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SMOOTHNESS EFFECTS ON NUMERICAL
INTEGRATION ACCURACY FOR RAPIDLY
OSCILLATING BIVARIATE FUNCTIONS ON SPARSE GRIDS

One of the key tasks in modern applied mathematics, without
which it is impossible to model and analyze complex processes, partic-
ularly in digital image processing, is the numerical integration of func-
tions of several variables. The main problem of numerical integration
of functions of several variables is the increase in computational costs
with increasing dimension of the integration domain.

Of particular interest are numerical integration methods developed
using information operators that restore intermediate values of quanti-
ties based on a given set of known values of a function of several vari-
ables at points, lines, planes, etc. Based on such operators, economical
schemes for interpolating functions of several variables are construct-
ed. The use of economical schemes in the numerical integration of
functions of two and three variables allows one to construct sparse
grids and calculate approximate integrals with less data and with a pre-
determined accuracy compared to classical methods.

The purpose of this article is to demonstrate the use of economical
interpolation schemes for approximate calculation of double integrals
of rapidly oscillating functions of general form on different classes of
smoothness. The paper analyzes the influence of the order of differen-
tiability of a function on the rate of decay of the theoretical error of ap-
proximation of cubature formulas. It is shown that as the smoothness of
the function increases, the estimates of the error of numerical integra-
tion improve, which allows the effective use of sparse grids without
loss of accuracy. The results obtained establish a quantitative relation-
ship between the class of differentiability of a function, the discretiza-
tion parameters, and the frequency of oscillations, and can be used to
justify the choice of numerical methods for integrating rapidly oscillat-
ing functions of two variables.

Key words: mathematical modeling of processes, digital image
processing, numerical integration, rapidly oscillating functions of
many variables, cubature formula, function interpolation, sparse grids.

Introduction. In modern applied mathematics, numerical integration of
functions of several variables is one of the important tasks [1-5]. In mathemat-
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ical physics, such tasks arise when modeling heat conduction, diffusion, distri-
bution of potentials, energies, and other physical quantities in continuous me-
dia, and in digital signal and image processing tasks, the calculation of multi-
dimensional integrals arises in filtering, signal reconstruction, spectral analy-
sis, and the calculation of correlation and statistical characteristics. It is im-
portant to note that as the dimension of the integration region increases, the
computational complexity increases, so it is important to find effective meth-
ods for numerical integration of functions of several variables. Currently, there
are methods of numerical integration, including methods of numerical integra-
tion of rapidly oscillating functions of several variables, which are developed
using information operators that restore intermediate values of functions based
on known values of the function at points, lines, planes, etc. [6-11]. We refer
to such information operators as those developed by O. M. Lytvyn [12-14], on
the basis of which economical schemes for interpolating functions of several
variables have been created. The use of economical interpolation schemes in
constructing cubic formulas for the approximate calculation of rapidly oscillat-
ing functions of several general types made it possible to perform calculations
with less data compared to classical methods [15]. This article discusses the
use of economical interpolation schemes for approximate calculation of dou-
ble integrals of rapidly oscillating functions of general form for higher orders
of differentiability. The main focus is on how the error estimate of numerical
integration improves with increasing smoothness of the function, which allows
for the effective use of a sparse grid.

Problem statement. Consider H>" (MM) — the class of real func-
tions defined G =0, 1]2 and such that
‘f(r’o)(x, y)‘ﬁ M, ‘f(o‘r)(x,y)‘s M, ‘f(”)(x, y)‘s M, r=12.

For approximate calculation of the integral of functions of two varia-
bles of the form

(o) =

construct a cubature formula using linear spline interpolation operators
based on linear spline O. M. Lytvyn's operators on the class £2% (M, M ).

O

1
j e Vdxdy | w27 (1)
0

Compare the accuracy of the cubature formula on the class H>*(M,M )
and H>?(M,M).

Numerical integration of rapidly oscillating functions of general
formonaclass H*" (M, M), r=12.

