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ASYMPTOTIC DISSIPATIVITY OF LORENZ MODEL
WITH MARKOV SWITCHING FOR THE CITY DEVELOPMENT

In the work activity of the city system, described by general-
ized Lorentz model, is considered. It is assumed the existence of
external influence on the land rate change in the city that is de-
scribed by diffusive term and ergodic Markov processes. With the
made assumptions, asymptotic dissipativity conditions of the initial
system are set. Stationary points of the model of city economical
activity are studied based on the results obtained for asymptotic
dissipativity of generalized Lorentz model.
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Introduction. Lorentz system was first formulated in 1963 by
E. Lorenz in considering the convective fluid motion heated from the
bottom. Lorentz system is a system of three first order differential
equations, which has the form

d—X:O'Y—O'X,
dt
£=rX—Y—XZ,
dt

d—Z:XY—bZ,

dt

where X(¢) describes the intensity of convective motion, Y(f) —

temperature difference between ascending and descending liquid streams,
and Z(¢t) — vertical change of temperature. Lorentz model is widely used

in meteorology, economics, physics and others.

In particular, in economic theory Lorenz system can be used to study
the distribution function of demand for products [1], and economic
dynamics of the city system. In this paper the generalized system of
Lorentz that describes the economic system of the city in the presence of
external disturbances, which have diffusive nature. Namely, asymptotic
dissipativity of such a model is studied based on the results obtained in
[2]. Particularly, the presence of Lyapunov function that satisfies sufficient
conditions of asymptotic dissipativity of the initial system. In this article,
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such Lyapunov function is constructed, that allows us to state the
dissipativity of the considered Lorentz model.
Statement of the problem. Considering the generalized Lorenz system,

which describes economical model of the city system. Economic activity of
the city is assumed to be very small compared with the outside world [3].

dx

—=a,(a,Y —a,X),

di 1 (ay 3 X)

cfi—f:bl(bzX—b3Y)—b4XZ, (1
d—Z=chY—czZ,

dt

where X — volume of products manufactured by the city system; ¥ —
the number of indigenous people; Z — land rent.
Constants are defined as follows @, — rate of formation speed;

a, — parameter, which represents the magnitude of demand for the
products of the city, normalized per person; a; — level of supply of
products within the city; b, — the demand for labor on the part of firms
for the production of a unit of output; b, — defined as a part of residents
who choose work in the city; ¢, Ta ¢, — determine the level of

production and population of the city positive impact, as well as the
negative impact of rent growth on its current value, respectively.

System (1) can not fully describe the system of the city, because it
does not include the impact of the world on the economic situation in the
city. Thus, it is worthwhile to consider perturbed system. In particular, we
introduce a diffusional perturbed term o(X,Y,Z)dw(t) in the third

equation, which describes the influence of the world on the rate of land
rent change in the city[4, p. 101].

ax

X 4@,y —a X),

7 a(a,Y — a3 X)

Lzl_)[]:bl(b2X—b3Y)—b4XZ, (2)
L:;—f: qXY —c,Z+0(X,Y,Z)dw(t),

Let us also consider the impact of external factors on the coefficient
¢,, which defines the change of the city land rent. This influence is given

as ergodic Markov process x(¢)in phase space of states {—0.2,0.2} with
stationary distribution {0.5,0.5}, namely
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_|-02,p=0.5,
0.2,p=0.5,
due to random rent changes.
dX
—=a,(a,Y —a,X),
dt l( 2 3 )
C;—);=b1(b2)(—be)—b4XZ, 3)
dz
i XY —(c, +x(t)cy)Z + o(X,Y,Z)dw(t),

According to the theorem on asymptotic dissipativity [2] in order that
the process was asymptotically dissipative, dissipative should be its
limited process. Specifically, conditions must be satisfied

CwV'(u) <=4V ), 4

sup | o(u) [[< 4, ®)
ueR?

where 4, >0,4, >0 i V(X,Y,Z)e C*(R?) Lyapunov function

dt
Example. Let us consider specific model of the city

X _y_6x,

dt

Y _s3x_3y_7xz,

dt

‘Z—f = 6XY —4(1+ x(1))Z + dw(t).

The average system has the form
dx

2 —y-6x,
dt

‘% =3X-3Y-7XZ, (6)

‘Z—Z = 6XY —4Z +dw(t).
t

In this case C(X,Y,Z) has the presentation

vy-6x Y

C(X,Y,Z)=|3X-3Y-7XZ
6XY —4Z
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We verify the conditions of the theorem for the system (6).
Considering Lyapunov function in the form

V(X,Y,Z)=X*+Y*+Z% (7)
Hence
V'(X,Y,Z)=(2X,2Y,2Z)".

