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By means of the method of integral and hybrid integral trans-
forms, in combination with the method of main solutions (influ-
ence functions and Green functions) the integral image of exact
analytical solution of hyperbolic boundary value problem of ma-
thematical physics for unlimited piecewise-homogeneous hollow
cylinder is obtained for the first time.
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Introduction. The theory of hyperbolic boundary value problems for
partial differential equations is an important section of the modern theory of
differential equations which is intensively developing in the present time. The
popularity of the problem is the consequence of the significance of its results
in the development of many mathematical problems, as well as of its numer-
ous applications in mathematical modeling of different processes and pheno-
menon of mechanics, physics, engineering, new technologies.

Significant results from the theory of Cauchy and boundary value prob-
lems for hyperbolic equations were obtained in the works of J. Hadamard [1],
L. Gording [2], Yu. Mitropolsky, G. Khoma, M. Hromyak [3], A. Samoilen-
ko, B. Tkach [4], M. Smirnov [5], V. Chernyatyn [6] and others.

It is well known that the complexity of a boundary-value problem
significantly depends on the coefficients of equations (different types of
degeneracy and features) and the geometry of domain (smoothness of the
boundary, the presence of corner points, etc.) in which the problem is con-
sidered. The dependence of the properties of solutions of boundary value
problems for linear, quasi-linear, and certain classes of nonlinear equations
(hyperbolic, parabolic, elliptic) in homogeneous domains on the above-
mentioned properties of the coefficients of equations and geometry of do-
main are studied in detail, and functional spaces of correctness of prob-
lems in the sense of Hadamard are constructed.

However, many important applied problems of thermophysics, ther-
modynamics, theory of elasticity, theory of electrical circuits, theory of
vibrations lead to boundary value problems for partial differential equa-
tions not only in homogeneous domains (when the coefficients of the equ-
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ations are continuous), but also in inhomogeneous and piecewise homoge-
neous domains if the coefficients of the equations are piecewise conti-
nuous or piecewise constant [7, 8].

The method of hybrid integral transforms generated by hybrid differen-
tial operators when in each component of connectivity of piecewise homo-
geneous domain are treated different differential operators or differential
operators look the same, but with different sets of coefficients is an effective
method of constructing exact solutions for a fairly broad class of linear
boundary value problems in piecewise homogeneous domains [9-12].

By means of the method of hybrid integral transforms the exact solution
of hyperbolic boundary value problem of mathematical physics for unlimited
piecewise homogeneous hollow cylinder is obtained in this article.

Formulation of the problem. Let’s consider the problem of struc-
ture of 27 -periodic for angular variable ¢ solution of partial differential

equations of hyperbolic type of 2nd order [13]

o%u. 2 a’. p? 2
Ll ay a—+li +%6—2+a§ja—2 u; +
ot ot ror) it op 0z (1)
+1.12' =L z)rel;; j=1ln+l
which is bounded in the set

n+l n+l

D={(tr,p,z):t>0rel’ LM.JJw/DI)&>Q&m_R<+w

¢ € [0’ 2”)’ zZe (_OO> +OO)}
with initial conditions

Ou
u; o = g(r,0,2); |,0—gj(r(p,z) rel;; j=Ln+l, (2

boundary conditions

(0‘11 +ﬂ11jul

n+1

0
=go(t,p,2); (%2 54‘ ) junﬂ =gt,p,2); (3)

r=R, r=R
o'u; o'u,
: =0; — =0; s=0,1; 4)
oz* oz*
z=—00 z=400

and conjugate conditions
0 0
|:( ];la +ﬂjljuk (ak or +ﬂ/2\Juk+li| =0;
r=R, (5)

92



Cepis: ®isnko-maTemaTnyHi Hayku. Bunyck 14

Here Ay Ay Ay X a}‘s, ﬂfr — some not negative constants;
), <0; By 2 0; ‘0‘101‘4‘:8101 #0; a3y 2 0; By 20, + By #0;
Cir = agjﬂlkj _alkjﬂé(j #0; ¢ ey >0
ft,r,p,z)= {fl(t,r,go,z),fz(t,r,go,z),...,an(t,r,(p,z)};)'é
g (n0.2) = {2 (n0.2). 85 (9. D)o, 81t (1,02

2 (0.2 =] (1.0,2).85 (0, 2),.... G (0,2}
2o(t,9,2); g(t,@,z) are known bounded continuous functions;
ut,r,¢,2) = {u, (t,r,0,2),u,(t,7,0,2),... st (7,90, 2)} s the desired function.

