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MATEMATUYHA MOAEINb ONTUMAJIbHOIO
NNAHYBAHHA BUPOBHNYOI O NMPOLIECY

VY nmepmriif MOJIOBHHI MHHYJIOTO CTOJIHTTS 4epe3 3pOCTaHHS
CKJIQTHOCTI BUPOOHMYNX IPOLECiB BUHMKIIA MOTpeda B ix edexTn-
BHiLIi opranizawii. B neit nepion i 6yso 3akiiaieHoO OCHOBU MaTe-
MaTHYHOTO MOJENIOBAHHS €KOHOMIYHHUX IIPOIIECIB.

CydacHi MaTeMaTH4HI MOJIENI ONTUMAIBEHOTO IUIAHYBAaHHS IHTEr-
PYIOTb IUTYYHHIl IHTEIEKT, METOJM MAIIMHHOTO HAaBYaHHS Ta BEJIMKI
0a3M J1aHWX, BPaxOBYIOTh HEBH3HAUYEHICTh i PH3UKU Yy BHPOOHHYMX
Tporiecax 3 BHKOPHCTaHHSAM y MOJEIISIX CTOXaCTUYHHX 3aJIKHOCTEH
Ta METOAiB Teopii iiMoBipHOCTei. Lle 103BoIsIE MOIEIIOBATH I1IE CKIIa-
JIHIII CHCTEMU Ta BPaxOBYBATH OLIbIIe (haKTOPIB, TAKUX SK KOJIMBAH-
HS TIONHNTY, 3MIiHN y BUPOOHIUNX JIAHIIOTaxX rocTadanHs tomo. Co-
TOJIHI MOJIEJIi ONTUMAJILHOTO IUIAHYBAHHS € OCHOBOIO CHCTEM YIpPaB-
mixast mignpuemcrBamu (ERP) Ta BUKOPHCTOBYIOTBCS Y PI3HUX Talty-
35X: BiJ] BUPOOHNITBA /IO JIOTICTHKH Ta CHEPTETHKH.

V crarTi po3risaaeTbesi eKOHOMIKO-MaTeMaTH4YHA MOAEIb IS
IUIAHYBAaHHS ONTHUMAJIbHOTO BUPOOHMYOrO MPOLECY NpU HEBHUX
MIPUIYIIEHHSX NP0 eKOHOMIYHUH cTtaH. ToOTo, mpuOyTOK mixIpH-
€MCTBA, SIKe MOXKE BUIYCKATH Pi3HI BUAM MPOIYKIH, 115l KOXKHOTO
BUIy Wi€l NPOAYKIUIi 3aJISKUTh BiJl EKOHOMIYHOTO CTaHy KpalHH.
BusHauaeTbes, Ky 4aCcTKy y 3arallbHOMy BUPOOHHMLITBI MiAIPHEM-
crBa Oyze 3aiiMaTH HEBHUH BUI NPOAYKIi Ui OTPUMAaHHS MaK-
cumanbHOro npubyrky. IIpuOyTOK mHigmpUeMCTBA 3aNEKHUTH Bil
CTaHy €KOHOMIKH, TOMY OUYiKyBaHHMII IPUOYTOK XapaKTepHU3yeThCs
MaTeMaTHYHUM CHOJIBaHHAM HpHOYTKY. [ ONTUMANbHOTO ILIa-
HY BUPOOHHUILITBA MOTPiOHO MPAarHyTH OO0 HAWKPAIIOro CIHiBBiAHO-
IIEHHS MDK OYiKyBaHUM HPUOYTKOM i pU3HKOM (CepeaHiM KBajpa-
THUYHHM BiIXWICHHSIM), TOOTO, MOTPiOHO 3HANTH MakCUMyM (yHK-
11, sika XapaKTepU3ye Le CIIBBIIHOIICHHS 1 € (YHKIIEI0 N HEBiIO-
Mux. {71t 3HaXOMKEHHS eKCTpeMyMy Liel (GyHKIIT 3HaX0MMOo Jac-
THHHI MOXiJHI 1 OTPUMYEMO N HENIHIMHUX PIBHSIHB 3 N HEBiIOMH-
MH. BUKOHYIOUM AEsKi NEpEeTBOPEHHS, 3BOJMMO L0 CHCTEMY IO
CHCTeMH 71 JIHIMHMX piBHsHb. SIKIIO YMOBHM HEBiJ €MHOCTI Ha
3MiHHI He HAaKJIamaloThCs, TO TP PO3B’SI3aHHI CUCTEMU MoOXe Oy-
TH, 10 JesKi 3MiHHI OpUHMaTHMYTh Bix’eMmHi 3HaueHHs. Lle o3Ha-
Yae, 10 JUI OTPHMAHHSA ONTUMAJILHOTO IPUOYTKY HE PEKOMEHIy-
€TBCSl BUTOTOBIISITH BiATIOBITHAN T MPOLYKIIIi.
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Kirouosi cioBa: mamemamuune mooentosanns, meopis one-
payii, niniline nPopamMyeants, eupodHUYULL npoyec, ONMUMATbHE
NIAHY8AHHS, NPOOYKYIs, NPUOYMOK.

