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A CRITERION FOR THE EQUIVALENCE
OF EXPONENT MATRICES

The paper establishes a criterion for the equivalence of reduced
exponent matrices in terms of weighted admissible quivers. Expo-
nent matrices arise naturally in the theory of tiled orders over dis-
crete valuation rings and determine a number of structural proper-
ties of such orders, including their quivers. Therefore, the problem
of recognizing when two reduced exponent matrices are equivalent
is important both for the classification of algebraic objects and for
the comparison of their associated graph models.

The article proves that two reduced exponent matrices are
equivalent if and only if their admissible quivers are isomorphic
and the weights of the corresponding simple cycles coincide. This
result strengthens the known necessary invariants of equivalence,
such as equality of the sums of matrix entries and isomorphism of
quivers, which are not sufficient by themselves. The criterion is
formulated in the language of weight functions and cycle weights,
which makes it convenient for use in combinatorial and graph-
theoretic analysis of algebraic data.

From the viewpoint of mathematical modelling, an exponent ma-
trix may be interpreted as an integer-valued directed distance model
satisfying triangle-type constraints. In this interpretation, elementary
transformations preserve cycle weights and correspond to gauge-type
changes of vertex potentials. Thus the obtained criterion can be used to
identify equivalent weighted directed graph models, to reduce redun-
dant representations in algebraic modelling, and to compare discrete
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structures that arise in network models, optimization problems, repre-
sentation-theoretic constructions, and other discrete models whose
meaningful invariants are encoded by directed cycles. The result also
gives a practical test for comparing representations without recon-
structing the corresponding tiled orders.

Key words: exponent matrix, reduced exponent matrix, admis-
sible quiver, weighted quiver, equivalent exponent matrices, simple
cycle, mathematical modelling.

Introduction. One of the important directions in ring theory is the
study of rings by means of graph-theoretic methods. In particular, tiled
orders over discrete valuation rings are described by their exponent matri-
ces, and many structural properties of such orders, including their quivers,
are determined by these matrices [1-3].

During the last decades exponent matrices have also become an in-
dependent object of study. Their associated admissible quivers, unit quiv-
ers and special Gorenstein cases have been investigated in a series of
works [4-10]. A more recent perspective relates integral quasi-
semimetrics, polyhedral cones and max-plus algebra to exponent matrices
of tiled orders, which shows that these objects naturally occur in combina-
torial and algebraic modelling [11].

In mathematical modelling, an exponent matrix can be interpreted as
an integer-valued directed distance table: its entries assign weights to or-
dered pairs of vertices and satisfy inequalities analogous to the triangle
inequality. In this sense, exponent matrices provide compact models of
weighted directed networks with algebraic constraints. The equivalence
relation considered in this paper identifies matrices that represent the same
underlying weighted-quiver structure up to elementary transformations
and a simultaneous relabelling of vertices.

From the viewpoint of exponent-matrix theory, equivalent matrices
may be regarded as the same object. It is therefore important to have an
effective criterion for equivalence. It is known that equivalent exponent
matrices have equal sums of entries and isomorphic quivers; however,
these conditions are not sufficient. The present paper gives a criterion in
the language of weight functions on admissible quivers.

The main result states that two reduced exponent matrices are equivalent
precisely when their quivers are isomorphic and the weights of corresponding
simple cycles are equal. This formulation makes the equivalence problem
transparent in graph-theoretic terms and connects the algebraic transfor-
mations of exponent matrices with invariants of weighted directed cycles.

Definition 1. A matrix & = (aij) € Mn(Z) (where My(Z) is the ring of
n by n matrices with integer entries) satisfying the following conditions:

1) aij t Ojk = 0k for all i, j, k=1,..n,
2) ai=0foralli=1,.., n,
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is called an exponent matrix. An exponent matrix satisfying the condition
3) aijtai>1foralli,je{l,..n}(i#]))
is called a reduced exponent matrix.

Let & = (a;j) be a reduced exponent matrix. Introduce the matrix
EW = (i) = & + En € Mn(Z), where E, is the identity matrix. Introduce the

matrix €@ = (i) € Ma(2): 7 :121i2n(ﬁik + [y )

Definition 2. The quiver of a reduced exponent matrix Q = Q(&) is the
quiver whose adjacency matrix is defined by the formula [Q] = @ — &0,

Theorem 1. If & is a reduced exponent matrix and Q = Q(&) is the
quiver of the exponent matrix, then [Q] is a (0, 1)-adjacency matrix of a
strongly connected quiver.

