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such composite kernels that their trigonometric polynomial of the best ap-
proximation of order n — 1 in the integral metric interpolates the kernel at
2n + 2 uniformly distributed points.

Key words: best approximation, integral metric, linear combination of
kernels of different parity.
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A MODEL OF ALCOHOL CONSUMPTION WITH
SEMI-MARKOV VARIABLE COEFFICIENTS

This paper focuses on the in-depth study of a stochastic approxi-
mation methodology involving semi-Markov switches in an averaging
scheme with a minor parameter. We present a model where perceived
objects are impacted by noise variables dependent on the semi-Markov
process. The emphasis is on analyzing the convergence and stability of
the stochastic approximation process within this context. Theoretical
results are presented alongside numeric simulations, demonstrating the
practical applications in managing complex stochastic systems. This
work opens promising paths for the use of stochastic approximation
approaches in the wider field of semi-Markov processes. Recognizing
the mutable nature of alcohol consumption and its dependency on a va-
riety of factors, we propose encoding such dynamism within a semi-
Markov parameter structure. This model handles the patterns of indi-
vidual alcohol consumption as a semi-Markov process; the transition
probabilities between different states of alcohol consumption are di-
rected by sociodemographic variables that change over time. Our ap-
proach, thus, bridges the gap between the realities of ever-changing al-
cohol consumption trends and static traditional Markov-chain models.
By integrating real-world variables into our innovative model, we offer
a cutting-edge analytical tool that lays down new paths for understand-
ing and addressing the challenges with alcohol consumption patterns.
Further, our insights have the potential to significantly impact the for-
mulation of effective strategies and public health interventions aimed at
alcohol-related harm reduction.

Key words: semi-Markov processes, diffusion processes, Wie-
ner process, stochastic models, stochastic processes.
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1. Introduction. Due to the wide use of stochastic diffusion problems,
conditions for stability and control of such systems seem to be important.
In [7] sufficient conditions for stability of stochastic systems via Lyapunov
function properties are given and estimates of large deviations of linear dif-
fusion systems are obtained. Problems of optimal control of diffusion pro-
cesses described by stochastic differential equations with acceptable control
are described in [21]. On the other hand, asymptotic behavior is considered
in [25] and [26]. For conditions of weak convergence of random processes
in [12, 17, 13] the method of small parameter and a singular perturbation
problem solution was used for the construction of the generator limiting
process. This method is applied to schemes of averaging of diffusion ap-
proximation and to schemes of averaging of asymptotically small diffusion.
In [17] the cases of random evolution of Markov and semi-Markov switch-
ing were examined. Construction of semi-Markov processes and investiga-
tion of asymptotic properties of random processes with semi-Markov
switching are considered in [2-5]. For these processes, weak convergence to
the solution of appropriate partial differential equations and an averaging
scheme of diffusion processes in diffusion Oapproximation is presented in
[4, 6]. In [20] asymptotic properties of semi-Markov processes with linearly
perturbed operator maintainer a Markov process was analyzed via the semi
group property. These results were then developed in [15]. A classification
of solutions of a singular perturbation problem for random processes with
the use of semi-Markov switching is described in [17] and in [16] with the
use of the compensating operator (see [28]). Using the compensating opera-
tor [11] one obtains sufficient conditions for convergence of a random evo-
lution with semi-Markov switching to the diffusion process in the averaging
scheme (see also [14]). The results of these studies have found various ap-
plications [9, 10, 18, 19]. In [22] convergence of stochastic procedures is
established using properties of Lyapunov type functions. Stochastic Approx-
imation Procedure (SAP) by a regression function with semi-Markov
switching was considered in [1, 8].