Beryn. Y nepmriit mooBuHI XX CTONITTS Yepe3 3pOCTaHHS CKIIQJIHOCTI
BUPOOHMYMX IPOLECIB BUHHKIIA TOTpeOda B iX eeKTHBHIIIN opraHizauii. B
1ei mepios i OysI0 3aKIaIcH0 OCHOBH MAaTEMAaTUIHOTO MOJICITFOBAHHS €KOHO-
MIYHHUX TIpoueciB. 3okpema, y 1930-x pokax 3'SBUIMCS Mepii mparli B raiysi
Teopii onepaniii. Hanpukman, B. JI. Kaatoposuu y 1939 pori po3pobus ri-
HilHI MO A/ BUPIIICHHS 3aBJaHb ONTHMAIbHOTO PO3MOILIY PECypCiB.
Horo poGota «MaremMaTHdHi METOIM OpraHi3awii i IIaHyBaHHS BHUPOOHHIIT-
Ba» BBAYKAETHCS OJIHIEIO 3 MEPIIMX Y il cepi.

[Ticns JIpyroi cBiTOBOi BilfHM PO3MOYABCS aKTUBHUH PO3BUTOK JIOC-
JJDKEHHS ollepalii sK rajiysi 3HaHb, METOIO KO OYyJIO CTBOPEHHS METO-
JIiB OMTHMIi3allii CKIaJHUX CUCTeM. 30KpeMa, Oyio po3poOJIeHO METoIn
JHIHHOTO MPOTpaMyBaHHS, IO CTaJH KIIOUOBMMH B ONTHMi3alii BUPOO-
HUYHX TPOIIECIB.

OpHUM 13 BaXKJIMBHX JOCATHEHb LHOTO MEPIOAY € CUMILIEKC-METO/,
3anpononoBanuil Jlxopmxem Jlanmirom y 1947 poui [2]. Bin mo3Bonus
BUpIIIYBAaTH 3ajayi JIHIKHOTO NpOrpaMyBaHHsS 3 BEJIMKOIO KIJIBbKICTIO
3MIHHUX Ta OOMEKCHB.

VY 1960-1970-1i poku MaTeMaTHIHI MOJEII ITOYaId aKTUBHO BHUKOPHC-
TOBYBATUCh Y PEajbHOMY BHPOOHHITBI. 3’SBJISIOTHCS HOBI METOJH, TaKi 5K
JMUHAMIYHE TIPOTpaMyBaHHsI, HEiHIHE TporpaMyBaHHs, TEOPis irop Ta CTO-
xacTiyHi MoJieni. Takox Oyii po3pobieHi iH(opMaLiiiHi CHCTeMH JUIS TiAT-
PUMKH TPUIHSTTS PillieHb, 10 I03BOJIMIO aBTOMATH3yBaTH OOUYKCIICHHS Ta
BIIPOBAIUTU MAaTEMATUYHI MOJICII Ha PiBHI BEJIMKUX MiANPUEMCTB.