Definition 3. Reduced exponent matrices &1 and &; are called equiv-
alent if one can be obtained from the other by elementary transformations
of the following two types:

1) subtract an integer t from all entries of the i-th row and add the same
integer to all entries of the i-th column;

2) interchange two rows and, simultaneously, interchange the two col-
umns with the same numbers.

Definition 4. A quiver Q is called admissible if there exists a reduced
exponent matrix & such that Q(&) = Q.

Definition 5. A quiver Q =(Vq, Ay ) is called weighted if a function
@: Ay — R is defined. The function o is called a weight function, and
its value on an arrow is called the weight of that arrow. If
Q=Q(E)=(ay). then o(q;)=a;.

The sum of the weights of all arrows in a path is called the weight of
the path.

Theorem 2. A strongly connected quiver Q = (VQ , AQ) is admissible

if and only if there exists a weight function : A, - N {0} satisfying

the following conditions:

1) the weight of an arrow from vertex i to vertex j is less than the weight
of any path from i to j of length | > 2;

2) the weight of a loop at vertex i is less than the weight of any cycle
passing through vertex i and having length | > 2;

3) the weight of every cycle is greater than or equal to 1;

4) the weight of a loop is equal to 1;

5) through every vertex without a loop there passes a cycle of length | > 2
whose weight is equal to 1 [4].
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Corollary. By conditions (4) and (5), through every vertex of an ad-
missible quiver there passes a cycle of weight 1.

Definition 6. A simple cycle in a quiver Q =(Vq, A ) whose weight
is equal to 1 will be called a unit cycle.

Proposition 2. In an admissible quiver Q :(VQ,AQ), there are no
arrows between the vertices of a unit cycle except the arrows of this cycle.

Lemma 1. Let & = (aij) € Mn(Z) be equivalent to A = (a;;) by trans-
formations of the first type only. Then

i, + Qigj, T+ Kt X, = i, T 8ypi, Tt B, 8, -
Proof. An arbitrary transformation of the first type has the form
& =+t -t
for some set of integers ty, to, ..., t.. Then
Qgj, + g, +oF Ay Ty, :(aiiiz +4 -1 )+ai2i3 +ot Qg + Ay -

Without loss of generality, assume that an elementary transformation of
the first type changes the element n (the argument for the other elements is
analogous). If t is subtracted from the i;-th row of the matrix & and added to
the iz-th column, then the element «;y; decreases by t, whereas the element
@y, increases by t; hence the sum oy + g, +...+ Gy, + g, does not
change. Similarly, if t is subtracted from the i,-th row of the matrix & and add-
ed to the i>-th column, then the element «;,; decreases by t, whereas the ele-
ment oy increases by t; hence the sum oy +aip;, +...+ iy, + 0, does
not change. The lemma is proved.

Corollary. An elementary transformation does not change the sum of
the entries along a cycle.

Theorem 3. If the matrix & = (aij) € My(Z) can be obtained from the
matrix &1 = (rj) € Ma(Z) by elementary transformations of the first type
and the first rows of &1 and & coincide, then &1= &».

Proof. By Lemma 1, elementary transformations of the first type do
not change the sum of the entries of a cycle: o, + ay =15 +1y; . In addi-

tion, o, =n, (the first rows of the matrices coincide), and therefore
Qg =Ty . Similarly, aj; =1, for j=3, ..., n. Hence, the first columns of
the matrices &1, &> coincide. Analogously, we have

o+t oq =hj +l+ha,qj =N, Ag =,
whence aj =Ty forj, k=2, ..., n. Thus &1 = &. The theorem is proved.
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Definition 7. For a set M of entries of an exponent matrix
E =(a;) € M, (Z), one can construct an undirected graph

For two exponent matrices &1 = (rjj) and &2 = (a;;) from Mn(Z), con-
sider a set M that contains only those entries of the matrices for which
rij = aij (but not necessarily all such entries).

Theorem 4. Let the matrix &2 = (ajj) € Ma(Z) be obtainable from the
matrix &1= (rij) € Ma(Z) by elementary transformations of the first type. If
G(M) is connected, then & = &; if G(M) is not connected, then it is possi-
ble that &1# &».

Proof. Let G(M) be connected and

j=hjeM. 1)
By Lemmal, a; +aj =1 +rj, ; therefore

We prove that a,, =r,, for arbitrary x, y € {1, ..., n}. Fix x and y.