The main part. Let’s assume that the solution of the problem (1)—(5)
exists and defined and the unknown functions satisfy the conditions of
applicability of integral transformations (6)—(8) [14-16].

Let’s apply the integral Fourier transform on Cartesian axis
(—o0; +00) relative to variable z to the problem (1)—(5) [14]:

Flg(2)]= [ g(z)exp(-ioz)dz = §(0), i=-1, (6)
F[3(0)]= i[}(") exp(ioz)do = g(2), ™
d’g| _
F| £2 |- —6?Flg(2)]=-024(0). )
dz

The integral operator F due to the formula (6) as a result of identi-
ty (8) three-dimensional initial boundary value problem of conjugation (1)—
(5) puts in accordance the task of constructing solution which is limited in

the set D' = {(t, re);t>0rel pe [0;27[)} and is 27 -periodical of an-
gular variable ¢ of differential equations
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Let’s apply finite integral Fourier transform relative to the variable
@ to the problem (9)—(12) [15]:
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here Re(---) — the real part of the expression (---) relative to the variable
0, & =1, & =2;k=123...
The integral operator F), due to the formula (13) as a result of identi-

ty (15) two-dimensional initial boundary value problem of conjugation
(9)—(12) puts in accordance the task of constructing solution which is li-

mited in the set D" = {(t, r;t>0rel; } of differential equations
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Let’s apply finite hybrid integral Hankel transform of 2™ kind rela-

tive to the variable r in piecewise homogeneous segment 7, of n conju-
gation points to the problem (16)—(19) [16]:

R
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take part in formulas (20)—(22).
7 19 v . : :
———V—k;” is Bessel differential operator, 8(x) is
or* ror
the Heaviside step function.
Let’s write the system (16) and the initial conditions (17) in matrix form

written in [16],
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The integral operator H, is represented as an operator matrix-row
due to the rule (20):
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Let’s apply the operator matrix-row (25) to the problem (23), (24)
according to the matrix multiplication rule. As a result of the identity (22),
we get a Cauchy problem
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Let’s suppose that max{qf,q%,...,q,f”}:q,z and put everywhere

;/_/? = qlz - qf; j=Lmn+1. Cauchy problem (26), (27) takes the form
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It is directly verify that the only solution of the inhomogeneous
Cauchy problem (28), (29) is a function
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Let’s apply operator matrix-column (31) to the matrix-element
|:L:lm (t, ﬂs,o)], where the function 5,,, (t,A,,0) 18 defined by formula (30)

due to matrices multiplication rule. As a result we get the only solution of one-
dimensional hyperbolic initial boundary problem of conjugation (16)—(19):
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u,(t,r,0), which are defined by formulas (32) and perform the some

simple transformation, we get functions
ntlt Ry 27400
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Functions (33) define the only solution of hyperbolic initial boundary
problem of conjugation (1)—(5).
In formulas (33) there are components

E/’k(tsrsp:(092) =
1 & sm(A( 0N Vi(r, AV (p, 4;)
_ do—l 257 KPS
= Z SZ; ‘([ ) os(cz)do ||V(r,/13)||2 cos(me)

of matrix of influence (function of influence), components
W;,r(t,r,(p,z)=—alzROO'I(alol)flEjl(t,r,R0,¢,z) of left radial Green’s
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. b M 2
matrix (left Green’s function) and components W (t,r,¢,z) =

-1
=af+1R0'n+1(a2"2+l) E;, ,(r,R¢z) of right radial Green’s matrix

(right Green’s function) of considered problem.
Using a properties of functions of influence E (7,7, p,p,z) and ra-

dial Green’s functions lefr (t,r,p,2), (k=1,2) we can verify that func-
tions u;(#,7,¢,z) which are defined by formulas (33) satisfy the equation

(1), the initial conditions (2), the boundary conditions (3), (4) and conju-
gate conditions (5) in the sense of theory of generalized functions [17].