[TizHime depe3 MiABHINEHY KOHKYpPEHII0O Ta HemepeadadyBaHiCTh
PUHKOBHX YMOB I10YaJl PO3BHBATHCSI METOJIH, 1110 BPAXOBYBAJIM HEBHU3HA-
YEHICTh 1 PU3WKHN y BUPOOHWYIHMX TpOIecax 3 BUKOPUCTAHHSIM Y MOJIENSIX
CTOXaCTUYHHX 3aJISKHOCTEH Ta METOAIB TeOpii HMOBIPHOCTEH.

CydJacHi MaTeMaTHYHI MOJENi ONTUMAaJIbHOTO TUIAHYBaHHS IHTETPY-
FOTh IUTYYHHIA IHTEJCKT, METOIM MAIMHHOTO HABYaHHS Ta BEIHKI 0a3u
nanux. 1le 103BosIsie MOIENIOBATH 11ie CKJI/IHIII CUCTEMH Ta BPaXxOBYBaTH
Oinbuie (akTopiB, TAKUX SIK KOJMBAaHHS IOMMTY, 3MIHM Y BHPOOHHYHMX
JIAHIIOTaX IOCTa4YaHHs TOILO.

CporoiHi MozeNi ONTHMAILHOTO IUIAHYBaHHS € OCHOBOIO CHCTEM
ynpasininas mignpueMctBamMu (ERP) Ta BUKOPUCTOBYIOTBCS Y Pi3HHX Ta-
Jy3s1X: BiJi BAPOOHMIITBA /10 JIOTICTHKU T4 EHEPIeTHUKHU.

IMocranoBka 3amadi. PosrisiHeMO ekOHOMiKO-MaTeMaTH4Hy MOJENb
JUSL TJTAaHYBaHHsI ONTHUMAILHOTO BUPOOHUYOTO mporiecy. [Ipumyctimo, miamn-
PHEMCTBO MOXE BHITyCKaTH Pi3HI BUAW MPOAYKII, HAPUKIIAA: TOBapH Tiep-
1101 HEOOX1THOCTI, TOBapH JAPYToi HEOOX1THOCTI, TOBApH PO3KOIII 200 TOBapH,
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0 CKJIAJAl0Th Jesike (hikcoBaHe 3aMOBIEeHHS. [IpuOyTOK Bifl KOKHOTO BHITY
MIPOTYKIIii 3aJIEKUTh BiJl EKOHOMIYHOTO CTaHy Kpainu. [ToTpiOHO crimaHyBaTH,
SIKy YaCTKY Y 3araJbHOMY BUPOOHHIITBI MiIIPHEMCTBA OyJie 3aiMaTH TICBHUN
BHJT TIPOYKIIIT TSl OTpPHMAaHHA MaKCUMAJIbHOTO TIPUOYTKY.

Hexaii BimoMo nmpuOyTOK MiAPUEMCTBA, SKIIO BCe BUPOOHUIITBO OyIe
MpAIFOBATH HAa BUKOHAHHS 3aMOBJICHHS. TOJi MiIIPUEMCTBO Mae (iKcoBa-
HUH pUOYTOK, SIKMH 1mo3HauuMo /. Uepe3 wix TO3HAYMMO MpUOYTOK M-
PHUEMCTBA BiJ BUITYCKY i-TO BHIY MPOIYKIIi ( SKIIO BUITYCKAETHCS HA i -
PHEMCTBI TUIBKU 11 TPOAYKLIs), KU 3aJICKUTh BiJ MOIKTY, 110 00yMOB-

JICHWH, HaIPHUKIIAA, EKOHOMIYHUM CTaHOM k, i =1,n, A€ n-4mcio pisHOMa-

HITHOT NMPOAYKLi, IKy MOKE BHITyCKaTH MiIPHEMCTBO, k =1,m , m-unucio
MOXITUBHX EKOHOMIYHHMX CTaHIB, BiJl SKHX 3aJeXHTh MpuOyToK. Uepes x;
MO3HAYMMO YacTKy BUPOOHMITBA {-r0 BUIY IPOIYKIII Bi 3aralibHOTO 00Cs-
ry BupoOHunTBa. Tozi npuOyTOK NpH k-My cTaHi eKOHOMIKH Oyre