Particularly for condition (4), have
T

Y-6X 2X
C(X,Y,ZW'(X,Y,Z)=|3X-3Y-T7XZ | | 2Y |=
6XY —4Z 2Z
2X
=(Y-6X,3X -3Y-7XZ,6XY-4Z)| 2Y |=
2Z

=2XY -12X% +6XY —6Y? —14XYZ +12XYZ -8Z* =
=—12X* +8XY -6Y* —-8Z% —2XYZ.
Under 4, =1 condition (4) takes the form
—12X° +8XY —6Y? —8Z% —2XYZ <-X*-Y*-Z°,
—12X% +8XY —6Y* —8Z% —2XYZ+ X*+Y* +Z% <0,
—11X%+8XY-5Y*-7Z2%* -2XxYZ <0,

—(11)(2 —8XY+(%}Y2 _(%jﬁ]_sﬁ -72%-2XYZ <0,

2
—(\/HX—iYJ +(%)Y2 _5y2—772 —2XVZ <0,

Vit

2
—[\/ﬁX—in 3y 922 sxyz <o,

Ji1 11
And, as, o(X,Y,Z) =1, that condition (5) is satisfied.
Thus, system (6) is dissipative. Therefore, initial system is
asymptotically dissipative.
The asymptotic dissipativity of initial system. Set the conditions of
asymptotic dissipativity for the problem (3). Namely, for (4) have

a(a,Y —a; X) r aa,Y —aja; X !
C(X.,Y,2)=| bj(byX -bY)-b,XZ | =|bb,X -bbY-b,XZ
XY -c,Z XY -c,Z
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So, for the Lyapunov function (7) get
T

aa,Y —aaz X 2X
CX,Y,2)V'(X,Y,Z)=| bb,X -bbY-b,XZ | | 2Y |=
aXY —c,Z 2Z
2X
=(qayY —aya; X ,bb, X —bbY —b,XZ,c, XY —c,7Z)| 2Y |=
2Z

= 2aya; X +2(ayay + bby) XY —2b,byY* —2(by — ) XYZ —2¢,Z7.
Substituting the obtained result in (4)
Daya, X* +2ayay +bb,)) XY —2b,bY* —2(b, — ) XYZ —2¢,77 <
<—AXP-AY? - AZ?,
2a,a, X* +2ayay +bb,)) XY =2b,bY* —2(b, — ) XYZ —2¢,7° +
FAXE+ AT+ 477 <0,

2
a,a, +bb
[Jzal% 4 X === YJ —2(by — ) XYZ -
2aiay -

—[2};1193 —M—AIJW (¢, — 4)Z* <0.

2a,a; — 4,
Therefore, the following conditions must be satisfied
2aja3— 4, > 0,
2
2bby — R0 s
2aia5 — 4,
by—¢; 20,
2¢, — 4, 2 0.
A, <2aya5,
2
2byby D92 T Bb)T s q
2a,a; — 4, (3)
by 2¢,
A £ 2c,.
Consider separately the second inequality
+bby)?
2b,b, _M_Al >0,
2a1a5 — 4,
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2bibs Qayay — 4) — (ayay + biby)’ — 4 Qaya; — 4)
2a1a; — 4,

> 0.

Since, A4 <2aja;, then the numerator of left side of inequality
should be nonnegative
2bby 2ayas — A) —(ayay +byby)* — 4 (2ayay — 4) > 0.
Solve the inequality relative to 4
A} —Qayay +2bby) A + (Abbyaja; —af a3 —2aya,bb, —bby ) > 0,
D = Qayay —2bby)* + Qaya, +2bby)?,

A = %(2a1a3 +2bb; +1JQayay —2b,b;) +(2aya, +2bb, ) )

Therefore, system (8) has repredentation

A, <2aa5,

A < ayay + by —J(@yay —bby) +(ayay + byb,)
by 2 ¢y,
A4 £ 2c,. 9)

A4, <2aaj,

A > ayay +biby +(@yay —biby) +(ayay +bby)°
by 2 ¢,
A4, £ 2¢,.
Consider separately second system in the (9). It is obvious that in
order to have a solution of the system the inequality should be fulfilled

a,a; + by +(@ay —bby)’ + (@@, +bb,)* <2aa.
Herefrom
\/(ala3 _b1b3)2 +(@a, + b1b2)2 <aaz —bb;.