Let us introduce the following notation:
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0, XSXO, 0! ySyO’
X—X -
hlyo(x) = L X <x<x, HL(n=1LL yo<y<y,
N —B
0, XZX]_, 0; yzyli
0, X< Xe_qs
X1y <x<x,,
hly, (X) = k=10, -1
XNer oy o '
v X S K10
0, X2 X1
0, Y=<V
Y=VYja
s Vi <Y <Yj,
H1;(y) = i=10-1
Y Y=Yjn !
v Y SY <V
0, Y2VYiu
0, X< X g, 0, Y=Y
X=X, Y=Y
hly, (x) = A X g <X<X, HL, (y)= A Yo, <Y<Y,
1 1
0, X2 X, 0, Y=Y,
. 1
X =kAy, Y =]4y, A1=€—,
b
0, X< %o, 0, y < Yo,
~ X—%X - ~ -V . -
hlyo(x) = B L, % <x<%, Hlg(y)= y_ yl, Yo <Y <V
0, X> %, 0, ¥ =y,
0, X<Re o,
X—X
A , )~(|2_1<X<)~(|2
hly, (X) = ! k=101,
lk( ) X— % . . 1
- Re SX< R,
0, XK,
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l:”-“’(y) =

~ y .
HL,.(y) = A —, V2, SY<Y,2,

=kAL
Aucxiliary functions
h2y0(X), H215(y), h2y,(x), p=1,0, -1, H2y(y),s=10,-1,
h2y, (0, H2y, (¥) 121000, H2i(Y), h255(x), P=1,6," -1,
H2,.(y), §=10,"-1, ﬁzuzz (x), Hzl[zz(y)
are defined similarly to

Ro=PA,—A,12, §,=85A,~A,12, pS=10,", A, =1/(,".
Let's consider operators

I ( Zf X, Y )iy (X )+§f(x, yj)Hllj(y)—

k=0 j=0
0

=20 20 f (% ¥y ) la () H (y)
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f( Y3 i () (v)-
—:ZIOJ_QOWXK,vJ-)hllk(x)Hllj(y);
09<X'v>=§9(xp,v)h21p<x>+§g(x,yS)Hzlsw)—
g( 1 (125 ()

(03)= 55600y (02 )

+Cz”ig(zp,y,-)ﬁzmx)Hzls(y)— 5730 (xp0 %2 )2y (X)H 2 (1)

s=0 p=0 p=0s=0
If we introduce additional operators

Jf(xy)= i f (%, y)hl (x), Jof(x,y)=>f (x, yj)Hllj (y);

1 5)= 21 (5 9)itg (00, 321 (0) =3 197 i )
09(x y)= Czog(xp, y)h2,, (x), 0,g(x, y)= (zog(x, Ys)H255(Y)
G0(x, y)=ig(>~<p,yj)521p(><)y 0,9(x y)= (2209( Xp» 95 JH 255 (y).

then for interlinear operators Jf (x, y), Og(x, y) and interpolating oper-
ators Jf (x, y), Og(x, y), the following identities hold:
I =(3+3,-9,0,) F, I =(33,+33,-3,9,) f;
Og =(0,+0, _0102)9 , Og =(0102 +0,0, —0102)9 :

The following cubature formula

<1>:‘1[ _l[ Jf (x, y)dxdy
00
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is proposed for the approximate calculation of the integral
| —j f X, y dxdy

Theorem 1. [15] Let f(x y)eH (M, M), then

11
xydxdy jjfxydxdy M+6M.
00 ~1
Theorem 2. Letf HZZ( , M), then
tE M +24M
:jjfxydxdyjj xydxdy MJ,FA,—Q"

Proof. Let us conS|der addltlonal functlons that will be used in prov-
ing the theorem for representing the approximation error of f(x, y) by

the interlinear operator Jf (x, y) through £(22) (x,y):

M(xk—f), X SE<X,
K (X é): Xer1 — X
1k \ ™ X — X (X _5) X< E<X
Xk+1_xk k+1 ’ = k41

M(Yj_ﬂ)’ Yi <n <y,

Yjna —Yj
Kaj (¥:77)=
Yi—
y n) Y<n<VYija,
yj+l_y]( I ) I
Xy =X (%-8), % <&<x

](y 77)

Yi -y - L
NJ—(yJJr]_ )l y<’7syi+l'
Yin=Yj

Let's find the estimate p(1, ®@):
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p(l, @) =