Since G(M) is connected, there is a simple path beginning at vertex y and
ending at vertex x. Let this path be (y = iy, iz, ..., ik =X). By Lemma 1,
i, T Qigj, T+ iy, + Qg = Niai, *ligi, T+ likai, i, - ®)

where o, €M or gy €M . Hence, from (1) or (2), it follows that
i, = i, -

Similarly,

i, = Nigi, v+ Kikai, = fikai, - (4)

From (3) and (4) we obtain oy =T , thatis, a,, =r,,. Thus &1 = ¢

Let G be disconnected. Then G decomposes into connected components.
Let the first connected component consist of the vertices iy, iz, ..., ik If, in the
matrix &1, elementary transformations of the first type are performed for rows
and columns with numbers iy, i, ..., ik by subtracting a number t from the ip-th
row and adding it to the ip-th column for all p € {1, ..., k}, then the entries lying
at the intersections of these rows and columns do not change, since
@ =1+t —t; and ti=tj=1t. Since G is disconnected, the entries of M that do

not belong to the first connected component also do not change under these ele-
mentary transformations. If some entry not belonging to the first component
changed, then G would contain an edge between the first component and a ver-
tex of another component, which is impossible. Thus the entries of M remain
unchanged, while the exponent matrix before the transformation differs from
the exponent matrix after the transformation. The theorem is proved.
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The next lemma is a generalization of Lemma 1.

Lemma 2. Let iy, iy, ..., ik be an ordered set of indices, and let a set M
of k elements satisfy the following condition: for each t, either o;; M

or ¢ ; €M (we assume that ix+1 = ia).
1t

Let a; = Guir+1 if qie+1 € M, and a; = o+ 1 i 0310 € M; s, = 1 if
Oitit +1 € M, and St = _1 ifa,-,ui, S M
Then transformations of the first type do not change the sum
S8y + S8y +...+ S8, (5)
Proof. Denote Sjj = ajj + aji. Transform the sum s;a; +S,a, +...+ 5,8,
as follows: the terms for which s; = 1 are left unchanged, o;; , whereas the

terms for which sj = —1 are transformed:

(-Da =(-Da ;= (-1)(Sy, i, )= i, ~ Sy,
After the transformation, the sum (5) has the form
Z ailiHl - Z Si‘iHl
tis =1 tis,=-1
By Lemma 1, transformations of the first type do not change the sum
k

2,

t=1
and the sums §;; . The lemma is proved.
0221
1011
Example 1. Let &= v M ={agy, 3,045,043} , and
1101
1220

let the ordered set of indices be {1, 2, 4, 3}. Then a1 = a12, $1 = 1, a2 = a2,
So=—1,83= 043, S3 =1, as = a13, S4 = —1. By Lemma 2, transformations of
the first type do not change the expression aiz — asz + ass — o13.
0 ap a3
Example 2. Let € = | ary; 0 g3 |, M ={a,, 3,053} and let
azy ap 0
the ordered set of indices be {1, 2, 3}. Then a1 = a1z, S1 =1, a2 = 023, 2 = 1,
a3 = 013, S3 = —1, and by Lemma 2 transformations of the first type do not
change the expression a1z + a3 — 013.
Theorem 5. The entries of a set M of an exponent matrix
& = (aij) € Mn(Z), which do not lie on the main diagonal, can be trans-

formed into arbitrary integers by transformations of the first type if and
only if the graph G(M) is acyclic.
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Proof. If the graph G(M) contains a cycle, then by Lemma 2 trans-
formations of the first type do not change the sum s,& +S,a, +...+ 5,8, -

Therefore, in the general case, not all entries of the matrix corre-
sponding to a cycle in G can be transformed into arbitrary integers.

Conversely, assume that G is acyclic. Then G is a forest, i.e. it con-
sists of trees. Consider the tree containing the first vertex and take vertex 1
as its root. Let N; be the set of vertices at the first level, i.e. vertices con-
nected with the root. Let N, be the set of vertices whose shortest path to
the root has length 2. Similarly define N3, ..., Nk. Notice that every vertex
of the tree except the root is connected with vertices of the preceding level
by exactly one edge; otherwise a cycle would exist. For each vertex x € Ny
perform a transformation of the first type: subtract aax from the entries of
the x-th column and add this number to the entries of the x-th row. For
each vertex y € N, perform a transformation of the first type: subtract ay
from the entries of the y-th column (where x € Ny is the vertex of the first
level connected with y) and add this number to the entries of the y-th row.
Continuing this process through all levels and then through all trees, the
entries of M become equal to zero. By the same argument, the entries of M
can be transformed into arbitrary integers. The theorem is proved.

Theorem 6. An exponent matrix &, can be obtained from an expo-
nent matrix & by elementary transformations if and only if the quiver
Q(&1) is isomorphic to the quiver Q(&2) and the weights of the correspond-
ing simple cycles of Q(&1) and Q(&>) are equal.

