)
T1a (2), nepmuM My QYHKUWIAM ¢ Ta nepuuM M, QyHKUiAM 7. 3 Biac-
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THBOCTEH @), 1 KoopAMHATHMX (yHKLil BUIIMBA€, IO IHTETpYBaHHS
MOJKHA IIPOBOIMTH JIALIIE TIO CKinderHil o6macti {0<w(X,y)<M}.

e mpuBOANTH 10 HEOOXIAHOCTI PO3B’SA3aHHS CUCTEMH JiHIHHUX PiB-
HHb BinHocHO ¢ (K=12,...,m) 1a B; (j=12,..,m,).

VY Takux crnocid MU OTpUMaEMO HaOIWKeHi po3B’s3ku 3amadi (1), (3),
(4 1a(2), (3), (4).

O0uucaoBaIbHUN ekcnepuMeHnT. OOUNCITIOBaIbHAN €KCIIEPUMEHT
MPOBEICHO IS 3a/a4i 0OTiKaHHS HWIIHIPWIHOTO Tijia 3 TBIPHOI, IO BU-

3HAYAETHCS PIBHAHHAM X + y8 =1, xomu U, =1, ¢;=1, M=10,
m; =10, m, =11, s pisuux uucen Peitnonsaca i [exne. Yepes cumer-
pilo 3a1a4i JOJAHKH, 1[0 MICTATh CHHYCH, y BUpasax Uil ¢ 1 T j BiZICYTHI
i, kpim TOro, 3 TMX e MipKyBaHb Bci o (K=12,..,m) Ta p;

(i=12,..,m,), BianmoBinHi UMM NOJAHKaM, JOPIBHIOIOTH HYyI0. IToaBiii-
Hi iHTeTpanu oOuncIIoBaNINCS HaOIIKeHo 3a popmyroro ["aycca 3 64 By3-
JaMH 32 KOXKHOIO 3MiHHOIO.

Jus gucna Ilekne Pe=0,01 3amaua (1), (3), (4) HEe 3aJCKUTH Bif
¢ynkuii Teuii. JIiHiT KOHIEHTpawii At Hel HaBeeHi Ha puc. 1.

3]
T

_af

Puc. 1. Jlinii konyenmpayii npu M =10 i Pe =0,01
Jnsa uncen Ilekne Pe =10;20;30 3amaua (2), (3), (4) 3ay1eXuTh Bif
¢dbynkmii Tewii i, BimmoBigHO, Bim umcna PeiiHonbaca. s po3B’si3aHHS
3a/a4i A KOHIEHTpanii Oymo B3STO QYHKIIT Tedil, OTpUMaHi JJIs YUCem
Peitnonbaca Re =0;5;15;20 y pobori [7].
JIinii konnenTpanii mpu Re =0;5;15;20, M =10 mia Pe =10 npen-
crapiieHi Ha puc. 2, ;s Pe =20 —wua puc. 3, a i Pe =30 — Ha puc. 4.
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L _ol
¢) M=10,Re=15 2)M=10,Re =20
Puc. 2. Jlinii konyenmpayii ons Pe = 10 npu M =10 i Re = 0; 5; 15; 20

¢) M=10,Re=15 2) M=10,Re =20
Puc. 3. Jlinii konyenmpayii ons Pe =20 npu M =10 i Re =0; 5; 10; 20
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-2 oL
6¢) M=10,Re=15 2)M=10,Re=15
Puc. 4. Jlinii konyenmpayii ons Pe = 30 npu M = 10 i Re = 0; 5; 15; 20
BucHoBkH. Y po0OOTi 3aIIPOIIOHOBAHO YHCEIBHUI METOJ PO3PAXYHKY
MacooOMiHy IMIIHAPUYHOTO Tilla 3 TBIPHOIO, IO € KpuBoto Jlame, 3 piB-
HOMIPHHM IOCTYNAJbHUM MOTOKOM B’S13KOT HECTHCJIMBOI PiAMHH, 3aCHO-
BaHW{ Ha CIUILHOMY 3aCTOCYBaHHI KOHCTPYKTHBHOTO amapary Teopii R-
¢ynkuiit Ta Mmetony I"anbopkina. Lleit Meron € yHIBepcaIbHUM (IrOpUTM
HE 3MIHIOETBCS TIPU 3MiHI TeOMeTpii 00JacTi) Ta TOYHO BPaxoBYeE BCi Kpa-
HOBI YMOBHM 3a/1a4i, 30KpeMa, 1 YMOBY Ha HECKIHYEHHOCTI. 3a JJOIOMOTOI0
IIbOT0 METOAY MO>KHAa HPOBOAWTH MaTeMaTHYHE MOJICIIOBAHHS Pi3HUX
TEXHOJIOTTYHUX Ta (i3MKO-MEXaHIYHHUX MPOLIECIB.
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R-FUNCTIONS METHOD FOR THE MASS EXCHANGE
PROBLEM OF A CYLINDRICAL BODY FORMED BY LAME
CURVE WITH A VISCOUS INCOMPRESSIBLE FLUID

The problem of stationary mass exchange of a cylindrical body with vis-
cous incompressible fluid flow is reduced to solving the equation for concentra-
tion with the corresponding boundary conditions on the surface of the body and
at infinity. Applying the constructive apparatus of the R-functions theory allows
us to accurately take into account the geometry of the domain, as well as the
boundary conditions together with the condition at infinity.

The R-function method was proposed by V. L. Rvachev, Ukraine National
Academy of Sciences academician. For boundary value problems of mathemat-
ical physics, this method allows constructing the so-called structure of the solu-
tion of the boundary value problem, i.e. a bundle of functions that accurately
takes into account all boundary conditions of the problem and depends on some
uncertain components. The choice of these uncertain components is performed
in such a way as to satisfy (in a certain sense) the equation of the problem. For
this, one can use standard numerical methods of mathematical physics (the Ritz
method, the Galerkin method, the least squares method, collocations method,
etc.). It should be noted that the geometry of the region is taken into account
exactly, i.e. in particular, there is no replacement of curvilinear sections of the
boundary with polygonal lines inscribed in them, as it is done, for example, in
the finite element method.

The purpose of this article is to apply the R-functions method to the
problem of mass exchange of a cylindrical body formed by the Lame
curve, with a viscous incompressible fluid flowing around it. To achieve
this goal, a complete structure of the solution of a linear boundary value
problem for concentration is constructed by the R-functions theory meth-
ods, and a numerical algorithm based on the Galerkin method for approxi-
mating indefinite components in the problem structure is used. The degree
of rigor and the conditions for using the considered equations of fluid mo-
tion are not considered in the work; these equations are considered as
mathematical models subject to numerical algorithmization.

Key words: R-functions method, viscous incompressible fluid, mass
exchange problem, Galerkin method, boundary value problem, mathemati-
cal modeling.

Otpumano: 31.08.2024
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