2. Problem. In this paper, we consider a dynamical system with
semi-Markov switching using a small parameter (x(t),t>0) , is a semi-

Markov process in the standard phase space (X,f), generated by the re-
newal Markov process X, z,, n=0, defined by the semi-Markov kernel:
Q(t,x,B)=P(x,B)G,(t),

where the stochastic kernel
P(x,B):=P{X,,1 €B|x,=x}
defines an embedded Markov chain x,=x(7,), at the renewal moments,
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n
7, =2 6,n=0,7, =0,
k=1
with intervals 6, =7,,; —7, between the renewal moments. The 4, are
defined by the distribution functions:
Gy (1) =P{By.1 <t X, =x3I=P {6, 1 {x} <t}.
Define

o0

g(x)= _[G_X(ds),GX (s)=1-G,(s)
0
the semi-Markov process is defined by:

X(t) = X,(0)»
where the counting process v (t) is defined by
v(t)=max{n:z, <t},t >0
We shall assume that the semi-Markov process x(t), r >0 is regular

(the probability of reaching any state is positive) and uniformly ergodic
with stationary distribution 7(B),Be&

z(dx)= p(dx)g(x)/m,m= )J; g(x)p(dx).

Here p(B),B e, is a stationary distribution of the embedded Mar-
kov chain (x, ). Note that the process x(t) has a generator Q:

Qo(x)=1/g(x) [P(xdy)[o(y)-0(x)],
X
which acts in the Banach space B of all bounded real-valued measurable fun-

ctions on X , with the sup-norm ||| = sup, . x |@(x)| for ¢ € B . We have
B=Ny®R,, @
where N ={¢:Qp=0} and R, ={y:Qp=y}. Given Q, we can de-
fine the potential operator or simply the potential of Q by
Ry =TT—(Q+T1) ™,
where

()= Iﬁ(dX)Q)(X) .

X
SAP [1] for a diffusion process u’s(t)e RY inan averaging scheme
with a small parameter ¢ > 0 is defined by a stochastic differential equation:
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du* (t) =a(t)[ C(u* (V);x(t/e))dt+o(u” ():x(t/&))aw(t) |, @
where: ug(t),tzo, is a random evolution in a diffusion process,
x(t),t>0, is a semi-Markov process, w(t) — Wiener process, a(t) sat-

isfies the following conditions [1] j dt = o0, ja dt <o,
tO tO
The semi group T, (t),t >0,x € X, associated to the system:

du (1) = ()] € (u (1)) o 0, (O ) ()| (0) =u, (3

is defined by:
T (D) (u)=p(uy (tu)), @)

U, (t,u)=u,(t),u(0)=u.

Notice that u, (t+s,u)=u,(s,u,(t,u)), which is the semi group

where:

property for the trajectories u, (t,u). The generating operator A, (t) of
the semi group T, (t) is defined by:

A (t)p(u)=a(t)C(u,x)¢' (u)+a’(t)1/20% (u,x) " (u),
where (p(u)eCZ(Rd) and a(t)eC'(R). Note that a solution of (3)
exists when the following conditions are satisfied:
||C(u1, x)—C(uz,x)||+||o-(u1,x)—o-(u2,x)|| <1(]Juy = u ).
for anyone xe X,
o) o )] <1 o ),
for anyone xe X , for some 1>0.

3. Application. This result can be used in controlling the process in
an averaging scheme with semi-Markov switching. A mathematical model
for alcohol consumption is considered in an equilibrium point was ob-
tained in the case of deterministic values of coefficients in the form:

a'=p+y—ym+fa’ -a[f+p+y-d-du](1-a)

{ m' = pa—pa’ —m(a+u+a(d-d,))
where o =0.000110247 (rate at which a non risk consumer moves to the
risk consumption sub population), S =0.0284534 (transmission rate due
to social pressure to increase alcohol consumption: family, friends, mar-

: (®)
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keting, TV, etc.), #=0.01 (birth rate), dA=0.008 (death rate), d=0.009
(augmented death rate due to alcohol consumption), y =0.00144 (rate at

which a risk consumer becomes a non-consumer), a(t) is the rate of non-

consumers, and m(t) the rate of non-risk consumers. It is the same model
as presented in [23], but without delay:

0.3660 - L 0.63
0.3655 A

L 0.62
0.3650
0.3645 - | 061

@ 0.3640 - £

0.3635 - - 0.60
0.3630 -

L 0.59
0.3625 -
0.3620 - [ 058

0 200 400 600 800 1000
time
Fig. 1. Model

The solution of system (11) converges to the equilibrium point:

a” =0.3647389407, m" =0.6293831151. We propose below a modifica-
tion of the above system considering a semi-Markov model with switch-
ing. More precisely, we consider two modifications studied in the follow-
ing subsections.