O ey =
O —r

11
f(x, y)dxdy — j j Jf (x, y)dxdy| <
00

O'—.H
O t—

| £, )= IF (x, y) + 3 (x, y) = JF (x, y)|dxdy <

| (%, y)=JF (x,Y) dxdy+j H.Jf (x, y)— JF (x,y)| dxdy <

i

O —y

11
sj _“f(x, y) - Jf (x, y)| dxdy +
00

11
+J' I ‘(J1+J2 -3,3,) f(x, y)—(Jlj2 +J251—J1J2) f(x, y)‘dxdy <
00

(-1 51—1Xk1y11 X Yin
<2 .[ .[ .[ _[ ‘f 1)Kk (% &)Kz; (y,77)d&dn|dxdy +

k=0 j=0 XY Y,

61—1(12—171 ™

> Z ‘f(” E )[R e:)|d§dxj dy+

i=0 k=0

0102 1% Vi Vi
> J dxj j ‘f(ovz)(xk,ﬁ)HKZ](y,ﬁ)‘dﬁdy_
k=0 j=0 x, 9y,

Note that

lelkx5|d§ R - jlxk 5|d5+

k X1
—&ldéE =
Xk .)l: |Xk+1 gl g

_ K =X X=Xk

X1 — X () X1 — Xk (=),
and
X X
j j Ky (x,&)fd&dlx =
Xk Xk
X1 — X=X
= X— X, )+ X —X) |dX =
;[ (Xk-ﬂ ( ) Xk+1_xk( o )J
1 (x- xk) 1 J-(Xk+l—X)3 i
oA X 2A1 M 3
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‘ J 1 {A_A_jziﬂ_

X (Xk+1 — X)

X 4.3

T2a| 43 x | 2|34 3.4) 4 12

So,

k

1 [(X_Xk)4

- AP AP 2A3
I,®) <MLL 4 2MA =Lr 2=
(1 ®) <M SEAVTIR
M M M +24M
= it 7T 4
1440 60t 1440,
Theorem 2 is proven.
The following cubature formula

11
d)(w):j j e!@09tY) dixdy @)
00

is proposed for the approximate calculation of integral (1).
Theorem 3. [15] Let g(x, y)e Hz'l(M, 1\7[) , then

: mm(4; Mj

11 11
p(f(w), (i)(a))) = “ ei“’g(x*y)dxdy—” e!“9 (V) ddly >
00 00 9,

Theorem 4. Let f(x,y), g(x,y)e H*?(M, M), then

o . 1 [ o(N+24m)
p(| (), (D(a))) = 2['([ e g(x,y)dxdy_.([‘([ g12090:Y) gy | < m|n[4, W]

Proof. Let us consider additional functions that will be used in prov-
ing the theorem for representing the approximation error of g(x, y) by

the interlinear operator Og(x, y) through g(z'z)(x, y):

Ypu 7 X (xp—t), X, St<X,
Xpi1 ~Xp
Gyp (x,t) = .y
—r - -t), t< ,
Xp+1_xp(xp+1 ) R
M(ys_f),ysgz—<y’
_ Ysiu =Y
Gz,s(ynf)— Y
> (ys+l_7)l y<TS Ysi1-
Ys1 —
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) ) ;p X);(ip—t),x <t<x
S
)~(f)+1_)~(f’(xp+l ) X<tE R
M(yg‘f)!y§§1'<yn
égyg(y,'f)z Ysi1— Vs

Ys-Y (o -
— — (Vo1 —7), Y<T< Vopq.
Y§+1_Y§( s.77) i

Let's find the estimate p(f(a)) ¥ (0)):

p(T(), (o)

11
109 (4Y) gy — Jjei”ég(x'y)dxdy <
00

11
< I I eV dxdy — [ [ e P9V dxdy|+
00

+ e 09 (V) gxdly| <

ll.wo()
109 (%) dycly
He xdy

|

O —_—

‘ el@g(0y) _ oie0g(x.y) ‘ dxdy + ‘einG(X,Y) _ el@09(x.y) ‘ dxdy <

Ot—F Oot— O'—:l—‘
Ct—Fr Oot—e— 1 O

®g(X, y)—o0g(x,y) eig(g(x,y)wg(x,y))
2

2isin

dxdy +

IN
O —
O —

w0g(x, y) - wOg(x, ) eig(OQ(x,yHGg(x,y))
2

2isin

dxdy <

1]

sin wQ (Xl y) _Za)og (Xl y)| dXdy+

4]
i
< 2:[ _(|l; min[l; a)|g(x, y);Og(X, y)|]dxdy+

+

SIn

in @090 =@0g 04 V)| 4
. <
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a)|(01 +0,-0,0,)9(x, y) (00, +0,0,-0,0, ) g (x, Y)| ixd
X
2