Since all coefficients are positive, then bring to square both sides of
inequality, we get

(aya, +bb,)* <0.
Then, system (9) have a form
A <2aya;,

4 < ayay +bby _\/(alaS —bb;)* +(aa, +bby)’
by, >¢,
A £ 2c,.

(10)
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According to fulfillment of these conditions and the condition (5)
system (2) is dissipative, and therefore (3) asymptotically dissipative.
Hence, for the system (6) we obtain the following interval 4, € (0;4].

Stationary points. Let us find the stationary points of the system (1).
From the equating left sides of equations to zero, we get

a(a,Y —a; X)=0,
b(b,X -bY)-b,XZ =0,
XY —cy,Z =0,

Solve obtained system

y=%x,
a

by(byX —by 23 X)—b,XZ =0,
a

as 2
o—=X*-c,Z=0,
a

y=%x,
a

a3bby

a

X (bb, -

~b,7) =0,

a
a = x? -, Z=0.
&)

asb b

a
Thus point K,(0,0,0) — stationary point of the system (1).

From second equation X =0 or bb, — -b,Z=0.

bb
Under b, — %50 -b,Z =0, have
2
y=%x,
a
7 = aybib, — asbb; ’
bya,
cla—3X2 —¢, a,b,b, —asb by ’
a, bya,
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Y:a_3X’
)
7= aybb, —asbyby
bya, ’
a,bb, —a;bb
X2=c2 2019 ~ 430103
byciay

Taking into accunt, that all coefficients of the system are positive, the
following condition should be held
ayb by, —asbby; >0 (11)
(under a,bb, = a;b by get stationary point K ).
Under this condition, for the considered system there exist two more
stationary points

Y = ia_a ¢ aybb, —asbiby
a, bycia,
7= a,b,b, —asb by
bya, ’

bb, —ab b
X =4+ 620212 a313'
\j byciay

Therefore, stationary points of the system are X;(0,0,0) and, under
condition (11),
- (i ¢ aybby —asbb, ’+a_3 ¢ aybiby —asbyby - aybby —azbby ]

- b
byciay a, byciay bya,

Now, from second inequality of asymptotic dissipativity conditions
(10), the following condition is obviously holds

@, +bby — (@@, —byby)* + (@, +bby ) > 0.

Hence,

\/(alaS —bb; )+ (a1, +bb, )’ < aay +bybs,
(aya; —bybs )2 +(ajay +bb, )* < (@,a3 +b,bs )2’
atai —2aya3bby + b3 +(a,ay +bb,)* < atai + a,asbby +blbi,
(ayay +byby)? < dayazbb,.
According to (11)
(ayay +bb,)? < 4a,a,bby < 4aya,b,b,,
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ata3 +2aya,bb, +b’b; < 4aya,byb,,
ata; —2a,a,b,b, +bb; <O0.
Therefore
(@a, =biby)* < 0.
Thus, under conditions of asymptotic stability of (3), the only

stationary point is X, (0,0,0).

Conclusions. In the article the dissipativity conditions were obtain

for the generalized Lorenz model, which describes the city economics. The
city system is considered provided the existence of the external perturba-
tions on the rent value. Also, the stationary points were studied for the
considered system under condition of the asymptotic diddipativity.
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VY po6OTi po3rIIsIHYTO MisUTBHICTD CUCTEMH MiCTa, II0 OHMHCYETHCS y3a-
ranpHeHow Mozeiuno Jlopenna. IpumyckaeTbesi HasBHICTh 30BHIIIHBOTO
BIUTMBY Ha 3MiHYy BEIMYHHHU 3€MENBHOI PEHTH B MICTi, SIKHHA OTMHCY€ETHCS
nuQy3iHHIM JOAAHKOM Ta €proJUYHIM MapKOBCHKHM MpOIEecOM. 3a 3po0-
JICHUX TIPUIYIIeHb, BCTAHOBJICHO YMOBH aCHMITOTHYHOI JUCUNATHBHOCTI
BUXITHOI cucTeMu. JlOCHIIKEHO CTaIliOHApHI TOYKH MOJENI €KOHOMIYHOT
JUSUTBHOCTI MicTa Ha OCHOBI pe3yJIbTaTiB, OTPUMAHHX IS aCHMITOTHYHOT
JIMCHIIATHBHOCTI y3araibHeHol Mojeni JlopeHia.

KurwuoBi coBa: modens Jlopenya, cucmema micma, acumMnmomuyHa
OUCUNAMUBHICIMb, CINAYIOHAPHA MOYKA.

Otpumano: 17.03.2016
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