Proof. A transformation of the second type of a reduced exponent
matrix corresponds to a renumbering of the vertices of the quiver Q.
Transformations of the first type do not change the quiver. Hence, by
transformations of the second type, the matrix &1 can be transformed into a
matrix &11 such that Q(&11) = Q(&2).

Let Q. be the weighted quiver determined by the exponent matrix &1,
and let Q. be the weighted quiver determined by the exponent matrix &.

Consider an arbitrary cycle of Qi: vi— v, —...— Vi — vi. If an inte-
ger t is subtracted from the entries of the first row and added to the entries
of the first column, then the weight of the arrow (vi, v,) decreases by t,
while the weight of the arrow (vk, v1) increases by t; the weights of the
other arrows do not change. Therefore, an elementary transformation of
the first type does not change the weight of a cycle.

We prove the converse. Suppose that the weights of corresponding
simple cycles of Q; and Q; coincide. By the corollary to Theorem 2, a ver-
tex of an admissible quiver has no loop if and only if a unit cycle passes
through it. By Proposition 2, a unit cycle is simple. Hence, a vertex of a
unit quiver has no loop if and only if a simple unit cycle passes through it.
Since corresponding simple cycles have equal weights, corresponding ver-
tices of Q1 and Q: either both have a loop or both do not.

83



ISSN 2308-5878. Mathematical and computer modelling.
Series: Physical and mathematical sciences. 2026. Issue 29. P. 77-86.

Transform &11 into &, by transformations of the first type. By Theo-
rem 5, transformations of the first type can make the first row of the ma-
trix &11 zero. Let &11 = (aij) and &2 = (rj). By the definition of the weight
function, axy is the minimum weight of a path from x to y, and ayy is the
minimum weight of a path from y to x. Therefore, axy + ayx is the minimum
weight of a cycle of the weighted quiver Q1 passing through x and y. Simi-
larly, ry + ryx is the weight of the lightest cycle of the weighted quiver Q2
passing through x and y. Hence

Oxy + Oyx = Ty + Ty, (6)

Similarly, oxy + ay, + ax is the minimum weight of a cycle of the
weighted quiver Qi passing through the vertices x, y and z. Likewise,
Iy + Iy + I' IS the minimum weight of a cycle of the weighted quiver Q
passing through the vertices x, y and z. Therefore

Oxy T Oyz + Ozx = Iy + yz + I, (7)

Let w1 and w; be the weight functions corresponding to the exponent
matrices &11 and é&,. First change the weight function w; so that the
weights of the corresponding arrows of the quivers that begin or end at the

first vertex are equal. That is, wl(alj ) =w, (011 ),a)l(ajl) =w, (ojl), for
all arrows o35 and o .

Write the indices 2 < jy, ja, ..., jx < n for which there exists an arrow

oyj, OF O}, (possibly both) in increasing order.
1. If the quiver contains the arrow oy , then from the entries of the col-

umn with number j, of the matrix &11 one must subtract the number
t= (o)) —®,(0y;) and add the number t to the entries of the row

with number j;.
2. If the quiver contains the arrow o, then from the entries of the row

with number j; of the matrix & one must subtract the number
t= @(oj,)-w,(oj,) and add the number t to the entries of the col-

umn with number js.
3. If the quiver contains the arrow o;; and the arrow o, then these

arrows form a cycle. By the assumption of the theorem,
a)l(ajll)"'a)l(aljl ) =y (0'j11)+602 (‘7111 ) ;
therefore
a)l(o_ljl)_a)z (0'11'1) = 601<0'j11)—602 (0'j11) -
Hence, in this case transformation 1) is equivalent to transformation 2).

After each transformation, the obtained quiver and exponent matrix
are again denoted by Qi and é&.
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After transformations 1) or 2) have been performed for all indices
j1, J2, - Jk the weights of the arrows of Qi that begin or end at the first
vertex are equal to the weights of the corresponding arrows of Q..

In exactly the same way, for arrows incident with the second vertex,
we use elementary transformations of the first type to change the weight
function @, so that the weights of all corresponding arrows beginning or
ending at the second vertex are equal.

Write the indices 2 <iy, iy, ..., ip < n for which there exists an arrow
Oy, OF 0j (possibly both) in increasing order.

1. If the quiver contains the arrow o; , then from the entries of the col-
umn with number i; of the matrix &1 one must subtract the number
t= a)l(GZil)—a)z (aﬂl) and add the number t to the entries of the row

with number i.
2. If the quiver contains the arrow o, , then from the entries of the row

with number i; of the matrix & one must subtract the number
t= G&(Gilz)—wz (%2) and add the number t to the entries of the col-

umn with number .
3. If the quiver contains the arrow o; and the arrow o, , then trans-

formation 1) is equivalent to transformation 2).
Continuing such transformations, we obtain o, = @, .