3.1. Model with stochastic drift.
a’=y+y—7m+ﬂa2—a[ﬂ+u+}/—d—dA](l—a)+O'1(a—a*)Ul
, (6)

m'= Ba-pa’ —m(a+u+a(d —dA))+c72(m—m*)c7§
where  « =0.000110247, [3=0.0284534, «=0.01, dA=0.008,
d=0.009, »=0.00144, a,=0.362, m,=0.581, a(t) is the non-
consumers rate, and m(t) the rate of non risk consumers. It is the same

model as in [24], 1(a )=a,. Here wj,w; denote mutually independent
standard Wiener processes.
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Fig. 2. Model with stochastic drift
The solution of (2) converges to the equilibrium point
a’ =0.3647389407, m" =0.6293831151.

3.2. Stochastic approximation procedure applied to stochastic
drift with semi-Markov switching. The next model involves non con-
stant coefficients. In this case, we use a stochastic approximation proce-
dure for a diffusion process with semi-Markov switching:

a'=c(t)[,ux +y—ym+ fa’ —a[f+puy +r—d—d,]x
x(l—a)+o-l(a—a*)wl'], @)

m' = c(t)[ﬂa—ﬂa2 —m(a+py +a(d—d,))+o; (m—m*)wﬂ

where « =0.000110247, /=0.0284534, x=0.01, dA=0.008,
d=0.009,  =0.00144, a, =0.362, m, =0.581, a(t) is the rate of non-
consumers, and m(t) the rate of non risk consumers. It is the same model
asin[24], 1(a)=a, a =0.3647389407, m" =0.6293831151 (the solu-

tion of the simple model (2)). Here wj,w, are mutually independent
standard Wiener processes and

My =p+X, ®)
where X is a semi-Markov process with states £0.005, and with G, (t)

uniformly distribution. G, (t) could have another distribution but should
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satisfy the Cramer condition (see (C6) of Theorem 3.1) [1]. Implementa-
tion of procedure (7) using the Python programming language in the Py-
Charm environment gives us the following results:

0.37 4 L 0.64
0.36 1 L 0.63
0.35 - L 0.62

@ 0.34 1 L 0.61 £
0.33 1 L 0.60
0.32

0.59
0.31 -
0.58
0 5000 10000 15000 20000 25000
Time

Fig. 3. Realization procedure 3.2 with stochastic drift with semi-Markov switching
Note that additional disturbances are caused by the instability of the
Ly coefficient given in (8).

3.3 Stochastic approximation procedure applied to stochastic
drift with semi-Markov switching with two perturbed parameters.
Let's start form the fact that in addition to the x we will disturb the

parameter, but the semi-Markov process disturbing this parameter will
have values +0.0006 and otherwise this process will be the same as the
process disturbing g . We will then receive system:

a’ =c(t)[uy, +7x, —rx,m+pa’ —a[ﬂwxl +yx, —d _dA:|X

><(1—a)+al'(a—a*)wl'] ,(9)

m' = c(t)[ﬁa—ﬁa2 - m(az+;zx1 +a(d-dy))+o; (m—m*)wgJ
where  « =0.000110247, f3=0.0284534, «=0.01, dA=0.008,

d=0.009,  =0.00144, a, =0.362, m, =0.581, a(t) is the rate of non-
consumers, and m(t) the rate of non risk consumers. It is the same model
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asin[24], 1(a)=a, a =0.3647389407, m =0.6293831151 (the solu-

tion of the simple model (2)). Here wj,w, are mutually independent
standard Wiener processes and

My, =H+ Xy
7x, =r+ X, ’
where X is a semi-Markov process with states £0.005, and with G, (t)

(10)

uniformly distribution and X, is a semi-Markov process with states
+0.005, and with H, (t) normal distribution.