n
I = inwik >
i=1

n
ae > x; =1.
i=1

OuikyBaHU# NPUOYTOK € MaTeMaTHYHE CIIO/{IBAHHS

my = M(Ik ) = zxiM(Wik ) = zximia
i=1 i=1

m
ae m; = Zpkwik , Dy — €KcIIepTHa OLliHKa HMOBIpPHOCTI HACTaHHS K-IO
k=1
€KOHOMIYHOTO CTaHy.
BinxuneHHs BUMAAKOBOI BEIMYMHM [ Bif il MaTeMaTHYHOTO CHOJi-
BAHHA XapaKTepHU3ye JUCIIEPCis, sIKa Ma€ BUTIIS]

o’ = M, —M(I,{))2 = inzo_iz + Zinij'ij s
i=1 i=1 j=1

m

2 _ 2 . . .

ne o; —zpk (Wik —mi) 5 O'l] — KOBapialisa MI1xX an/I6yTKaMI/I - TO Ta
k=1

J-TO BUIIIB IPOIYKIIiL.

Sxmo BBaxaTH, mo / QikcoBaHUi NMPUOYTOK, KOJIM IiJIPHEMCTBO
Npaloe Ha 3aMOBJIEHHS, TOJI Ui ONTHUMAJbHOTO IUIaHY BUPOOHHUIITBA
HOTPIOHO NparHyTH 1O HAMKpaIIoro CHIiBBIIHOIIEHHS MIDX OYiKyBaHHM
npuOyTKOM 1 pU3MKOM (CepeHIM KBaJpaTHYHHM BinxumieHHsM). TooOro,
NOTPiOHO 3HAWTH MakcUMyM GYHKIIT [1]

a)=(m1—l)/0' 1)
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32 YMOBHU

le- =1. )

BpaxoBytoun oTpruMaHi piBHOCTi, MA€MO

Z”:xl-ml- —1 Zn:ximi —Zn: x;1
(Z”:ximl- 0'2+ZZ ) (Zx202+22x,xj ij)o.s
i=1

i=1 j=1 i=l j=1

ixi(mi -1)
(szcr2 +ZZ

i=l j=1

Otpumaiu q)yHKui}o 3 n HeBioMHUMH. J{J1 3HAXOKEHHS EKCTPEMYMY
i€l pyHKIii MOTPIOHO 3HANTH YACTUHHI ITOXIHI 1 IPUPIBHATH TX 10 HYJIS:

60) =0. s:l,_n.
ax

N

Orxe, MaeMO:

860 m I szaz-i-ZZ)cxa —

i=l j=1
-15 .
2 2 T
Zx o; +ZZx x;0y (x,my +Zx_/o"v- ),s=Ln
i=l j=1 j=1

[TpupiBHsEMO NpaBy YacTUHY N0 HYJIS i IOMHOXUMO OOMJIBI YacTH-

HU PiBHSIHHS Ha
05

2 2
Siot +3 3w,
i=1 j=1
OTpI/IMyeMO n piBHﬂHL 3 71 HEB1IOMHMHM:

n
Z x; (m; =1I) .
xSO'S2 + ija_/s +(m,-1)=0.
(Z xzaz + z z J=
i=l j=1
MHO)KHI/IK Hepes Ty’KKaMHi OJHAKOBUH B yCIX PIBHAHHSX, TOMY IO3Ha-
YUMo Horo 4yepe3 ¢ 1 0yneMo MaTH CHCTEMY 7 PIBHSIHB 3 71 + 1 HEBIIOMHUMH:
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n —_—
a xSO'sz+ij0'js +(m,-1)=0,s=Ln.
j=1

Bsenemo HOBY 3MiHHY Y, = ax, s=1,n.

Onep)xyeMo cUCTEMY n JIHIMHMX PIBHAHb BIAHOCHO 7 3MiHHUX Y,

s=1n:

yso-sz +Zy_jo-js + (ms _I) =0,s=Ln (3)

BpaxoBytouu, 1o

MaeMoO

n n n
Dy =dax,=ayx =a

s=1 s=1 s=1

ys P

== ,s=Ln.
DV
s=1

BennuuHu X, — Lie YacTKa BUPOOHMIITBA S-TO BUJLYy NPOAYKIIii BiJ 3ara-

Xg

JILHOTO 00CSATY BUPOOHHIITBA JIsI OTPUMAHHSI ONITHMAIBHOTO ITPHOYTKY.
[Ipu po3p’s3anHi cucteMu (3) MOXKEMO OTPUMATH YaCTUHY 3HAYCHD
X, BLI’€MHHMMH , TOAI BBOAUMO OOMEKEHHS:

x,20,s=1Ln. 4)