< 21. :[ min[l;w|g(x' y);Og(x, y)|dedy+

11
+2I J min| L

11 0,-0,0 : 0,-0,0 ,
+2jjmin 1;‘"( 1 ~0,0,)g(x.Y)+(0, 0,61 ) g(x.Y) dxcly <
00 2
fzflfzflxpu Ysiu @ Xo Yoo
<23, 3 [ [min| 5.2 [ [ 0% (t0)6y, (x.)Gs (v,7)dtdn| |dedy +
p=0s=0 Xp Ys Xy Y

i

0,2-1¢, 1% Vo Cl) 2—1[ 1% Ve, ¥
+2min Z Z I jdxdy, 5 j J‘ J“ 02)(xp,y)HGz§(y,f)|dfdy+
p=0 §=0 g v, p=0 $=0 x, 7

90, y)

|Gy (x, )| dfcx j dyJ<

. Mo A2 A?
£2m|n[622A22,%ééJ+

. 2 27,
+2min [(,CZZAZZ) : 2'\2 D 1,000, Tf] =

o(M +24M
=min| 2; Ma)4 +min 2;M—aj = min 4;(—4) )
144¢, 67, 144¢,

Theorem 4 is proven.

The results obtained allow us to construct estimates of approximation
errors for integrals of rapidly oscillating functions of a more general form,
in particular for the integral

11
:j j f(x, y)e!®9CVdxdy . ©)
00

Comparison of the accuracy of the cubature formula on classes
H*'(M,M) and H>?(M,M). The efficiency of numerical integration
of functions of two variables significantly depends on the smoothness
class of the integrand. For rapidly oscillating integrals, the order of differ-
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entiability determines the possibility of obtaining more accurate theoretical
estimates of error and justifies the choice of discretization parameters. In
this regard, it is advisable to compare the accuracy of quadrature formulas
on different classes of functions that differ in their level of smoothness.
Consider the function sin(x+y), which belongs to the class

H“(M,M), r=12, M=M =1.

For a given function, consider the behavior of the error of the cuba-
ture formula (2). Pay particular attention to analyzing the dependence of
the rate of error decay on the order of differentiability and the influence of
this factor on the efficiency of using sparse grids.

According to Theorem 2, the accuracy of the approximation of inte-

gral (1) by formula (2) on the class H*'(M,M) is equal to
& :gl(a)):g%z, when ¢, =, and according to Theorem 4 — on the

-\ . 2
class /2 (M, M) itis equal to &, = & (a)):M‘E’TZ;,When l,=10.

Table 1 shows the values of theoretical errors & and &, in class
H* (MM ), H*?(M,M) respectively, and for different values of o
and (.

Table 1
Comparison of theoretical errors at @ = 207, 607, 1007
( o=20rx & &

64 w=20x 1,193e -02 6,502e-07
128 o=20rx 2,983e-03 4,064e-08
256 =207 7,456e-04 2,53%-10
512 w =201 1,864e-04 1,587e-10
1024 w=20x 4,660e-05 9,921e-12
256 o =607 2,273e-03 7,619e-09
512 o =607 5,592 e-04 4,762e-10
1024 o =607 1,398e-04 2,976e-11
512 o =100z 9,321e-04 7,936e-10
1024 o =100z 2,330e-04 4,960e-11

Fig. 1 and Fig. 2 show the curves of theoretical trajectories &, and
&, for different values of @ and ¢.
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101 4
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Fig. 1. Visualization of error values &,

104
1075 §
1075 §
1077 §
& 10784
1079 3

1010 §

10-11 4
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25 26 2’ 28 2 210
Fig. 2. Visualization of error values &,

Conclusions. The article provides estimates of approximation errors in
numerical integration of rapidly oscillating functions on a class of differentia-
ble functions using sparse grids. Approximation operators were constructed
based on O. M. Lytvyn's information operators. A comparative analysis of the
accuracy of the cubature formula on different classes of functions showed that
the class of differentiability of a function is a determining factor that influ-
ences the rate of decrease of the theoretical error of numerical integration. For
functions with a higher level of smoothness, a significant increase in accuracy
is achieved even when using sparse grids. Thus, the results obtained confirm
the need to take into account the smoothness class when choosing the cubature
formula and discretization parameters and can serve as a theoretical justifica-
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tion for the use of sparse grids for numerical integration of rapidly oscillating
functions of two variables.
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BMNMB rAQOKOCTI HA TOYHICTb YACEJIBHOIO
IHTErPYBAHHA WWBUOKOOCLIUITbOBAHUX ®YHKLIN
ABOX 3MIHHUX HA PO3PIMXXEHUX CITKAX