Implementation of procedure (9) using the Python programming lan-
guage in the PyCharm environment gives us the following results:

L 0.64
0.372 k
L 0.63
0.370 +
F 0.62
0.368 -
© 061 £
0.366 -
F 0.60
0.364 4
0.59
0.362 A
0.58
0 5000 10000 15000 20000 25000
Time

Fig. 4. Model with stochastic drift with semi-Markov switching
with two perturbed parameters

We can notice that the parameter y does not have a large impact on

these processes, because its the disturbance did not cause such major
changes. Of course, they aren't these are the same curves as for models
with one perturbed parameter x , but these differences are sometimes un-

noticeable even on the charts.

Conclusion. The results obtained in the work give a possibility to
build stochastic models of diffusion processes with semi-Markov switches.
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The asymptotic properties of the stochastic approximation procedure make
it possible to establish the equilibrium points of the original system. We
believe that this type of modeling allows us to establish equilibrium points
for models of the spread of epidemics.
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MO[LEJb CNOXNBAHHA ANNKOIOJIiO 3
HAMIBMAPKIBCbKMMU KOE®ILIEHTAMU

CTaTTs MPUCBSYCHA 3aCTOCYBAHHIO HEMEPEPBHOI MPOLIETYPH CTOXACTH-
YHOI ampOKCHMAIlii, 0 BKJIIOYA€ HAIIBMapKiBCbKI NMEPEMHUKAHHA B CXEMi
YCEpeIHeHHSI 3 BHKOPHUCTAHHSIM MaJOro mapamerpy. MH mpeacTaBiseMo
MOJIeNb, y SKii Ha 00’ €KTH BILIMBAIOTH IIYMH, IIO 3aJIeKaTh BiJ HalliBMap-
KIBCBKOTO TpOIECY. AKLIEHT poOWThCS HA aHami3 30DKHOCTI Ta CTIHKOCTI
HPOLIECY CTOXaCTUYHOTO HAOJIIDKEHHS B I[boMYy KOHTeKcTi. TeopeTuuHi pe-
3yIbTAaTH TPE/CTABICHI Pa3oM i3 YHCENBHUM MOJICIIIOBAHHSM, IO JIEMOH-
CTPYIOTh NMPaKTUYHE 3aCTOCYBAHHS B YIPAaBIIHHI CKJIaIHUMH CTOXaCTHYHH-
MH cuctemami. g pobora BigkpuBae criocoOH Uisl BAKOPHCTAHHS MiAXO/IB
CTOXaCTHYHOT'O HAOMIKEHHS B INUPIIii 00nacTi HamBMapKiBCHKHX MpOILIe-
ciB. BU3HalOuM MiHJIMBHIl XapaKkTep CIIOKHUBaHHS aJKOTOJII0 Ta HOro 3aex-
HICTh BiJ] PI3HOMaHITHHX ()aKTOPIB, MH POMIOHYEMO 3aKOYBATH BUTIATKOBY
JIMHAMIKy y HaliBMapKiBChKil CTPYKTypi mapamerpiB. Po3risHyra Mozens
OIMCYE IH/MBITyanbHE CIIOXUBAHHS AJIKOTOJIO SK HAINliBMapKiBCHKUH IpoO-
11eC; IMOBIPHOCTI Mepexoy MK Pi3HUMH CTaHaMH CIIOXKHBAHHS aJKOTOJIIO
BH3HAYAIOTHCSl COLiaIbHO-AeMOrpadiuHIMy 3MIHHUMH, SIKi 3MIHIOIOTBHCS 3
gacoM. TakuM 4HHOM, Hall MiJIXiJ J0JIa€ PO3PHB MiX PeaNisiMA TEHICHITIH
CMIOXXKMBAHHS aJIKOTOJIIO, LIO MOCTIHHO 3MIHIOIOTBCS, i CTATHYHUMHU TPaJIv-
[IMHIMI MOJICIISIMH 31 CTATUMU KoedirlieHTamMu. [HTerpyroun 3MiHHI pealtb-
HOTO CBITY B Hally iHHOBaIiifHy MOIeJb, MU MPOIIOHYEMO HOBITHIN aHalIi-
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THYHUH IHCTPYMEHT, SIKMH IPOKJIAJae HOBI MUIIXH AJIS PO3YMIHHS Ta BUPi-
HIEHHS po0iieM, TIOB’I3aHUX 13 MOJEIISIMU BXXMBaHHS ajkoroiro. Kpim toro,
Hall BUCHOBKU MOXKYTh CyTT€BO BIUIMHYTH Ha (YOPMYIIOBaHHS €(EKTUBHUX
cTparteriii i 3axoiB y cdepi OXOPOHH 3[0pPOB’sl, a TAKOXK CHPSIMOBAHHUX HA
3MEHILECHHS IIKOJIH, TI0B’A3aHO{ 3 aJIKOTOJIEM.