Makcumym dyHKkii (1) npu ooMexxeHHsX (2) i (4) B IbOMY BHTIAAKY
MOXHA 3HAHTH ONHMM i3 METOMIB KBaJpaTH4HOTO mporpamysaHHs. e
BHILIMBAE 3 TOTO, IO IiIboBa GyHKIIS (1) € KBagpaTHIHOTO. SIKII0 yMOBHU
HEBiJI’€MHOCT] Ha 3MiHHI X, He HaKJIaJaloThCs, TO MPH PO3B’A3aHHI CHC-

TEMH MOXe OyTH, 1110 JesKi 3MiHHI IPUHMAaTUMYTb BiJ’€MHI 3HaueHHs. [le
O3HAYae, 10 JUISi OTPUMAaHHS ONTUMAJILHOTO NMPUOYTKY HE PEKOMEHIYETh-
CsI BUTOTOBJISITH BiIMTOBITHHUIA THTT TIPOAYKIIii.

BucHoBoK. Y crarTi po3risiHyTa eKOHOMIKO-MaTeMaTHYHa MOAENb
JUISl TJIaHYBaHHS OINTHMAJIBLHOIO BHMPOOHMYOTO IpOLECy NpH 3aJaHUX
yMOBax, TOOTO HuIIXoM (opmamizaii BUpOOHMYOT CUCTEMH Yy BHIJISAI
PIBHSIHB 1 HepiBHOCTEIl pO3B’SA3yeThCs 33aua: SIKy YacTKy Y 3arajibHOMY
BUPOOHMITBI MiJNPHEMCTBA JJIsI OTPUMAHHS MaKCUMAaJbHOTO NPUOYTKY
Oyne 3aiiMaTy MEBHUM BUJI MPOAYKITii, SKIIO MPUOYTOK MiAPUEMCTBA JIJIS
KOXXHOT'O BHIY ITi€T IPOAYKIIi{ 3aJICKUTH BiJl EKOHOMIYHOTO CTaHy KpaiHH.
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MATHEMATICAL MODEL OF OPTIMAL
PLANNING OF THE PRODUCTION PROCESS

In the first half of the last century, due to the increasing complexity of
production processes, there was a need for their more efficient organiza-
tion. During this period, the foundations of mathematical modeling of eco-
nomic processes were laid.

Modern mathematical models of optimal planning integrate artificial intel-
ligence, machine learning methods and large databases, take into account un-
certainty and risks in production processes using stochastic dependencies and
probability theory methods in the models. This makes it possible to model even
more complex systems and take into account more factors, such as fluctuations
in demand, changes in production supply chains, etc. Today, optimal planning
models are the basis of enterprise management systems (ERP) and are used in
various industries: from manufacturing to logistics and energy.

This article considers an economic-mathematical model for planning the
optimal production process under certain assumptions about the economic
state. That is, the profit of the enterprise, which can produce different types of
products, for each type of these products depends on the economic state of the
country. It is determined what share in the total production of the enterprise will
be occupied by a certain type of product in order to obtain maximum profit.
The profit of the enterprise depends on the state of the economy, therefore the
expected profit is characterized by the mathematical expectation of profit. For
an optimal production plan, you need to strive for the best ratio between ex-
pected profit and risk (mean square deviation), that is, it is necessary to find the
maximum of the function that characterizes this ratio and is a function of n un-
knowns. To find the extremum of this function, we find partial derivatives and
obtain n nonlinear equations with n unknowns. Performing some transfor-
mations, we reduce this system to a system of n linear equations. If the non-
negativity conditions are not imposed on the variables, then when solving the
system, it may happen that some variables will take negative values. This
means that in order to obtain optimal profit, it is not recommended to manufac-
ture the corresponding type of products.

Key words: mathematical modeling, theory of operations, linear pro-
gramming, production process, optimal planning, production, profit.
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