Conclusion. Two reduced exponent matrices are equivalent if and
only if they have isomorphic quivers and the weights of the corresponding
simple cycles are equal.
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KPUTEPIA EKBIBANIEHTHOCTI MATPULIb MOKA3HUKIB

VY cTaTTi BCTAaHOBJICHO KPHUTEPii €KBIBAJICHTHOCTI 3BEJCHUX MAaTpPHUIb
MOKa3HHKIB Y TepMiHaX 3BOKCHUX JOMYyCTUMHUX caraiiiakiB. MaTpuii mo-
Ka3HHKIB IPHPOJHO BHHHKAIOTH y TEOpil YepenHYHUX MOPSIKIB HAJ IUC-
KPETHO HOPMOBAaHUMH KITBbLIIMHU Ta BH3HAYAIOTh HU3KY CTPYKTYPHHX Bia-
CTHBOCTEH TaKUX MOPSKIB, 30KpeMa ixHi caraiimaku. ToMy 3amgada po3mi-
3HABaHHs €KBIBAJECHTHOCTI [JBOX 3BEJCHHX MATPHUIb OKA3HHKIB € BaXJIH-
BOIO SIK JUTsl Kiacugikaiii anreOpaiuHux 00’€KTIB, TaK i U MOPIBHIHHS
OB’ sI3aHUX 13 HUMH Tpad)OBUX MOJETIeH.

JloBesieHo, 1110 JIBi 3BE/ICHI MAaTPHIli TTOKA3HUKIB € €KBIBAJICHTHUMH TO-
Ii 1 TITbKM TOi, KOJM 1XHI JOMyCTHMI caraiiiaku i3oMop®Hi, a Bark Bij-
HOBITHUX MPOCTHX LHMKIIB 30iratoThes. Llel pe3ynbTaT MOCHIIOE BiZOMi
HEeoOXiHI iHBapiaHTH €KBiBaJICHTHOCTI, 30KpeMa PiBHICTh CyM €JIEMEHTIB
MaTpHUIb Ta i30MOpdi3M caraifmaxis, siki cami Mo cobi HE € JTOCTaTHIMH.
3anponoHOBaHMHI KPHUTEPiH CHOPMyIHOBAaHO MOBOIO BaroBMX (YHKIIH i
Bar [UKIIB, IO pOOWTH HOTO 3pydYHHM IUIsi KOMOiHATOpHOTO Ta rpado-
TEOPETHYHOT0 aHaNi3y anreOpaidHuX JaHuX.

3 morsiy MaTeMaTHYHOTO MOJICTIOBAHHS MAaTPUIIO ITOKA3HHUKIB MOX-
Ha IHTepPIPEeTyBaTH SK LIJIOYHCIOBY MOJEINb HANPSMICHUX BifICTaHEH, 1110
3a710BOJIbHSIE€ OOMEXKEHHsI TPUKYTHHKOBOTO THUILy. Y TaKidl iHTeprpeTaril
eJIeMEeHTapHI NepeTBOPEHHS 30epiraloTh Bark MUKJIIB 1 BIAMOBIAOTH Kai-
OpyBaJbHUM 3MiHaM BEpLIMHHHUX MOTeHIianiB. OTxe, OTpUMaHUN KpuTe-
piif MOXXHa BHKOPHCTOBYBAaTH JUISl BUSBICHHS €KBIBaJEHTHUX 3BaXKCHUX
opieHTOBaHUX rpadoBUX MOJEINCH, YCYHEHHS HA/UINIIKOBUX TIPECTaBICHb
B ainreOpaidyHOMy MOJEIOBAaHHI Ta IOPIBHSHHS AUCKPETHHX CTPYKTYD,
CYTT€BI IHBapiaHTH SKHUX KOJYIOTHCSl HAIPSIMICHHMH LUKJIAMHU. 30Kpema,
pe3yJIbTaT Ja€ NPaKTHYHUH TECT IS MOPIBHAHHS TAKUX IPEICTaBIeHb 0e3
PEKOHCTPYKIIiT BIATIOBIAHUX YSPEHUIHUX MTOPSIIKIB.

KirouoBi ci10Ba: mampuys nOKasHUKi, 36e0eHa Mampuysi NOKA3HUKIE,
uepenuuHUll NOPSIOOK, OONYCIUMULL CA2AUOAK, 36AXHCEHUL CA2atloak, NPocmuil
YUKT, KpUMEPIil eKGI8AIeHMHOCTE, MAMEMANMUYHE MOOCTIOBANHL.
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