KurouoBi ciioBa: naniemaproscwki npoyecu, oughysitini npoyecu, 6i-
HEpIBCLKI npoyecu, CMoxacmuyHi Mooei, CMoXacmuyHi npoyecu.
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IHTEPMONAUIAHA 3A0AYA
Y BAroBux riPOCTOPAX NENI-BIHEPA

0. JTroGapeekwii i K. Ceiin (Revista Matematica Iberoamericana,
1997 (13), Ne2) nocmimunm KpuTepiid iCHYBaHHS €JUHOTO PO3B’S3KY
npocroi inTeprossiniiaoi 3anadi f(&) = bk B Tepminax ymoB Maken-
xoyrnra (HemepepBHOi Ta AuckpeTHOi (AP) ymMoBH) y mpoctopax [lemi-
Binepa nimmx ¢GyHKIH eKCTIOHEHIIIIHOTO THITY, 10 HE TIEPEBHIILYE 7,
Yu€e 3BY)KCHHS Ha JIiCHY BiCh CIIBMAIAE 3 MPOCTOPOM (DYHKIIiH, cTe-
MiHb TIOPSZIKY p MOMYJIS SIKHX € iHTerpoBaHuM 3a Jleberom Ha 1iit oci,
3 P-HOPMOIO (TYT p € AificHuM yrciom, Oimsimm 3a 1). Li pesynbratn
JTAI0Th MOXJIMBICTH OTPUMATH KpHUTEpiii 6e3yMOBHOI 0a3MCHOCTI CHC-
TEeMH EKCIIOHEHT B MPOCTOPi (YHKLIH, CTEMiHb MOPSIKY p MOIYIS
SKUX € IHTerpoBaHoro 3a Jleberom Ha (—7; ) yHkiiero. [Ipu 1boMy
HOCIIIOBHICTh KOMIUIEKCHHUX 4Hucel (Ak) 3 €IMHOI0 TPaHMYHOIO TOY-
KO0 Ha HECKIHUEHHOCTI, IS SIKOT 3rajjaHa IHTepIoJSIiiHA 3a1aua Mae
€IMHUI PO3B’30K, HA3WBAETHCS TTOBHOIO IHTEPHOJLIHOIO TOCIII0-
BHICTIO B 3rajaHomy npoctopi [leni-Binepa.

3ramaHi pe3yapTaTd OynaH y3arajJbHEHHSIM Ul BUIAAKY P =2
pesynbrariB [laBmoBa (1979), Hikombcekoro (1980) ta MiHkiHa
(1982). Mu x y3araJnbHIOEMO IIi pe3yNIbTaTH Ha BaroBi MPOCTOPH
(Baroto € crerneHeBa (YHKILs 3 HOKa3HUKOM CTEICHS @) LIIHX GyH-
KI[iil eKCTIOHEHIIIITHOTO THITY, 10 HE MEPEBHIILYE 0, I 0 — HeBi' €M-
HE JificHe 4ucio, @ — AiificHe uucno, Oibiie Big —1, 3 P-HOPMOIO,
TOOTO 3HAXOAWMO YMOBH ITOBHOTH TMOCIIJIOBHOCTI IHTEPHOJSIIHHOT
nocnigoBHOCTi (Ak) y BaroBomy mpocropi Ileni-Binepa. Posriusnaemo
pi3Hi hopMHU X YMOB, cepe SKUX 1 yMoBH MakeHXOyITa, Henepe-
pBHa Ta guckpetHa (AP) ymoBH. JIoBeeHO TakoXK, IO SKIIO ITOCIHTi-
JIOBHICTh KOMITJIGKCHHAX YHCENl € TIOBHOK IHTEPIOJSIIHHOI MOCITi-
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