OpHi€r0 3 KIIOUOBHX 33/1a4 Yy Cy4acHIM NMpuKIagHii MaTemaTHui, 6e3
SIKOT HEMOXKJIMBE MOJICTIOBAHHS Ta aHaNi3 CKJIaJHMX IPOIECIB, 30KpeMa B
udpoBiii 00pobui 300pakeHb, € YnCeNbHe IHTerpyBaHHs (yHKIH Oara-
ThOX 3MiHHHX. OCHOBHa MpoOJjeMa YHCENbHOTO IHTErpyBaHHS (GYHKIIH
0araTboX 3MIHHHX TIOJISITa€ B 3POCTaHHI OOYMCIIOBAILHUX BUTpAT 31 30i-
JIBIICHHSM PO3MipHOCTI 00/1acTi iHTerpyBaHHSL.

Oco0niBuiA iHTEpEC CTAHOBIATH METOAN YHCENBHOTO IHTETPYBAaHHSA, PO3-
poOiieHi 3 BHUKOPHCTAHHSAM 1H(POpPMAIiIHUX OIepaTopiB, sKi BiJHOBIIIOIOTH
HPOMDKHI 3HAYCHHS BEJIMYMH 32 HAsIBHUM HAOOPOM BiZIOMHX 3HaYeHb (yHKIIIT
0araTh0X 3MIHHHX B TOYKaX, Ha JIHISX, ILIOIIMHAX, Tomo. Ha ocHOBI Takux
orepatopiB OyIyIOThCS €KOHOMHI CXEMH IHTEPHOJSIil (QYHKIIH JEKITBKOX
3MiHHMX. 3aCTOCYBAaHHSI EKOHOMHHX CXEM B YHCEIBHOMY IHTErpyBaHHi (DyHK-
Liif IBOX Ta TPHOX 3MIHHHX JI03BOJISIE OyTyBaTH PO3PIIKEHI CITKH Ta o0urc-
JIFOBATH HAOJIDKEHO IHTErpai 3 MEHIIIOI0 KUTBKICTIO IaHHX Ta i3 33/IaHOI0 Ha-
Triepe]] TOYHICTIO HOPIBHSHO 3 KIIACHYHUMH METO/IaMH.

MeTo10 JaHOT CTaTTi € IeMOHCTPALlisi BUKOPHCTAHHS €KOHOMHHX CXEM
THTEPIONAI] AT HaOMMKEHOTO OOYMCIICHHS MOJBIMHHUX IHTErpajiB Bif
IIBAAKOOCIMIBOBAHUX (DYHKIIH 3araJIbHOTO BUAY Ha Pi3HUX Kiacax Iiaj-
KocTi. B po0oTi mpoaHai3oBaHO BIUIMB HNOPAAKY Au(epeHIiHoBHOCTI (y-
HKIIT Ha MBUIKICTh CMAJaHHS TEOPETUYHOI MOXMOKK HaONMKEeHHs KyOa-
TypHOi opmyin. [lokazaHo, 110 31 3pOCTaHHAM TJIAJKOCTI (GYHKIIT MOKpa-
LIYIOTHCS OLIHKY MOXWOKH YHCENBHOTO 1HTErpyBaHHS, IO JT03BOIISIE epek-
THUBHO BUKOPHCTOBYBATH PO3PI/PKeHI CiTku Oe3 BTpat TodHOCTi. OTpnMa-
Hi pe3yJIbTaTH BCTAQHOBJIIOIOTH KiJBbKICHHI 3B’SI30K MiXK KJacoM qudepeH-
uiffoBHoCTi QyHKIIT, HapaMeTpaMy AUCKPETU3ALI] Ta YACTOTOIO OCIIMIISILIII
1 MOXXYTh OyTH BHKOpHCTaHI I OOTPYHTYBAaHHS BHOOpY UHCEIBHHX Me-
TOJIIB iHTErPYBaHHS MIBUAKOOCIIMITIOIYHX (DYHKIIN TBOX 3MiHHUX.

KonrodoBi cioBa: mamemamuune modeniosannsi npoyecis, yughposa
06pobra 306padicens, yucenbHe IHMe2pyeanHsl, WEUOKOOCYUIbOBAH (DYHK-
yitl bazamvox 3MIHHUX, KyOamypHa ¢opmyna, inmepnonayis QyHkyii, po3-
piodiceni cimku.
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