The uniqueness of the solution (33) follows from its structure (inte-
grated image) and from uniqueness of the main solutions (functions of
influence and Green’s functions) of problem (1)—(5).

By methods from [17, 18] can be proved that under appropriate con-
ditions on the initial data, formulas (33) define a limited classical solution
of the hyperbolic initial boundary problem of conjugation (1)—(5).

We get the following theorem as the summary of the above results.

Theorem. If functions fj(t,r,go,z), g}(r,(p,z), gjz-(r,(p,z) satisfy
conditions:

1) are continuously differentiated twice for each variable;

2) have a limited variation for the geometric variables;

3) are absolutely summable with the variable z in (—o0;+©) ;

4) conjugate conditions are true and functions g,(¢,¢,z), gz(t,p,z) are
continuously differentiated twice for each variable, have a limited variation
for the geometric variables, are absolutely summable with the variable z in
(—o0;+00) , then hyperbolic initial boundary value problem (1)-(5) has the

only limited classical solution, which is determined by formula (33).

Remark 1. In the case of a,; =a,,; =a,; =a; >0 formulas (33) define

the structure of the solution of hyperbolic initial boundary value problem (1)—
(5) in an infinite isotropic piecewise homogeneous hollow cylinder.

Remark 2. Parameters ay, A; aiy', B allow to allocate the

solutions of initial boundary value problems from formulas (33) in the
case of boundary conditions of the 1st, 2nd and 3rd kind and their possible
combinations on the radial surface r =R, 7 =R..

Remark 3. Analysis of the solution (33) is done directly from the
general structure according to the analytical expression of functions

[itre.2), gi(re.2),(k=1,2), gt.e.2), gt.9.2).

99



MaTtematuyHe Ta KOMI'I’I'OTepHe MO EentoBaHHA

Remark 4. In the case of ;(/2 =0 equation (1) is a classic three-

dimensional inhomogeneous wave equation (the equation of fluctuations)
for an orthotropic environment in cylindrical coordinates.

Remark 5. In the case of of =0, g =1a5=0, %=1
ok =Ef, B =0; ab, =E5, Y, =0, here EX, E%¥ — Young's mod-

ulus (& :L_n), the conjugate conditions (5) coincide with conditions of
ideal mechanical contact.
Thus, in these cases 4, 5 (at f;(t,r,¢,z) =0) considered hyperbolic

boundary value problem (1)—(5) is a mathematical model of free oscillat-
ing processes in unlimited piecewise homogeneous hollow cylinder.

Conclusions. By means of method of integral and hybrid integral trans-
forms with the method of principal solutions (influence functions and Green’s
functions) integral image of exact analytical solution of hyperbolic boundary-
value problem of mathematical physics in unlimited piecewise homogeneous
hollow cylinder is obtained. The obtained solution is of algorithmic character,
continuously depend on the parameters and data of problem and can be used
in further theoretical research and in practical engineering calculations of real
processes which are modeled by hyperbolic boundary-value problems of ma-
thematical physics in piecewise homogeneous domains.
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MeromoM iHTerpanbHUX i TIOPUAHUX IHTETPATbHUX MIEPETBOPEHB Y MO-
€THAHHI 3 METOJIOM TOJIOBHHX PO3B’s3KiB ((QyHKUiH BIHMBY Ta (QyHKIiN
I'pina) Briepuie moOymoBaHO iHTErpasibHEe 300paKEHHS TOYHOTO aHATITHY-
HOTO PO3B'A3Ky TinepOomiYHOi kpaioBoi 3agadui MaTeMaTHIHOI (i3UKH IS
HEOOMEXKEHOT0 KyCKOBO-0JHOPITHOTO IIOPOXKHUCTOTO IIIIIIHAPA.

KwouoBi ciioBa: cinepboniune pigHsanHa, nouamkosi ma Kpaiosi ymo-
U, YMOBU CHPAICEHHSA, IHMeSPabHi hepemeopenHtsl, 20J106Hi PO36 A3K.

Otpumano: 27.07.2016
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